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\ IMPORTANT FORMULAE / 6. A sentence which contains one or more variables is
! called an open sentence.
1. A declarative (assertive) sentence, which is either true “ 7. An open sentence with a quantifier becomes a quanti-
or false, but not both simultancously is called a | fied statemenit.
statement (r propasiti . ; 8. Negation of universal quantifier is existential quanti-
2. Sentences which are incomplete or imperative or | . .
i ; y i fier and vice versa.
interrogative or exclamatory or suggestive are not |
BikeRias statathiarits: 9. A statement pattern which is always true is called a
3. The symbol ¥ stands for “for all’ or ‘for every’. It is | tautology.
called universal quantifier. 10. A statement pattern which is always false is called a
4. The symbol 3 stands for ‘for some’ or “for one’ or ' contradiction,
‘there exists at least one’. It is called existential | 11. A statement pattern which is neither a tautology nor
qanaiicer, a contradiction is called a contingency.
5. Logical Connectives : !
\, . - - 12, Standard equivalent statements :
Name of the :
i Connective {Fymbelly compound Negation v ::;empo: '.“ was ; =
s ’ form | pvp=p (i) pAp=p
: il L ! (2) Commutative Laws :
(1) and pAq I<:onjunction ~pVo~gq @) pva=qvp (i) pAq=qap
@) |or pvq  |disjunction i~ By ! (3) Associative Laws :
(3) not ~p |negation ~(~p)=p @) pv@vr)=@EVgVr=pvqvr
(4) If..then p—q P eoniditioiial o PA~G (i) pA@Ar)=(pAg)Ar=pArgAr
implication (4) Distributive Laws :
(5) Ifand only if | p«*q | biconditional  (pA~q)V @ pv@ar) =(pvenrlpvr)
or iff or double (qh~p) i) pAG@@V) =@AQV(pAT)
imP_thﬁon o (5) De Morgan’s Laws :
. S i) ~(pvg) = ~pAr~q (i) ~(pAg)=~pV ~q
1. MATHEMATICAL LOGIC 5
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(6) Complement Laws :

@) pv~p=t (i) pA~p=c INTRODUCTION
(ili) ~t=c (iv) ~c=t } Logic is a science of accurate reasoning or thinking.
(7) Identity Laws : | It consists of the rules used in drawing correct con-
@) pve=p (ii) pAc=c | clusions from given informations. As in the case of
(iii) pvit =t (iv) pat=p | every subject, logic has its own vocabulary. We first
(8) Involution Law : " introduce some of the terms and symbols which are
~(~p)=p | basic to logic vocabulary. After becoming familiar
(9) Absorption Laws : with them, we shall learn the methods of analysing
@ pvipag)=p @) pA(pvg) =p . sentences.
(10) Conditional Laws : v
@D p—g=~pvq e —~
(i) porg=(~pveA(~qVvp) | ( k2 STATEMENT )
(11) Contrapositive Law : Definition : A declarative (assertive) sentence, which

Perff S Gu=ini P
138. () pog=~go>~p=~pVyq
(i) (perg)=p->aAg-p)
= (~pvgnr(~qvp)
14. Venn Diagrams :
(1) All X’s are Y's

is either true or false, but not both simultaneously is

called a Statement (or proposition) in logic.
; Sentences which are incomplete or imperative or
interrogative or exclamatory or suggestive are not taken
as statements.

A statement is either true or false or equivalently
either valid or invalid. It cannot be both true and false
and also neither true nor false. This fact is known as the

Y U U

O MY
XNY=X#¢ X=Y

law of excluded middle.

Statements are usually denoted by the lettersp, g, 7, ....
Consider the following sentences :
(1) Delhi is the capital of India.
U . (2) The sum of two odd integers is an odd integer.

(2) No X’s are Y’s

U X

@@on

XNY=¢ XNY=¢ ! (6) When is your examination going to start?
(3) Some X’s are Y's (7) What a terrible accident it is!
(8) Let us go for a walk.
? The first two sentences declare something emphati-

(3) It is white in colour.
4) x +3=5.

(5) Please, come here.

u

OR cally. Sentence (1) is true but not false, and sentence (2) is

false but not true. Hence these are statements.

XNY %o We cannot decide whether the sentence (3) is true or
false. If the pronoun ‘it stands for “chalk’, then it is true.

(4) Some X’s are not Y’s But if ‘it’ stands for ‘blackboard’, then it is false. Hence it

U
. OR

X-Y+#o X=Y#¢ ' open sentence. It is not a statement.

u | is not a statement.
: Similarly, we cannot decide whether the sentence (4)

is true or false, unless we know the value of x. If x =2, it

is true and if x # 2, it is false. Such a sentence is called an

6 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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Sentence (5) is a request. It is an imperative sentence.
Sentence (6) is a question, i.e. an interrogative sentence.
Sentence (7) is an exclamatory sentence. Sentence (8) is a
suggestion. Hence these sentences are not statements.
['ruth value of the statement :

A statement (proposition) is either true or false. This
truth or falsity of a statement is called the truth value of
the statement. If a statement is true, its truth value is
denoted by T and if it is false, then its truth value is
denoted by F.

Consider the statement : The sum of two natural
numbers is a natural number.

Let us denote this statement by p. Then we write :

p: The sum of two natural numbers is a natural

We know that the statement p is true. Hence its truth
value is T.
The statement ‘three plus four equals ten’ can be
written as 3 +4 = 10.
Let us denote this statement by g. Then g : 3 + 4 = 10.
Clearly the statement g is false. Hence its truth value
is F.
Notes :
(i) 1 and 0 can be used for T and F respectively.
(ii) An open sentence is not considered a statement in
logic.
(iii) Mathematical identities are true statements.

number,
ACT IVI’i& L Textbook page 2
Determine whether the following sentences are statements in logic and write down the truth values of the
statements :
Sr. ANy If “No’ then Truth value of
No. Sentence statement or not .. e Saienient
(Yes/No)
L \/—_9 is a rational number. Yes - False (F)
2. | Can you speak in French? No Interrogative -
3. | Tokyo is in Gujarat. Yes - False (F)
4. | Fantastic, let’s go! No Exclamatory -
5. | Please open the door quickly. No Imperative -
6. Square of an even number is even. Yes | - ] | True (T) |
7. |x4s<1e. | [Ne] | [Opensentence] | [ - ]
8. | 5is a perfect square. Yes [ T | | False (F) |
9. | West Bengal is capital of Kolkata. | - | [False (F) |
10, |#?=—-1. Yes L - 4] ITrue (T)I

EXERCISE 1.1 | Textbook pages 2 and 3

State which of the following sentences are state-
ments. Justify your answer. In case of satements, write
down the truth value :

1. A triangle has ‘n’ sides.
2. The sum of interior angles of a triangle is 180°.

3. You are amazing!

4. Please grant me a loan.

. \/—_4 is an irrational number.

x*—6x +8=0 implies x= —4 or x= —2.
He is an actor.

. Did you eat lunch yet?

© ® N & w

. Have a cup of cappuccino.

10. (x +y)*=x*+2xy+y? for all x, yeR.

1. MATHEMATICAL LOGIC 7
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11. Every real number is a complex number. ¢ 13. Itis a statement which is true, hence its truth value
12. 1is a prime number. : ig“ T,
13. With the sunset the day ends. | 14. Itis a statement which is false, hence its truth value
14, 11=0. L iR
15. 3+5>11. 15. It is a statement which is false, hence its truth value
16. The number = is an irrational number. 3 is ‘F’,
17. x* —y* = (x +y)(x —y) for all x, yeR. 16. It is a statement which is true, hence its truth value
18. The number 2 is only even prime number. is ‘T".
19. Two coplanar lines are either parallel or intersecting. | 17, [t is a mathematical identity which is true, hence its
20. The number of arrangements of 7 girls in a row for a truth value is ‘T".

photograph is 7! ' 18. Itis a statement which is true, hence its truth value
21. Give me a compass box. i is “T".
22. Bring the motor car here. | 19. It is a statement which is true, hence its truth value

23. It may rain today. J is ‘T".

24. If a+b <7, where a=0 and b =0, then 2 <7 and
b<7

25. Can you speak in English?

20. It is a statement which is true, hence its truth value
: is T,

21. It is an imperative sentence, hence it is not a

Solution :
olution statement.

1. It is a statement which is false, hence its truth value . . . .
22. It is an imperative sentence, hence it is not a

is “F’.
statement.
2. It is a statement which is true, hence its truth value . e
i 23. Ttis an open sentence, hence it is not a statement.
is ‘T,

! 24. Ttis a statement which is true, hence its truth value

3. It is an exclamatory sentence, hence it is not a is ‘T

statement. 4 X " _—
25. It is an interrogative sentence, hence it is not a

4. It is an imperative sentence, hence it is not a

statement.
statement.
5. It is a statement which is false, hence its truth value ‘ \ EXAMPLES FOR PRACTICE 1.1 /
is 'F’. ;
6. It is a statement which is false, hence its truth value State which of the following sentences are state-
is ‘F’, | ments. ]ustify your answer. In case of statements, write

7. It is an open sentence, hence it is not a statement. down the truth value :

8. It is an interrogative sentence, hence it is not a B jahre of any odd integers is even.

2, 5+4=11.
statement. i
. . ) o i 3. x+2=5,
9. It is an imperative sentence, hence it is not a | N ! |
| 4, Mumbai is the capital of India.
statement. i "
i 5.x?—5x+6=0, when x=2.
10. It is a mathematical identity which is true, hence its .
6. I am lying.
truth value is °T", 7. The quadratic equation x* — 7x + 12 = 0 has two real

11. It is a statement which is true, hence its truth value

roots.
is “T". 8. Please get me a pen.
| Note : Answer in the textbook is incorrect.] L9 2y = (x4 y)x2 —xy +y?) for all x, yeR.
12. It is a statement which is false, hence its truth value | 10. A quadrilateral has five sides.
is "F'. © 11. Let us go for a walk.
8 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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12. Congruent triangles are also similar.

13. When is your examination going to start?
14. Moon revolves around the sun.

15. x+0=x, for all xeR.

16. Today is Saturday.

17. 14 is a perfect square.

18. Give me a glass of walter.

19. Two parallel lines intersect each other.

$o 2]

20. x* 4 7x 410 =0 implies that x = —2 or x = —

_n(n+1)
2

22, Zero is a complex number.

23. Close the door.

24. A cyclic trapezium has its non-parallel sides congruent.

25. Do you like Mathematics?

21. 14+2+3+...4+n , for all neN.

Answers
True statements : 5, 7, 9, 12, 14, 15, 20, 21, 22, 24.
Hence their truth values are T.
False statements : 1, 2, 4, 10, 17, 19.
Hence their truth values are F.
Not statements : 3, 6, 8§, 11, 13, 16, 18, 23, 25.

( 1.2 : LOGICAL CONNECTIVES ]

Compound statement :

A statement which is not a combination of two or
more statements is a simple statement. For example :
(1) Paris is the capital of France.

(2) The set of all rational numbers is finite.

These are simple statements.

A combination of two or more simple statements is
called a compound statement.

For example,

(1) 2 is a rational number and \/2 is an irrational
number.

(2) If a quadrilateral is a rectangle, then its diagonals are
congruent.

These are compound statements.

The simple statements whose combination is a com-
pound statement are called constituents or components
of the compound statement.

Logical connectives :
The words or phrases which connect two or more

simple statements to form a compound statement are

called sentential connectives or logical connectives or simply

conneclives.

We are going to study the five connectives along with
their truth tables which are ‘and’, ‘or’, 'If .. then’, 'if and
only if” (shortly written as “iff’) and ‘not’.

The truth value of a compound statement depends
upon the truth values of its constituents and the connect-
ive used.

We shall discuss the logical connectives in the order
given in the following table :

i i
Sr. Name of the

Connective Symbol

No. compound statement

(1) and conjunction

(2) lor disjunction

(3) not ~ negation

(4) |1If... then — or = | conditional or
implication

(5) if and only if <> or ==  biconditional or

or iff double implication

or equivalence

(A) Conjunction (A) :

A compound statement formed by combining two
given simple statements by the connective word ‘and’, is
called the conjunction of the two given statements.

The symbol for the connective ‘and’ is A.

If p and g are two simple statements, their conjunction
is ‘p and q" which is written as p A g and read as ‘p and q'.

Hlustrations :

(i) Letp:2>3,9:5<7.
Then their conjunction is
pAq:2>3and 5<7

(i) Let p : Rama is tall.
q : Rama is thin.
Then their conjunction is
pAq: Rama is tall and Rama is thin.
We can write this as :
pAq: Rama is tall and thin.

The truth value of the conjunction p A q is T, if both
p and g have the truth value T. In all other cases, pAq
is false.

1. MATHEMATICAL LOGIC 9
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This is shown in the truth table for the conjunction
pAq given below :

P q |PAq

T K T

4 E F

F T F

F F F

The diagrammatic representation of conjunction is
as below :
u
PAq

Notes :

(1) Other words such as “but’, ‘yet’, “though’, ‘still’,
‘moreover’ are also used for the conjunction.
e.g., The statements :
(a) He is tall and handsome.
(b) He is tall but handsome.
have the same meaning.

(2) Conjunction of two statements corresponds to the
“intersection of two sets” in set theory.

(B) Disjunction (V) :

A compound statement formed by combining two
given simple statements by the connective word ‘or’ is
called the disjunction of the two given statements.

The symbol for the connective word ‘or’ is V.

If p and g are two simple statements, their disjunction
is ‘p or q" which is written as pV g and read as ‘p or ¢'.
Hlustrations :

(i) Letp:2>3,4:5<7

Then their disjunctionis pvg:2 >3 o0r5<7.

(ii) Let p : The sun shines.
q : It rains.

Then their disjunction is

pVq : The sun shines or it rains.

Note that in symbolic logic and in Mathematics ‘ or” is
always taken in the inclusive sense unless otherwise
stated. Thus p V¢ means p or g or both p and q.

The truth value of the disjunction pV q is F, if both
p and g have the truth value F. In all other cases, pVq
has the truth value T, i.e., pV q is true, if at least one of
p and g is true.

This is shown in the truth table for the disjunction
pVq given below :

PVq

- M- B = e B
-

q
T
F
T
F

o3

The diagrammatic representation of disjunction is as
below :

pPvq
Note : Disjunction of two statements corresponds to
“union of two sets’ in set theory.

EXERCISE 1.2 | Textbook page 6

1. Express the following statements in symbolic form :
(i) e is a vowel or 243 =5.
(i) Mango is a fruit but potato is a vegetable.
(iii) Milk is white or grass is green.
(iv) I like playing but not singing.
(v) Even though it is cloudy, it is still raining.
Solution ;
(i) Letp:eis a vowel.
qg:2+3=5.
Then the symbolic form of the
ispvag.

given statement

(ii) Let p : Mango is a fruit.
g : Potato is a vegetable.
Then the symbolic form of the

ispAg.

given statement

(iii) Let p : Milk is white.
q : Grass is green.
Then the symbolic form of the
ispVvag.

given statement

(iv) Let p : I like playing.
g : I am not singing,.

Then the symbolic form of the statement

ispAg.

given

10 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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(v) The given statement is equivalent to :
It is cloudy and it is still raining.
Let p : It is cloudy.
q : It is still raining.
Then the symbolic form of the given statement is
pPAg.

2. Write the truth values of the following statements :
(i) Earth is a planet and Moon is a star.
(ii) 16 is an even number and 8 is a perfect square.
(iii) A quadratic equation has two distinct roots or
6 has three prime factors.
(iv) The Himalayas are the highest mountains but
they are part of India in the north-east.
Solution :
(i) Letp : Earth is a planet.
q : Moon is a star.
Then the symbolic form of the given statement
ispAg.
The truth values of p and ¢ are T and F respectively.
", the truth value of pAg is F. ... [ITAF=F]

(ii) Let p : 16 is an even number.
q : 8 is a perfect square.
Then the symbolic form of the given statement is
pAg.
The truth values of p and g are T and F respectively.

", the truth value of pAg is F. ... [TAF=F]

(iii) Let p : A quadratic equation has two distinct roots.
q : 6 has three prime factors.
Then the symbolic form of the given statement is
pva.
The truth values of both p and ¢ are F.

", the truth value of pv g is F. . [FVF=F]

(iv) Let p : Himalayas are the highest mountains.
q : They are part of India in north-east.
Then the symbolic form of the given statement
ispAg.
The truth values of both p and g are T.
.'. the truth value of pAg is T. . [TAT=T]

k EXAMPLES FOR PRACTICE 1.2 j

1. Express the following statements in symbolic form :

(i) It is raining and cold.
(ii) Sachin Tendulkar scored double century or India
won the match.

1. (i) pAg

(iii) The school is open or there is a holiday.
(iv) He is tall but handsome.

(v) Leela speaks Marathi or English.

(vi) The sky is blue and the rose is red.

2. Write the truth values of the following statements :

(i) Paris is in China or London is in Germany.
(i) 2+3=50r3 < 0.
(iii) All cows are white and all flowers are red.
(iv) TajMahal is in Madhya Pradesh and Hyderabad
is in Tamil Nadu.
(v) 2is a prime number and 3 is a rational number.
(vi) Fixed deposit scheme gives fixed return or share
market gives uncertain returns.
(vii) Prepaid expense is an asset or Accountancy is a
part of book-keeping.
(viii) Goodwill is fixed asset or a Bill of exchange

needs acceptance.
Answers

(i) pvq (i) pvg @v) pAg (V) pvg

(vi) pAg.

2. i) FVF=F (i) TVF=T (i) FAF=F

(iv) FAF=F (v) TAT=T (vi) TvT=T
(vii) TVF=T (viii) FvT=T.

(C) Negation (~) :

The connective word ‘not’ operates on only one

statement. When it is used at a proper place in a given
statement, it forms a new statement which has a meaning

opposite to that of the given statement. This new state-

ment is called the ‘negation’ of the given statement.

The symbol for ‘not’ is ~. Thus if p is a statement,

then its negation is denoted by ~p and read as “not p’.

The negation of a given statement can also be obtained

by using ‘It is not true that” or ‘It is false that'.

Illustrations :
(i) Let p: 2 is a prime number.
Then its negation is
~p : 2 is not a prime number.
or ~p : Itis not true that 2 is a prime number.
or ~p: Itis false that 2 is a prime number.

Observe that p is true and ~p is false.

1. MATHEMATICAL LOGIC 11

www.saiphy.com



www.saiphy.com

(ii) Let p : 2 is a root of the equation x* +3x +2=0. . (i) Let p : London is in England.
Then its negation is The truth value of p is T.
~p : 2 is not a root of the equation x*+3x+2 =0. Therefore, the truth value of ~p is F.

Observe that p is false and ~p is true.
(iii) Let p : For every xeN, x +3 < 8.

If p is true, then its negation ~ p is false and if p is The truth value of p is F.

false, then its negation ~p is true. Therefore, the truth value of ~ p is T.
This is expressed in the following truth table for ~p :

Il | EXAMPLES FOR PRACTICE 1.3
T |F
P T 1. Write the negations of the following statements :
(i) ABCD is a quadrilateral.
The diagrammatic representation of negation is as (ii) Jagannath Puri is in Odisha.
below : U ) (iii) 3 is a rational number.

(iv) 2 is not a root of the equation x* + 3x +2 =0.
(v) Some teachers are sincere.

(vi) Some students don’t like studying.

(vii) All prime numbers are odd numbers.

Note : Negation of a statement is equivalent to Loy o
(viii) 5 is less than 7.

‘complement of the set’ in set theory. i
& | (ix) Im (z) < |z].

(x) 742 > 5.
EXERCISE 1.3 | Textbook page 7 ’ (xi) It is not true that mangoes are inexpensive.
1. Write the negation of each of the following 2. Write the truth value of the negation of each of the
statements : following statements :
(i) All men are animals. (i) The square of a real number is positive.
(ii) —3 is a natural number. (ii) 5 is greater than 4.
(iii) Itis false that Nagpur is the capital of Maharashtra, | (iii) Nagpur is in Maharashtra.
(iv) 2+3 #5. i (iv) Every equilateral triangle is an isosceles triangle.
Solution : The negations of the given statements are : (v) The sun sets in the east.
(i) Some men are not animals. (vi) Re(z) < |z|, where z is a complex number.
(ii) — 3 is not a natural number. Answers
(iii) Nagpur is the capital of Maharashtra. 1. (i) ABCD is not a quadrilateral.
(iv) 243 =5. | (ii) Jagannath Puri is not in Odisha.
‘ (iii) 3 is not a rational number.
2. Write the truth value of the negation of each of the = (iv) 2 s a root of the equation x* + 3x +2 =0.
following statements : _ (v) No teacher is sincere.

(vi) All students like studying.

(i) /5 is an irrational number.
(vii) Some prime numbers are not odd numbers. OR

(ii) London is in England.

(iii) For every xeN, x+3 <8 It is not true that all prime numbers are odd

. numbers. OR
Solution :

. i o It is false that all prime numbers are odd
(i) Letp : /5 is an irrational number.

The truth value of p is T. PR
e i A G G (viii) 5 is not less than 7.
erefore, the truth value of ~pis F. (ix) Im (z) # |zl OR Im(z) > |z|.

numbers.

12 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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(x)7+2*%5 OR 7+2<5.
(xi) It is true that mangoes are inexpensive. OR

The mangoes are inexpensive.

2. (i) T (i) F (i) F (iv) F (v) T (vi) F.

(D) Conditional Statement (Implication) (—) :

A compound statement formed by combining two
given simple statements by the connective phrase
‘If ... then' is called the conditional or implication of the two

given statements.

The symbol for the connective phrase ‘If ... then’ is

= Or =.

If p and g are two simple statements, then their
implication is “If p then q’ which is written as p — g or
p=>q and read as ‘p implics q’.

The components of the implication p — g are p and 4.
The first component p is called antecedent or the hypothesis
and the second component is called consequent or the

conclusion.

For the implication p — g, all the following statements
have the same meaning :
(2) If p then g.
(4) p only if 4.
(6) q is necessary for p.

(1) p implies g.

(3) g whenever p.

(5) p is sufficient for g.
(7) Sufficient condition for g is p.
(8) g follows from p.

IMustrations :
(i) Letp : A number n is divisible by 3.
g : The sum of the digits in the number n is
divisible by 3.
Then their implication is

p—q : If a number n is divisible by 3, then the sum
of the digits in the number n is divisible by 3.

(ii) Let p : There is no cool breeze.
g : The night is hot.
Then their implication is
p = q : If there is no cool breeze, then the night is hot.

The truth value of the implication p — g is F, if p
has truth value T and g4 has the truth value F. In all
other cases, p — g has the truth value T.

This is expressed in the truth table for p — g given
below :

P q P9
T T T
T F F
F T T
F F T

Particularly, we note that even if p and g are both
false, p — g is taken to be true.

The diagrammatic representation of the implication is

as below :

q ]

p—=q(p<q)

Note : Implications of two statements is equivalent to

‘subset” in set theory.

(E) Biconditional (Double Implication) («*) :

A compound statement formed by combining two
given simple statements by the connective phrase “if and
only if" is called the biconditional or double implication of
the two given statements.

The connective phrase ‘if and only if’ is shortly written
as “iff" and the symbol for this connective phrase is
> or =,

If p and g are two simple statements, then their
biconditional is ‘p if and only if q’, i.e., ‘p iff " and is
written as p++q or p<=>¢q and is read as ‘p implies and
implied by q’.

For the double implication p<»gq, all the following
statements have the same meaning :

(1) p if and only if g.

(2) p implies ¢ and g implies p.

(3) p implies and implied by g.

(4) p is necessary and sufficient for g.

(5) g is necessary and sufficient for p.

(6) p is equivalent to g.

1. MATHEMATICAL LOGIC 13
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Here we note that p <> g means p — g and g — p. Hence
p <> g is the conjunction of the statementsp — gand g — p,
ie. (p—>q)A(g—p).

Hence the name double implication.

[Mustrations :
(i) Let p : An integer n is divisible by 3.
g : The sum of the digits in the integer n is
divisible by 3.
Then their biconditional is
p<»q: An integer n is divisible by 3, iff the sum of
the digits in the integer  is divisible by 3.

(ii) Let p : Three points are collinear.
4 : They lie on the same line.
Then their biconditional is
p «» q : Three points are collinear, if and only if they

lie on the same line.

The truth value of the double implication p<»>q
is T, if both p and g have the same truth value. In
other cases, the truth value of p <> q is F.

This is expressed in the truth table for p<>gq

given below :

P g NP e
T T T
T F F |
F T F
F F T

The diagrammatic representation of the biconditional

is as below :

A
Nole : Biconditional of two statements is equivalent to

‘equality of two sets” in set theory.

Remark @ Since negation operates on a single logical
statement, it is known as unary operation. All other
connectives combine two statements, hence they are

called binary connectives.

ACTIVITY | Textbook page 10

If p and g are true and r and s are false, find the
truth value of ~[(pA ~8)V(gA ~1)]
Solution :
The truth values of both p and g are T and truth values
of both r and s are F.
So~pA~s)viga ~r)]
< [T~ [EDv (T ~[F)
= ~[(T]AT)V(TAT)]
~([T]v[T)

Hence, the truth value of the given statement is false.

[ EXERCISE 1.4 EI‘e}tbook pages 10 and 11

1. Write the following statements in symbolic form :

]

m

(i) If triangle is equilateral, then it is a equiangular.
(ii) It is not true that ‘i’ is a real number.
(iii) Even though it is not cloudy, it is still raining.
(iv) Milk is white if and only if the sky is not blue.
(v) Stock prices are high if and only if stocks are
rising.
(vi) If Kutub-minar is in Delhi, then Taj Mahal is
in Agra.
Solution :
(i) Let p : Triangle is equilateral.
q : It is equiangular.
Then the symbolic form of the given statement is

p=9.

(ii) Let p : ‘i’ is a real number.
Then the symbolic form of the given statement

is ~p.

(iii) Let p : It is cloudy.
q : It is still raining.
Then the symbolic form of the given statement is

~PAg.

(iv) Let p : Milk is white.
q : Sky is blue.
Then the symbolic form of the given statement is

pe(~g).

14 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XIT (PART 1) (COMMERCE)
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(v) Let p : Stock prices are high.
q : stocks are rising.
Then the symbolic form of the given statement is

p > q.
(vi) Let p : Kutub-minar is in Delhi.
q : Taj Mahal is in Agra.
Then the symbolic form of the given statement is

p—4.

2. Find the truth value of each of the following
statements :

(i) It is not true that 3 — 7i is a real number.

(ii) If a joint venture is a temporary partnership,
then discount on purchase is credited to the
supplier.

(iii) Every accountant is free to apply his own
accounting rules if and only if machinery is an
asset.

(iv) Neither 27 is a prime number nor divisible by 4.

(v) 3 is a prime number and an odd number.

Solution :
(i) Letp : 3 —7iis a real number.
Then the symbolic form of the given statement is ~p.
The truth value of p is F.

.. the truth value of ~pis T. . [~F=T]

(ii) Let p : Joint venture is a temporary partnership.
g :Discount on purchases is credited to
supplier.
Then the symbolic form of the given statement is
p=q.
The truth values of p and g are T and F respectively.

", the truth value of p — g is F. w. [T>F=F]

(iii) Let p : Every accountant is free to apply his own
accounting rules.
q : Machinery is an asset.
Then the symbolic form of the given statement is

The truth values of both p and g are F.
*. the truth value of ~pA ~qis T.
vi. [~NFA~FE=TAT=T]

(v) Let p: 3 is a prime number.
g : 3 is an odd number.
Then the symbolic form of the given statement is
PAg.
The truth values of both p and g are T.
.. the truth value of pAgis T. o [TAT=T]

3. If p and g are true and r and s are false, find the truth
value of each of the following statements :
@) pAGgAr)
(i) (p—=PVras)
(iii) ~[(~pV8A(~qAn]
iv) (p->q) < ~(pvyg
W) [pvs)—rlv~I~{p-q Vsl
i) ~[pvVrAS)IA~[rA~s)Aqgl
Solution : Truth values of p and g are T and truth values
of r and s are F.
G) pA(gAr) = TA(TAF)
=TAF=EF
Hence, the truth value of the given statement is
false.

i) (p—g)V(rAs)=(T->T)V(FAF)
=TvF=T

Hence, the truth value of the given statement is true.

(iii) ~[(~TVE)A(~TAF)]
~[(FVE)A(EAF)]
~(FAF)

=~F=T

Hence, the truth value of the given statement is true.

~[(~pVs)A(~qAr)] =

iv) (p=g)> ~(pvq) =(T=>T)>~(TVT)
= T+ ~(T)
=T<F=F
Hence, the truth value of the given statement is

false.

prraille ™ [(pvs)=rlv ~[~(p=>q)vs]

The truth values of p and q are F and T respectively. =[(TVF)>F]V ~ [~(T > T)VF]

.\, the truth value of p+>g is F. w. [F&T=F] =(T>F)V~(~TVF)

(iv) Let p : 27 is a prime number. =Fv~(FVF)
g:27 is divisible by 4. =fypecmiy sl .
Then the symbolic form of the given statement is Fence,. the: truth.~value of, the igiven statament
is true.

~p A~ q.

1. MATHEMATICAL LOGIC 15
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i) ~[pV(rAs)A ~[(rA ~s)Aqg] | @
= ~[TV(FAB]A ~[(EA ~F)AT] \ EXAMPLES FOR PRACTICE 1.4
= ~[TVFIA ~[(FAT)AT]
=~TA~(FAT)
=FA~F=FAT=F
Hence, the truth value of the given statement is

J

1. Write the following statements in symbolic form :
(i) The school is open or there is a holiday.
(i) If it rains heavily, then the school will be closed.

filia: (iii) An angle is a right angle if and only if it is of
measure 90°,

(iv) The sky is blue and the rose is red.

(v) f 343=6, then 4 +4=8.

4. Assuming that the following statements are true :

p : Sunday is holiday.

4 : Ram does not study on holiday. ! (vi) Leela speaks Marathi or English.
Find the truth values of the following statements : (vii) It is raining and cold.
(i) Sunday is not holiday or Ram studies on holiday. (viii) He is neither tall nor handsome.
(ii) If Sunday is not holiday, then Ram studies on | (ix) There are clouds in the sky and it is not raining.
holiday. -I (x) A right-angled triangle is either isosceles or
(iii) Sunday is a holiday and Ram studies on holiday. | scalene.
Solution : ‘ (xi) A metal expands, when it is heated.
(i) The symbolic form of the statement is ~ pV ~ 4. (xii) The sky is clear implies that the sun is shining.
v P q ~p | ~ qr ~pV~q (xiii) Itis nottrue thatif, ‘7’ is a real number, then ‘2’ is
T T F F F ! an even prime number.

] - 2. Find the truth values of the following statements :
*. truth value of the given statement is F. . . L
(i) If Rome is in Italy, then Paris is in France.

(ii) The symbolic form of the given statement is | (i) 3+3=7if and only if 3+5=1.
~po~g. . (i) 3+5=8ifand only if 34+2=7.
! (iv) If Taj Mahal is in Madhya Pradesh, then
4 g Pl ’ Hyderabad is in Tamil Nadu.
T L F . T ! (v) If 4 is an odd number, then 6 is divisible by 3.

. truth value of the given statement is T. . 3. Let p : Price increases, q : Demand falls.

Express the following statements in the symbolic
(iii) The symbolic form of the given statement is p A ~ g.

form :
P q ~q | pPA~q ! (i) Price increases, then demand falls.
T, 1 F F ! (ii) If demand does not fall, then price does not
; 3 : increase.

", truth value of the given statement is F.
(iii) If price does not increase, then demand does not

5. If p : He swims. ) fall.

q : Water is warm. (iv) Price increases, if and only if, the demand falls.

Give the verbal statements for the following 4. Let p:The diagonals of a parallelogram are
symbolic statements : | perpendicular.
i) pr~q Gi) ~(pvq) Gii)) g—p @(v) gA~p. ‘ q : It is a thombus.
Solution : 3 Express the following statements in the symbolic
(i) p<» ~q: Heswimsif and only if water is not warm. form :
(i) ~(pvq):Itis not true that he swims or water is (i) If the diagonals of a parallelogram are perpen-
warm. dicular, then it is a thombus.
(iii) g — p : If water is warm, then he swims. (ii) If the parallelogram is not a rhombus, then
(iv) gA ~p : Water is warm and he does not swim. : diagonals of it are not perpendicular.
16 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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(iii) If the diagonals of a parallelogram are not
perpendicular, then it is not a thombus.

5. Using the statements p : Seema is fat, 4 : Seema is
happy, write the following statements in the
symbolic form :

(i) Seema is thin but happy.
(ii) Seema is fat or unhappy.
(iii) If Seema is fat, then she is happy.
(iv) It is not true that if Seema is happy, then she is
not fat.

6. Assuming p and g as given, write the verbal state-

ments for the following symbolic statements :
(a) p : Stock prices are high.
q : Stocks are rising.
Hpvg (i)p—gq
(b) p: A ABC is equilateral.
g : A ABC is equiangular.
(i) peq

(iii) pA ~ 4.

(i) ~p—> ~q (i) g > p.
(c) p : Sachin is a good boy.
q : Viraj is tall.
@ prg @ ~p—g.
(d) p : Rahul is rich.
g : Rahul is happy.
(@) ~p—q @) ~pAg.
7. Write the following statements in symbolic form :
(i) Reshma is tall or she is short and beautiful.
(ii) Amitabh is tall but not handsome.
8. If the truth value of p is T and the truth value of g is
F, then find the truth values of :
@) p—q (i) ~phg.
9. If p is true statement and 4 and r are false state-
ments, find the truth values of :
@ [pAC~)]—r () pvigvr).

10. If the statements p and 4 are true and the statement

r is false, find the truth values of the following :
(@) ~per(~qnar) (i) ~qA(p—q)
(iil) pV(~gerr).

11. If the statements p and g are true and the statements
r and s are false, find the truth values of the
following :

@ [pAaG@an]Ivitevaal~rvs)]
(i) ~[(pA~7)V(~qVs)]
@iii) ~[(~pANV(—>~g]e(pAr)

(i) [pA(~1)]+=(qVs)
V) [pA(~7)] - (qAs)
Vi) [(p=g)=(g—=1)]—(r—s).

12. If the statements p and q are false and the state-
ments r and s are true, find the truth value of :
[(~pAg)A ~r]v[(g=p)—=(~svn)l.

Answers
L (A)pvg ((i)p—g (iii) p<» g (iv) pAg
W) p—gq (vi)pvg (vii) pAg
(viil) ~pA ~q (ix) pA ~q (x)pvy

(xi) p—q (xii) p—q (xiii) ~(p - q).
2. (i) T>T=T (ii) FoF=T (i) T®F=F

(iv) FoF=T (v) F>T=T.
(@) pog (i) ~go ~p (i) ~po~g (iv) peorg.
(@) p—og i) ~go~p (i) ~p—> ~q.
. (@) ~pAg (i) pv~q (i) p—q @(v) ~(@—> ~p).
. (a) (i) Stock prices are high or stocks are rising.

A U B W

(i) If stock prices are high, then stocks are rising.
(iii) Stock prices are high and stocks are not rising.
(b) (i) If A ABC is not equilateral, then it is not
equiangular.
(ii) A ABC is equilateral if and only if it is
equiangular.
(iii) If A ABC is equiangular, then it is equilateral.
(c) (i) Sachin is a good boy and Viraj is tall.
(i) If Sachin is not a good boy, then Viraj is tall.
(d) (i) If Rahul is not rich, then he is happy.
(ii) Rahul is not rich but he is happy.

7. (i) pv(~pAg) (i) pA ~g.

8. (i) F (i) F.

9. (i) F (i) T.

10. (i) T (i) F (i) T.

1L G) T () F Gi) T Gv) T (v)F  (vi) T
12,80,

1.2.1 : Quantifiers and Quantified Statements

Quantifiers :

A sentence contains one or more variables is called
an open sentence.

An open sentence become true or false statement
when we replace the variable by some specific value from

a given set.

1. MATHEMATICAL LOGIC 17
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e.g. Consider an open sentence x + 5 =8.

If x=3, then this sentence becomes true statement
and if x # 3, then this sentence becomes false statement.
The phrases quantify the variable(s) in open sentences
are called quantifiers. There are two types of quantifiers :

(i) Universal quantifier : The quantifier “for all” or ‘for

every’ is called universal quantifier and is denoted by V.

(ii) Existential quantifier : The quantifier ‘for some’ or
‘for one’ or ‘there exists at least one” or ‘there exists’ is

called existential quantifier and is denoted by 3.

Quantified statement :
An open sentence with a quantifier becomes a state-

ment. Such statement is called a quantified statement.

EXERCISE 1.5 | Textbook page 12

1. Use qualifiers to convert each of the following open

sentences defined on N, into a true statement :

(i) x*+3x—10=0 (i) 3x—4<9

Gii) n*>1 (iv) 2n—1=5

v) y+4>6 (vi) 3y —2<9.
Solution :

(i) 3xeN, such that x? + 3x — 10 =0 is a true statement
(x=2eN satisfy x? + 3x—10=0)

(ii) IxeN, such that 3x —4 <9 is a true statement.
(x=1,2, 3, 4eN satisfy 3x —4 <9)

(iii) VneN, n? > 1 is a true statement.
(All neN satisfy n* = 1)

(iv) 3neN, such that 2n —1 =5 is a true statement.
(n=3eN satisfy 2n —1=5)

(v) 3yeN, such that y +4 > 6 is a true statement.
(y=3,4,5 ..eN satisfy y + 4 > 6)

(vi) 3yeN, such that 3y —2 <9 is a true statement.
(y=1,2, 3€eN satisfy 3y —2 <9).

2. If B={2,3,5,6,7}, determine the truth value of each
of the following :
(i) VxeB, x is a prime number.
(ii) IneB, such that n + 6 > 12.
(iii) 3neB, such that 2n + 2 < 4,

1]

(iv) YyeB, y? is negative.
(v) YyeB, (y—5e€N.
Solution :
(i) x=6€B does not satisfy x is a prime number.
So, the given statement is false, hence its truth value
is F.

(ii) Clearly n =7¢eB satisfies n + 6 > 12,
So, the given statement is true, hence its truth value

is T.

(iii) No element neB satisfy 21 + 2 < 4.
So, the given statement is false, hence its truth value
is F.

(iv) No element y&B satisfy y? is negative.
So, the given statement is false, hence its truth value
is F.

(V) y=2€B, y=3eB and y=5eB do not satisfy
(y—5)eN.
So, the given statement is false, hence its truth value
is F.

( EXAMPLES FOR PRACTICE 1.5 /

1. fA={23,4,5,6,7, 8}, determine the truth value of
each of the following :
(i) 3xe A, such that x +5=8.
(ii) VxeA, x+1 < 10.
(iii) VxeA, x+5 > 8.
(iv) xeA, such that x*> +1 is even.

(v) VxeA, such that x — 2 is a rational number.

2. Use quantifiers to convert each of the following open
sentences defined on N, into a true statement :
(i) x*+1=26 (ii) 3x+1<5 (i) x* >0
(iv) x2—5x+6=0 (v) 2x=3=1 (vi) 22+1 < 10.
Answers
1. (i) T (i) T @Gii) F (v) T (v) T.
2. (i) xeN, such that x? +1 =26 (x =5)
(ii) 3xeN, such that 3x +1<5 (x=1)
(iii) VxeN, x2 >0
(iv) 3xeN, such that x> —5x+6=0 (x=2, x =3)
(v) IxeN, such that 2x -3 =1 (x =2)
(vi) 3xeN, such that x* +1 <10 (x=1, x =2).
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( 1.3 : STATEMENT PATTERNS AND
LOGICAL EQUIVALENCE

)

The expression constructed from logical statements
P, 4,1, ..., which take on the value True (T) or False (F) and
logical connectives A, V, ~, — and < is called a statement

(A) Statement Pattern :

pattern which is generally written as S(p, ¢, r, ...).
eg. () pA(~pvyg) (i) p->(gar)
(iii) (p A ~g)+>(r— s) are statement patterns.

To find the truth values of the statement patterns, we
must know how to prepare the truth tables.

While preparing the truth table, the following points
should be taken into account :

(i) If a statement pattern contains two statements
p and g, then the truth table of the statement pattern
will have 2 x 2 =4 rows. This is because each of p and g
has two possible truth value T and F.

Similarly, if a statement pattern contains three state-
ments p, g, r, then the truth table of the statement pattern
will have 2 x 2 x 2 =8 rows.

In general, the truth table for the statement pattern

having ‘n’ statements will have 2” rows.

(ii) If the statement pattern contains m connectives
then the truth table will have (m 4+ n) columns.

(iii) Parentheses must be introduced whenever

necessary.
For example : ~ (pVq) and ~pV g are not the same.

| ACTIVITY = Textbook page 13

Complete the following truth table :

r (pPADV@AT) |

]
>
<

qAr

—~

(= | (=] | (=] | (=] 'ﬂ‘El‘ﬂ.

m A m | =[] = [E]] =

vaHmHH—]-—lv
e NEEREEE
HH"’”‘H’HH"’

SR EE N R

)

(B) Logical Equivalence :

Two statement patterns S; and S, are said to be
logically equivalent (or equivalent or equal), if they have
identical truth values in their truth tables for each
combination of the truth values of their components. In
this case, we write S, =S, or S, =S,.

Note : Two statement patterns S; and S, are logically
equivalent, if their biconditional is always true.
i.e. truth value of S, <» S, is always T.

For example : Consider the statement patterns

Sy=p—q and S5;=~pVq

1 |2 a3 4 5 6
p|a| poq | ~p | ~pvq | (pog)eo(~pvq)
T|T T F T T
T|F F F F T

F (T T T 1y T

F\| B T T T T

From the given truth table, the entries in columns 3
and 5 are identical. Also all the entries in the last column
(i.e. column 6) are T.

L. p—og=~pVg ie 5 =85,

ACTIVITIES | Textbook page 14

L pvigvn =@V Vvipvr).

Solution :

142 |3 5 6]7 8

pVigvr) | pvyq ‘ pvr  (pvg)vipvn

-anH -—1}-—1 -

EEEE= == ==

=1 = |[=l|[=]) -

r-—1
R
3 === = [=E][=]

]
-

| £
=== |=&|a]- 2]

(==l = = =] = (=)=

"’HWEH o | = ]| [E]] -

== =

[¥]

From the truth table, we observe that all entries in columns

5 and 8 are identical.
Sopvigvr =(pvg)vipvr).
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2. ~ro~(pAg) =~(g—>1)— ~p.

The entries in columns 8 and 11 are identical.

ot — ~(p/\q)£ ~(q—»r)—>~p‘
(C) Tautology, Contradiction and Contingency :

(1) Tautology : A statement pattern which has all the
entries in the last column of its truth table as T is called a

tautology.
P |~Pl PP
T | B T

In the above truth table for the statement pv ~p, we
observe that all the entries in the last column are T.

Hence the statement pV ~p is a tautology.

(2) Contradiction (Fallacy) : A statement pattern which
has all the entries in the last column of its truth table as F

is called a contradiction or fallacy.

P |~p pA~p
T | B F

I F

In the above truth table for the statement pA ~p, we
observe that all the entries in the last column are F. Hence
the statement pA ~ p is a contradiction.

A statement pattern which is a tautology is true,
irrespective of the truth values of its components. Simi-
larly, a statement pattern which is a contradiction is false,

irrespective of the truth values of its components.

Solution :
1 2 3 4 5 6 7 8 9 10 11
P q r ~p  ~T PAq ~(pAq) | ~ro~(@pAg) q-r ~(q—=n | ~@-1-~p
b & T T F F T F T T F T
T T F F T T F F F T F
T F T F F F T T T F 5
T F F F T F T T T F )
F T T T F F T T T F T
F T F T T F T T F T T
F T T F F T T [ T F T
F F T T F T T N\ F T

(3) Contingency : A statement pattern which is neither
always true nor always false is called contingency.
Note : The tautology is represented by ¢ and contradic-

tion is represented by c.

ACTIVITY | Textbook page 15

Prepare the truth table for (~pV ~g) <> ~(pAg).

Solution :

‘ (~pVrg) <

[P g ~p~qpAq|~pPAP ~pVr~q
~(pAg)

I Y 4

T|T|F|BESP F F T
T|F|E{T/|F T T T
BT | T|F | F T T T
'F|F|T|T|F T T T

| EXERCISE 1.6 | Textbook page 16

1. Prepare the truth tables for the following statement
patterns :

@ p—>(~pVvyq)

Solution :Here are two statements and three connectives.

.. there are 2 x 2 =4 rows and 2 + 3 =5 columns in the

truth table.
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plag| ~p |~pVeg p—(~pvy
lT F T T
T|F F F F
Flr h§ ) ;)
F F T T T

@[ii) (~pVA(~pV ~q)

Solution :

Plqg|~p|~q|~PVeq ~PV~q(~'qu)A(~L\/~q)
T|IT|F|F Y F F
TIFIE|T F L F

FIT| T | B T T T

FIEB| T | T T T T

2. Examine, whether each of the following statement
patterns is a tautology or a contradiction or a
contingency :

@ gvi~pAgl

Solution :

P 4| pAg |~pAD|  qVI~pAP]
TlE| F T

T|F| F () T

F|T| F T T

F|F| F T T |

All the entries in the last column of the above truth table
are T.
Cogvl~(pAag)] is a tautology.

(ii) (~gAp A(pA ~p)

Solution :

i) (pAD > (pV ~q) Cplal~p|~a|~anp | pa~p [ (SgapAGA~p)
Solution :Here are three statements and 4 connectives. T|T|[F|F F F F
.. there are 2 x 2 x 2 =8 rows and 3 + 4 =7 columns in ’ IT FlElT T F F
the truth table. ElTlT!|E F F F
plalr[~a| par [pv~a| @rn-@v~p | | |F|F\T | T |/F F F
TIT|T|F T T T E All the entries in the last column of the above truth table
T|T| F | B F T T . areF.
A L I S i T T T ' S (~qgAp)A(p A ~p) is a contradiction.
T|IF|F|T| F T T
F|T|T|F| F F T {90 Ao S ph~g)
! Solution :

F(T|F | F F F T i
FlElT!T!| F T T Pla|~P|~q[PA~A|YPA~q A~ P> (~pA~g
FIE|F|T| F T T | |T|T|F|R| F F e

AN Vitle| 7 | T LD F F
. ! |F|T[ T |F F F T
(iv) (pAQV ~r L elebT bt B T T
Solution : , |
r | q ’ ~r | pAg PAPY ~1 The entries in the last column are neither all T nor all F,

I (pA~g) = (~pA ~q)is a contingency.
THIEN T F T T i
T|T| P |1 g T § v) ~p>(poimg)
T F T F F F ! Solution :
el F R F T pla|~p| ~q|p=>~q ~p=(p—>~q)
F T T F F F TIT!| F F F T
F|T F T F T TIp| B T T T
F F T F F F EIT T F T T
F | F F T F T F|E| T T T T
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All the entries in the last column of the truth table
are T.

. ~p—(p— ~q)is a tautology.

3. Prove that each of the following statement pattern
is a tautology :

@ (pAg) —q

Solution :
P|a| PAq (PAQ) —q
| T T T
T F F T
F X F T
F F F T

All the entries in the last column of the above truth table
are T.

"o (pAg) = q is a tautology.

(i) (p—q@) > (~qg—>~p)

Solution :

plg|~p|~q| P~ [~9=~p{p—>9) > (~q>~p)
TIT|F|F| T 1\ T
TIF|F|T| F F T
FIT|T|F| T 1 T
FIF[T|T| T T '

All the entries in the last column of the above truth table
are T.

S (p—=q)(~q— ~p) is a tautology.

(iii) (~pA~Q—(p—4q)

Solution :

pla|~p[~a|~pA~q| p=q | (~pA~q)=(pAq)
T|T|F | F F T T
T|F|F | T F F T
F|IT|T|F F T T
FIF|T|T T T T

All the entries in the last column of the above truth table
are T.

S (~pA ~g)—=(p—q) is a tautology.

@(iv) (~pV ~g = ~(pArq).

(~pV~gq) e

~(pAg)
~ (pAq)

P|g|~P|~q|~pPV~q PAg

- ™ = ™
- 4 49 T
nm m ™ 3
- = <4 ™
L I I

T T
)
‘-—1»—1'11'-11

All the entries in the last column of the above truth table
are T.

S (~vpV i~ g)er ~(pAg) is a tautology.

4. Prove that each of the following statement pattern is
a contradiction :
@ (pvg)A(~pA~q)

Solution :

Pla|~p|~a| PVa [~PA~a| GVDA(~pA~Q
T|T|F|F | T F F
IT[F|F|T| T F F
IFIT| T|F| T F F
FIF|T|T| F T F

All the entries in the last column of the above truth table
are F.

S (pvg)A(~pA ~q) is a contradiction.

(i) (pAQIA~p

Solution :
plqg|~r PAq pAPA~p
‘ Ty &F T F
™ [£F BF F F
|9 % F F
BlE| T F F

All the entries in the last column of the above truth table
are T.

.. (pAg)A ~pis a contradiction.
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(i) (pAQA(~pV ~q)

@) (p—>p(~pAq)

Solution : Solution :

plg|~p|~q| pAa |~pV~q] GAPA(~pV ~q) pla|~pr|proq | ~pAq| (o (~pAg)
TiT|F | B | T F F T|T| F T F F
TIF|F|T| F T F T|F| F F F T
FIT|T|F| F T F EIT| T T T T
FIF|T|T| F T F F|F| T T F F

All the entries in the last column of the above truth table
are F,

S (pAg)A(~pV ~q)is a contradiction.

iv) (p=>pPA(pA~q)

Solution :

Pla| ~qa|p=a |pPA~q | o9 APA~q)
LN R T F F

T | &) °E F T; F

B | T| E T F F

F|F| T T F F

All the entries in the last column of the above truth table
are F.

S (p—=g)A(pA ~q) is a contradiction.

5. Show that each of the following statement pattern is
a contingency :

@) (pA~g) = (~pAr~q)

Solution :
Pla|~p|~a|pA~q|~pA~q/pA~D—>(~pA~q)
T|IT| B | F F F T

TIFE | T T F F

E|T{"T"| :F F F T

FIF1*T" | T F T T

The entries in the last column of the above truth table are
neither all T nor all F.
o (pA~g) = (~pA ~q)is a contingency.

The entries in the last column of the above truth table are
neither all T nor all F.

S (p—=g) e (~pAq) is a contingency.

[Note : Question is modified. |

(iii) pAl(p— ~q) —ql

Solution :

Pla|~alp—~a| p>~9—q |pAlp—~q) 4]
T|T|F | F T T
T{E|T | T F F
F|T]| F T i1 F
E|F| T n F F

The entries in the last column of the above truth table are
neither all T nor all F.
o pAl(p - ~g)—q] is a contingency.

@Giv) (p->pA(p-r1)

Solution :

P popPAp—r

=
-
=
1
-

v=r4

oMo oM o= A
T T R B R RS
RS I I B
R e = T =R
49 49 3 3 m 3 3
s B T T

The entries in the last column of the above truth table are
neither all T nor all F.
o (p—> @) A(p—r)is a contingency.
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@ pv@Aar) =@V AV
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(iv) ~(pVpV(~pAqg = ~p

Solution :

1

1(2| 3 4 5 6 7 8 2| 3 4 5 6 7
pla| r | gAr [pV@AD | pVq | pVr ((pVQ AV plal~plpvg |~V | ~pAg | ~pEVPVI~pAQ
TITLT | T T T T TET| Bl T F F F
TIT4 P F T T T T T|F| F T F F F
TIF{-T:| FB T T T T FITI'T | T F T T
T|E| F F T i T T i |F|E| T [¢oF T F I
FIT|T| T T i T T -
FIT| F F F T F F | The entries in columns 3 and 7 are identical.
FIF|T| F F F [T F L~V (spAag) = ~p.
F|F| F F F F F F
4 7. Prove that the following pairs of statement patterns
! are equivalent :
The entries in columns 5 and 8 are identical. ! i) pv(gAn and (pV @ A(pVT)
S PV@AN = (VA VD). | Solution : Refer to the solution of Q. 6 (i).
. . (i) pegand (p—q) A(G—p)
G po>p-op=~qg-o(p-9g) |
Solution : 112 3 4 5 6
] > - ) A )
= [ S z = t | plaipeal p—q q-p |(p=DAlg-p
pla|~a|p-a| poe-9 | ~a-p-p | | |T|T| T J T T
» F| E F T F
Tl T| B T T 'E !
{ T | F T F F
T|¥| T F F F !
{ LE|FNF T T T
BT | B T 1) T .
i < ¥ T, A : v, The entries in columns 3 and 6 are identical.
The entries in columns 5 and 6 are identical. Lopeq=(p=q)AG-p)
Lpo (g = ~q-(p-g). !
! (i) pogand ~g—>~pand ~pvgq
! Solution :
(iii) ~(—»~ )= A~i(~g) =pA
A e e 0 {1 ]2]3]| & 5 6 7
) ) B S & T 48 plalre| ~a | poa |~aon~p| ~pve
; ; ~q p~>F~q ~<r;~4)~<T~q)r/\~(~q) P;‘i AENERS: F T T T
F T !
| [ | "W'F T F F F
T B T T F F F F i
E | T |°T F T T T
|| B T F T F F
Ell PI'T T T T T
Bl B | “T T F F F F

The entries in columns 5, 7 and 8 are identical.

Lo~(po~g)=pA~(~g) =pAag.

24

The entries in columns 5, 6 and 7 are identical.

L PpgE~gr~pE~PVY
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(iv) ~(pAg) and ~pV ~q

Solution :

123 4 5 6 7
P|q|~p| ~q PAQ | ~pAQ | ~pV~q
T|T|F| F T F F
T|F|F| T F T T
F(T|T| F F T T
F|F|T| T F T T

The entries in columns 6 and 7 are identical.

o~(pAg) = ~pV ~g.

.

1. Prepare the truth tables of the following statement
patterns :
@) (pAg) > (~p)
(i) ~pAl(pv ~qg)Aq]
(i) (~pVv ~g) [~ (pAg)]
(iv) (~p> ~@)A(~g> ~p)
W) (g=p)V(~pe9q)
(vi) pv(pAg)
(vii) (g A(pA ~q)
(viii) (pvg) = (~p)
(ix) (~pA~g)=(peor)
&) [p—(g—->n]<[(pAg)—r].

2. Examine whether each of the following statement
patterns is a tautology or a contradiction or
a contingency :

O [(p=DA(~9] = (~p)

(i) pvI~(pAq)]

(iii) (p+>rg) < (g+p)

(iv) (pAg)—(pvyg)

V) p=lg=(prg]

(vi) (p =) (~pvg)
(vii) (pepAlp = ~q)
(viii) pV ~ (pAgq)

EXAMPLES FOR PRACTICE 1.6 ) :I

. Prove that each of the following statement patterns is
a tautology :
@ (g-pVv(p-9)
(i) ~(peog{lpAl~pIviga(~pl}
(i) (~pvev(pA~g) () pvI~(pAgl
. Prove that each of the following statement patterns is
a contradiction :
(@) (pAg)A(~q) (i) (pvg)Al~(pvg]
(i) pA~PA(p—>q) @Qv) (~pA~g)AlgAar).
. Show that each of the following statement patterns
is a contingency (neither) :
(@) (pvg)al~p)
(i) (pepal~(p—~g)]
(iii) (~pvg) =IpAlqyv ~q)]
@iv) (~p=>g)A(pAr).

. Using truth tables, prove the following equivalences :

(i) ~pAq=(pAg)A(~p)
i) ~pvg=~@Arg)=l~pv(~pvg)]
(iil) prg=~[pvaA~(pAg]
@) p-(g->p)= ~p->(p—q)
W) p=@v=@->9vip-r
(vi) [~ (pvpVvpVvglar=r
(vii) pA(gAT) = (pAGIAT
(viii) (pvg)—r=(p-r)A(g—7)
(ix) (pAg)—=r=p->(q->71)
) pA(~gvr)= ~[p-(@A ~rl].

Answers

—~
=
=

Pl q| pAg | ~p (pAQ—(~p)
y T F F
T|F F F 41
F{T F T T
F | F F T T

(ii)

(ix) (pAg) < (~p) Pl g |~p ~q pV~q pV~Ag ~pAl(pV ~qg)Aql
~gAp)V(pV ~ F T ] 1 T

((xX))E /\q P;( ([P( A ‘;3/( )] o B b - i B

9 ~ > | ( ~
(xii) g A[Z g P)Aq] 4 TIP[E || T F F

X1) ~ ~
('")[p(pv)? ql g0 of 0 g B I . .

X111 -~ > ~p—=2g—T

. ’ I gt F|F|T|T| T F F
(xiv) (pAg)V (pAT). B[St B, [ScEN =
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P g | ~p|~q ~pN~q pAq | ~(pAq) | (~pV~g) e
[~(pAg)]
T|T|F|F F T F T
T|F|F|T T F T T
F|T|T|F T F T T
F|F|T|T T F T T
(iv)
P |9 | P ~a| P e | M-~ S
‘(~q—o~p)
T|T|F|F T T T
T|E|E|T T F F
F|T|T|F F i F
F|F|T|T 4 i T
(v)
P|l9|~P|9opP|~Pq [lg=pIV(~perg
s ol s oll IO O F T '
T|E| B | T T T l
F|T|T| F T T
F|I|E|T | T F T _
(vi) T n N
P 49| pPAN pVpAg)
T| T T T
T | B F T
F|T F F
F F F F
(vii)
Pl a | ~q peq| pA~qg | (pogApA~g) \
] S | . | —)
T|T]| F T F F
T|E| T E z # F
F|T| F F Y F |
F | F | T T F o F l
(viii) ' '
p 9 ~p| prvg | (pvg)-(~p)
BT |E T F
T | & |B T F
B | T | T T T
F|F|T F T
26

1]

H

(ix)
Pla|r|~p|~q|~PA~q|por|(~pA~g)>(per)
T|T|T|F|F| P T T
T|T|F|F|F| F F T
T|F|T|F|T| F T T
T|F|F|F|T| F F T
F|IT|T|T|F| F F T
BITYF T |F | F T T
R TLT |(T| T F F
BIE|IF| Ty T| T [T T
()
poa v qorpo@on pag (pAp-r [p- (gl
| I(pAg) -1
Elr| x| T T Pl T T
T|T|F|F F T| F T
™NF|T|T T R | T T
TNF|F|T T E| T T
FNK|T|T J5 E| T T
F|T\F|F T E| T T
Ble\\e | T ¢ ¥ F| T T
E|F|\R|T T F | T T

2. Tautology : (i), (i), (iii), (iv), (v), (vi), (viii)
Contradiction : (xi), (xii), (xiii)
Contingency : (vii), (ix), (x), (xiv)

(D) Duality :

Two compound statements S, and S, are said to be
duals of each other if one can be obtained from the other
by replacing v by A and A by V.

The connectives A and V are called duals of each other.

e.g.
Consider the following results :
~(pAg)=~pV ~gq di(L)
~(pvg) = ~pA~q - (2)

From these results, we observe that a statement
pattern involving a conjunction (A) can be expressed
as a disjunction (V) and vice versa.

If we replace (A by V) and (V by A) in (1) we get (2)
and by the same replacement, we get (1) from (2).

This is referred to as duality of conjunction and
disjunction. Statement patterns (1) and (2) are called
duals of each other. Results (1) and (2) are known as
De Morgan's Laws.
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Note : If a compound statement S contains ¢ (tauto-
logy) or ¢ (contradiction), then the dual of S is obtained
by replacing t by ¢, c by {, A by vV and V by A.
Principle of Duality :

If a compound statement S, contains only ~, A and V
and statement S, is obtained from S, by replacing A by v
and V by A, then S, is a tautology if and only if S, is a

contradiction.

| EXERCISE 17 | Textbook page 17

1. Write the dual of each of the following :
i) (pvgvr
(i) ~(pVvAlpV ~(gA~nl
Giii) pv(qvr) =(pvgVr
(iv) ~(pAg) = ~pV ~q.
Solution : The duals are given by :
@ (pAg)Ar
i) ~(pAgVIpA~(gy ~1)]
Gii) pA(gAn) =(pAg) AT
) ~(pvg)=~pA~4q.

2. Write the dual statement of each of the following
compound statements :
(i) 13 is prime number and India is a democratic
country.
(ii) Karina is very good or everybody likes her.
(iii) Radha and Sushmita can not read Urdu.
(iv) A number is real number and the square of the
number is non-negative.
Solution : The duals are given by
(i) 13 is prime number or India is a democratic country.
(ii) Karina is very good and everybody likes her.
(iii) Radha or Sushmita can not read Urdu.
(iv) A number is real number or the square of the
number is non-negative.
( ADDITIONAL SOLVED PROBLEMS -1 (A) J
1. Write the duals of each of the following :
@ tvipag G (pADV(EA~q)
(iii) pA(~gVo).
Solution :The duals are given by :
(i) ca(pvg)  Gi) (pvo)A(ty ~q)
(iil) pv(~gAt).

2. State the dual of the following statement by apply-

ing the principle of duality :

pvigvr)=(pvg)Vr and

prove that both the sides of the dual are equivalent.
Solution : The dual of the statement
pv(gvr)=(pvg)Vvris pA(gar)=(pAg)Ar.

1 2 3 4 5 6 v
P lg Lr |qrr| pAlgar) PAq (pAgQIAT
IO qeT T T T T
LallpT F F F T F
T ] 40 & F F F F
T |"E_[FE F F F F
F|T |4 T F F F
F L F F F F F
F F i i F F F F
F F F F F F F

The entries in column 5 for pA(gAr) and those in
the column 7 for (pAg)Ar are identical. Hence, the
statements pA(qgAr) and (pAg)Ar are logically
equivalent.

SopA@@an)=(pAgIAT.

3. Prove that (pAg)V ~q is logically equivalent to
pV ~ q. Hence state its dual result.

Solution :
1 _ 2 3 4 5 6
VP a4 PAg | ~q9 | PAQVr~g | pV g |
T DT T F T T
T'| F F T T T
F|T F F F F
F | F F T T T

The entries in columns 5 and 6 are identical.
So(pAgQV~g=pV ~g (1)
The dual of (1) is (pV @A ~g=pA ~q.

( EXAMPLES FOR PRACTICE 1.7 b

1. Write the duals of each of the following :
(@) (pAgAr (i) pv(gAr)
(iii) (pAG)V ~q (iv) [~(pvIA{pA(~qVs)}
v) (pvag) At (vi) ev(pAg)
2. Write the dual of each of the following :
@) pvipAg)=p (i) tve=t
(iii) pAQ@V) = @AV (pAY).
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3. Write the dual statement of each of the following

compound statement :
(i) Madhu is fair and Mahesh is intelligent.
(ii) Mumbai is in Maharashtra or Patna is in Bihar.
(iii) He is tall and handsome.
(iv) Leela speaks Marathi or English.
(v) It is raining and cold.
4. State and prove the dual of the statement
(~pAg) =(pvgA(~p)
by constructing the truth table.
Answers
i) pa(gvr)
(@) [~ (pA@IV{pV(~qAs)}

1L () (pvgvr
(iti) (pvgIA~q
(v) (pAg)ve (vi) tA(pVg).

2. (i) pA(pvg)=p (i) cAt=c
(iii) pv(gAn = (pVQA(pVr).

3. (i) Madhu is fair or Mahesh is intelligent.
(ii) Mumbai is in Maharashtra and Patna is in Bihar.
(iii) He is tall or handsome.
(iv) Leela speaks Marathi and English.
(v) Tt is raining or cold.

4. (~pVg) = (pPAQV(~p).

(E) Negation of a Compound Statement :

Negation of a simple statement is obtained by insert-
ing ‘not’ at the appropriate place in the statement.

e.g. The negation of ‘Ram is a good boy’ is “Ram is not a
good boy’.

Now we will study the negations of the compound
statements involving conjunction, disjunction, condi-
tional and biconditional.

(1) Negation of Conjunction : The conjunction of
two simple statements p and g is pAg and the negation of
this conjunction is denoted by ~ (pAg). Using truth
tables, we show that ~ (pAg)= ~pV ~q.

12| 3 4 | 5 6 7
P |q|prr | ~(pAg | ~p| ~q | ~pVieq
ol Il F F F F
T|F| F T F | T T
F|T | F ji T | F T
F|F| F T T | T T

The entries in the columns 4 and 7 are identical.
. ~(pAg) = ~pV ~g.

Thus we see that the negation of the conjunction of
two statements is the disjunction of their negations.
[Mustration :

Let p : The sky is cloudy. 4 : It will be raining.
Then pAgq : The sky is cloudy and it will be raining.
Now ~ p : The sky is not cloudy.
~ g : It will not be raining.
. ~(pAg)= ~pV ~q gives

~(prg): The sky is not cloudy or it will not be

raining,.

(2) Negation of Disjunction : The disjunction of two
simple statements p and g is pvg and its negation is
denoted by ~ (pVgq). Using truth tables, we show that
~(pvg)= ~pAn~g.

1| 2 3 4 5 6 7
Pl qa|prvg ~pVvg  ~p | ~q | ~pA~q
T\| T T F F F F
T | F T F F T F
F |\ T T F T F F
F | F F T T T 1)

The entries in the columns 4 and 7 are identical.
Lo~(pvg)=~pA~q.

Thus we see that the negation of the disjunction of
two statements is the conjunction of their negations.
IMustration :

Let p : The sky is cloudy.
q : It will be raining,.
Then pV g : The sky is cloudy or it will be raining.
o~ (pVg)= ~pA~q gives

~ (pvq): The sky is not cloudy and it will not be

raining,.

(3) Negation of Negation : The negation of negation
of a statement is the statement itself.

ie. ~(~p)=p
1 ' 2 3 ’
p ~p ~(~P)‘
T| F T
F T F

The entries in columns 1 and 3 are identical.
L o~(~p)Ep
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[Mustration :
Let p : The sky is cloudy.
The negation of p is given by :
~p : The sky is not cloudy.
". the negation of negation of p is ~(~p). It is false
that the sky is not cloudy.
OR The sky is cloudy.

(4) Negation of Conditional (Implication): The
negation of the conditional p — g is denoted by ~ (p—q).
Using truth tables, we show that

~(p—=q)=pA~q.
1 2 3 4 5 6

e M- B B B
be= B B - B B A

The entries in the columns 4 and 6 are identical.
o~(pog)=pA~g.
IMustration :
Let p : The sky is cloudy.
g : It will be raining.
Then p — q : If the sky is cloudy, then it will be raining.
. o~(p=q)=pA ~ g gives
~(p = g) : The sky is cloudy and it will not be raining.

(5) Negation of Biconditional (Double implication) :
The negation of the biconditional p «»4 is denoted by
~ (p«>q). Using truth tables, we show that
~(peq)=(pA~gIVga ~p)

1(2|3 |4 5 6 7 8 9
Pla ~pi~q peq ~po@ pA~g gasp| (pA~pVgA~p)
TITAE ['E| T F F F F
TIF|R || F T g F | 9N
BT E E P T F ¥ { T
FlE|E | 2] T F F F F

The entries in the columns 6 and 9 are identical.
Lo~(peop=pA~p V@A ~p).
Ilustration :
Let p : The sky is cloudy.
q : It will be raining.

Then p<»q : The sky is cloudy iff it will be raining.
o~ (peq)=(pA~q)V(gn ~p) gives
~ (p<>q) : The sky is cloudy and it will not be raining or
it will be raining and the sky is not cloudy.

(6) Negation of quantified Statement :

The negation of the quantified statement is obtained
by replacing the word ‘all’ by ‘some’, ‘for every” by
‘there exists’, and vice versa.

Note : Negation of a statement pattern involving one
or more of the simple statements p, ¢, r, ..., and one or
more of the three connectives A, V, ~ is obtained by
replacing Aby v, Vby Aand p, g, 1, ..., by ~p, ~q, ~1,....
e.g. The negation of the statement pattern
(~pvg)V(pA~g)is (pA~g)A(~pVQ)

e, ~[(~pvV(pA~]l=(pA~gA(~pVqg).

(F) Converse, Inverse and Contrapositive :
If p — q is a conditional statement, then
(i) g —p is called its converse
(ii) ~p— ~ gis called its inverse and

(iii) ~ g — ~ p is called its contrapositive.

For example :

Write the converse, inverse and contrapositive of the
statement :

‘If r is a rational number, then r is a real number.”
Solution :
Let p : 7 is a rational number.

q : ris a real number.
Then the symbolic form of given compound statement is
p=4
Converse : g — p is the converse of p — g,
i.e. If » is a real number, then r is a rational number.
Inverse : ~p — ~ q is the inverse of p — g,
i.e. If ris not a rational number, then r is not a real number.
Contrapositive : ~ g — ~ pis the contrapositive of p - g,
i.e. If  is not a real number, then r is not a rational number,

EXERCISE 18 | Textbook page 21

1. Write negation of each of the following statements :
(i) All the stars are shining if it is night.
(ii) VneN,n+1>0.
(iii) 3neN, such that (n?+ 2) is odd number.
(iv) Some continuous functions are differentiable.
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Solution :
(i) The given statement can be written as :
If it is night, then all the stars are shining.
Let p : It is night.
q : All the stars are shining.
Then the symbolic form of the given statement is
P-4
Since, ~(p—¢q)=pA ~gq, the negation of given
statement is :
‘It is night and all the stars are not shining.’

| Note : Answer in the textbook is incorrect. )

(i) The negation of the given statement is :
‘AneN, such that n+1 < 0.’

(iii) The negation of the given statement is :
‘'VneN, n*+2 is not an odd number.’

(iv) The negation of given statement is :
*All continuous functions are not differentiable.”

2. Using the rules of negation, write the negations of
the following :
@) (p-nnrg G) ~(pvg -—-r
(i) (~pAQA(~gV ~7).
Solution :
(i) The negation of (p—r)Aqis:
~[p-rrgl= ~(p-r)v(~g)
... [Negation of conjunction]
=pA~nV(~q)
... [Negation of implication]

(ii) The negation of ~ (pVvg) —ris :
~[~(pva)—orl= ~(pva)a(~7)
... [Negation of implication]
=(~pA~gIA(~T)
... [Negation of disjunction]

(iii) The negation of (~pAg)A(~qV ~7)is:
~[(~pAPA(~ gVl = ~(~pAgIV ~(~ gV ~r)
... [Negation of conjunction]
=[~(~p)V ~ gV~ (A~ (~1)]
... [Negation of conjunction and disjunction]

=(pv ~q)vignar) ... [Negation of negation]

3. Write the converse, inverse and contrapositive of the
following statements :
(i) If its snows, then they do not drive the car.
(ii) If he studies, then he will go to college.

Solution :
(i) Let p : It snows.
g : They do not drive the car.
Then the symbolic form of the given statement is
P4
Converse : g —p is the converse of p — g.
i.e. If they do not drive the car, then it snows.
Inverse : ~p— ~ g is the inverse of p —¢.
i.e. If it does not snow, then they drive the car.
Contrapositive : ~q— ~p is the contrapositive of

p—q.i.e. If they drive the car, then it does not snow.

(ii) Let p : He studies.

q : He will go to college.
Then two symbolic form of the given statement is
p=4.
Converse : g —p is the converse of p —¢.
i.e. If he will go to college, then he studies.
Inverse : ~p— ~q is the inverse of p—g.
i.e. If he does not study, then he will not go to college.
Contrapositive : ~g— ~p is the contrapositive of
p—g.1i.e. If he will not go to college, then he does not
study.

4. With proper justification, state the negation of each
of the following :
@ (p-gp)vp—-r) G (pog)Vi~vg-~1
(iii) (p—o>g) Ar.
Solution :
(i) The negation of (p—q)V (p—r)is:
~[(p=Vp-r)l=~(p-gA~@p-r)
... [Negation of disjunction]
=(pPA~PA(PA~T)
... [Negation of implication]

(ii) The negation of (p<+q)V(~g— ~7r)is:
~l(pog)V(~qs ~Nl=~(pg)A~(~g>~1)
... [Negation of disjunction]
=[pA~g)V(gA ~p)IAL[~gA ~(~1)]
... [Negation of biconditional and implication]
=[@A~a) V(A ~p)IA(~qAr)
... [Negation of negation]

[Note : Answer in the textbook is incorrect. |
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(iii) The negation of (p—>g)Aris: . (v) Let p : The number is an odd number.
~[(p=gArl=~(p->g)V(~7) g : Tt is not divisible by 2.
... [Negation of conjunction] Then the symbolic form of given statementis : p <> g.
=(pA~gV(~r) ! Since, ~(p<*q)= @A ~q)V(GA ~p) the negation
... [Negation of implication] of given statement is :
3 = “The number is an odd number and it is divisible by
L., ADDITIONAL SOLVED PROBLEMS -1 (B) ] 2 or the number is not divisible by 2 and it is an odd
number.’
1. Write the following statements in symbolic formand |
write their negations : | (vi) Let p : The number is odd.
(i) x+3 <50ry+5=9. 3 g : The number is even.
(i) 7 > 2 and 3 > 10. ! .. the symbolic form of given statement is :
(iii) Either I will be busy or I will help you. ! ~pA~g
(iv) Madhuri will not sing and she will not dance. | Since, ~(~pA~g)=~(~p)V ~(~g)=pVg,
(v) The number is an odd number if and only if itis the negation of given statement is :
not divisible by 2. J ‘The number is either odd or even.

(vi) The number is neither odd nor even.
2. State whether the following statements are negation

of each other. Justify :
(i) A man is not mortal.

Solution :
(i) Letp:x+3 <5 4q:y+5=09.

Then the symbolic form of given statementis : pVq.
A man is not immortal.

(ii) Swapnil likes kabaddi and kho-kho.
Swapnil likes neither kabaddi nor kho-kho.

Since, ~(pVq)= ~pA ~g, the negation of given
statement is : ’
‘x43 45 and y+5#9’ ;

OR ‘x+3 =5 and y+5#9/’ } Solution :
(i) Let p : A man is not mortal.
(ii) Letp:7 > 2, 4:3 > 10.

Then the symbolic form of given statementis : p A g.

The negation of p is : ~p : A man is mortal.

i.e. A man is not immortal.

Since, ~(pAq) = ~pV ~4, the negation of given Hence, the given statements are negation of each other.

statement is : |

‘7%2 or 3% 10/ - (i) Let p : Swapnil likes kabaddi.

OR ‘7 <2 or 3 <10/ 4 : Swapnil likes kho-kho.
i Then the symbolic form of given statement is : p A g.
(iii) Let p : I will be busy. ! . . .
) v Since, ~(pAq)= ~pV ~gq, the negation of given
g : I will help you. !
statement is :

Then the symbolic form of given statement is : pV 4.
EReSY AR s ; ‘Swapnil does not like kabaddi or Swapnil does not

like kho-kho.
Hence, the given statements are not the negation of

Since, ~(pVg)= ~pA ~g, the negation of given
statement is :
‘I will not be busy and I will not help you.'

) ’ each other.
OR ’Neither I will be busy nor I will help you.

(iv) Let p : Madhuri will sing. / E LI S AT
ke XAMPL .

g : She will dance. 4
Then the symbolic form of given statement is : 1. Write the negation of the following statements :
~.p R v (i) \/fi is an irrational number.

Since, ~(~pA~g)m~(~p)V ~(~q)mpVy, (ii) Some students don’t like studying.
the negation of given statement is : T re—
‘Madhuri will sing or she will dance.’ (iv) Al polificians are honest
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(v) For every real number x, there exists a real
number y such that x divides y.
(vi) I will have tea or coffee.
(vii) All men take water and meal.
(viii) Chetan has black hair and blue eyes.
(ix) 3xeR, such that x* +3 > 0.
(x) VneN, 21+ 1 is odd.
(xi) VyeN, y*+3<7.
(xii) If the lines are parallel, then their slopes are
equal.
(xiii) Radha likes tea or coffee.
(xiv) IxeR, such that x + 3 = 10.

2. Write the following statements in symbolic form
and write their negations :
(i) 243 < 6 or \,,/2 is an irrational number.
(i) Madhuri is a girl and Gopal is a boy.
(iii) 243 =5 or 4+8=12.
(iv) f x =1, then x* = —1.
(v) A triangle is an equilateral if and only if it is an
equiangular triangle.
(vi) If the diagonals of a parallelogram are perpen-
dicular, then it is a rhombus.
(vii) I like Mathematics or English.
(viii) If a quadrilateral is a rectangle, then it is a
parallelogram.
(ix) 2x3=6and 2+3 #4.
(x) 2+4 > 7 or = is rational.

3. Using the rules of negation, write the negations of
the following statements and justify :
() pA~q
(il) ~pV~gq
(iti) ~g—p
@iv) gv(pA ~q)
(v) (pv~q@nAr
(vi) (~pA@ VA ~q)
(vii) (pv g Ar (viii) (~p—g)Ar
(ix) p=>(pVv ~gq) (x) (pv~g) = (pA ~q).

4. Write the converse, inverse and contrapositive of the
following statements :
(i) The crop will be destroyed if there is a flood.
(i) If Ravi is good in Logic, then he is good in

Answers
1. (@) ﬁ is not an irrational number.
(ii) All students like studying.
(iii) Some men are not animals.
(iv) Some politicians are not honest.
(v) There exists a real number x such that for all real
number y, x does not divide y.
(vi) I will not have tea and coffee.
(vii) Some men take neither water nor meal.
(viii) Chetan has no black hair or no blue eyes.
(ix) VxeR, x*+3 <0.
(x) AneN, such that 2n + 1 is not odd.
(xi) 3yeN, such that y* +3 > 7.
(xii) The lines are parallel and their slopes are not
equal.
(xiii) Radha neither likes tea nor coffee.
(xiv) VxeR, x+3 < 10.

| 2. Symbolic Form Negations
() pva 243 46 and \,-’E is not an irrational
; number.

(ii) pAg Madhuri is not a girl or Gopal is not a
f boy.
? (i) pvqg  2+3#5and4+8£12.

(iv) p—g ¥=1andx*# —1.

(v) prg A triangle is an equilateral and it is
not equiangular triangle or the tri-
angle is an equiangular and it is not
equilateral triangle.

(vi) p—g The diagonals of a parallelogram are
perpendicular and itis not a rhombus.

(vii) pvq I do not like Mathematics and English.
OR
) Neither I like Mathematics nor English.
(viii) p— g A quadratical is a rectangle and it is
: not a parallelogram.,
(ix) pAq 2x3#6 or 2+3=4.
(x) pvg 244 <7 and = is not rational.

3. () ~(pA~9q)
~pV o~ (~qg)
~pVq

... (Negation of conjunction)

... (Negation of negation)

(ii) ~(~pv~q)

Mathematics. =n~(~p)A~(~gq) ... (Negation of disjunction)
(iii) If a functionis differentiable, then it is continuous. =pAq ... (Negation of negation)
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(iii) ~(~g-p) Contrapositive : If Ravi is not good in Mathe-
=~qgA~p ... (Negation of implication) matics, then he is not good in Logic.
= ~(qVp) ... (Negation of disjunction) (iii) Converse : If a function is continuous, then it is
(iv) ~[qV(pA~q)] ; differentiable.

Inverse : If a function is not differentiable, then it

~gA[~(pA~q)] ... (Negation of disjunction)

= ~qgA[~pV ~(~q)] ... (Negation of conjunction) is not continuous.

Contrapositive : If a function is not continuous,

~qA(~pVq) ... (Negation of negation)
(v) ~[(pv~q)ar]
= ~(pV~q)V(~r) ... (Negation of conjunction)

=[~pA~(~q)lv(~7)
... (Negation of disjunction) Some standard equivalent statements in logic are

then it is not differentiable.

( 14:ALGEBRA OF STATEMENTS )

=(~pAGIV(~7) ... (Negation of negation) listed below which can be proved by using truth tables.
(vi) We know that ;oL Idempotent Laws :
i (i) pvp=p Gi) pAp=p
2. Commutative Laws :
(i) pvg=qgvp (i) pAg=qnp
3. Associative Laws :
() pv@@vr)=(pvq)vr=pvqvr
() pAlgAr)=(pAg Ar=pAgAar
4. Distributive Laws :
(i) pvgar)=(pVvq)Alpvr)
: (i) pAlgvr)=(pAgV(par)

1
)
)

~poq)=(pA~gVia~p)
=(~pAgIV(pA~9q)
L~ [(~pAgIV(PA ~ )] =porg.
(vii) ~[(pvg)Ar]
= ~(pvg)V(~r) ... (Negation of conjunction)
=(~pA~q)V(~r) ...(Negation of disjunction)
(viil) ~[(~p—g)nr]
~(~p—=g)V(~7)... (Negation of conjunction)

i

=(~pA~qg)V(~r) ...(Negation of implication) 5. Absorption Laws :

@) ~[p~(pv~a)] O pveAD=p @ pAGVY=p
=pA~(pV~gq) ... (Negation of implication) 6. De Morgan’s Laws :
=pAl~pA~(~g)] ... (Negation of disjunction) @) ~(pVa)=~pA~g
=pA(~pAgq) ... (Negation of negation) i) ~PAQ=~pV ~q

() ~[(pv~q)=(pA~q)] ' 7. Complement Laws :
=(pvV~gA~(pA~q) ! (@) pv~p=t (i) pA~p=c

... (Negation of implication) (iii) ~t=c¢ (iv) ~c=1.
=(pV~qA[~pv~(~q)] 8. Involution Law : ~(~p)=p
... (Negation of conjunction) L 9, Identity Laws :
=(pv~q)A(~pvq) ... (Negation of negation) | (i) pve=p (ii) pAc=c
4. (i) Converse : If the crop will be destroyed, then (iii) pvi =t (iv) pat=p
there is a flood. | 10. Conditional Laws :
Inverse : If there is no flood, then the crop will (i) p=g=r~g->r~p=~pVvyg
not be destroyed. } (ii) perg=@->qr@g-op)=(~pVvpA(~qVp).
Notes :

Contrapositive : If the crop will not be destroyed,

thien there'is no flood. (i) pAgAris true if and only if p, g, r are all true and

(ii) Converse : If Ravi is good in Mathematics, then PAgAT s falseiifat least anyione of p, 4, #is false:

he is good in Logic (ii) pV qVr is false if and only if p, g, r are all false and

Inverse : If Ravi is not good in Logic, then he is PV rds e 4 ul lesstany qus ok 4.7 15 bue,

not good in Mathematics. (iii) p =g = ~q— ~pis also called contrapositive Law.
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EXERCISE 1.9  Textbook page 22 | W LHS=(@Vg) —r
1. Without using truth table, show that ' =PIV wsi(Conditional Lavg
Q) pog=@APV(~pA~q =(~pA~gIVr ... (De Morgan’s Law)
() pAL~pVV(~Pl=p =(~pVrA(~qvr) ... (Distributive Law)
(i) ~lpA—=(~l=pArg J =(p-r)A(qg—7) ... (Conditional Law)
(iv) ~r=o>~@pAg=l~@->nNl-(~p) : =RHS.
W) (pv@ —=r=(p-nnlg-r. {
Solution : /2. Using the algebra of statement, prove that :
() LHS=p©q G [pAGGVIIVI~IA ~qApl =p
=(p-aArG-p) v Gi) (PADVPA~PV(~pA~G =pV ~q

=(~pVg)A(~qVvp) ... (Conditional Law)
=[~pA(~qvpIVIgA(~gVvp)
... (Distributive Law)
=[(~pA~V(~pAplVIGA~gVigap)]
... (Distributive Law)
=[(~pA~gvelvlevigap)]

(i) PVPA(~pV ~p =pA~PV(~pAg.
Solution :
() LHS=[pA(@@VrIVI~rA~gAp]
=[pA@VNIVI(~rA~g)Ap]
... (Associative Law)

... (Complement Law) =[pAQVIIVI(~gA ~Ap]
=(~pA~QVI(GAD) ... (Identity Law) | ... (Commutative Law)
=(~pA~g)V(pAg) ... (Commutative Law) | =[pAQ@vrIVvI~@Vvr)Ap]
=(pnrg)V(~pA~gq) ... (Commutative Law) ... (De Morgan'’s Law)
=RHS. ; = [pAgvnIVIpA ~(gvr)]

i) LHS ... (Commutative Law)
- =pALpYAN A =pAllgvr)v ~(qvr)] ... (Distributive Law)

=pnal~pvigv ~9)] ... (Associative Law)
=pa[~pvi] ... (Complement Law) WA o {Campl eximat Baviy
=pht ... (Identity Law) =X -+ (Identity Law)
=p ... (Identity Law) =RHS.
=RHS. '3

i () LHS=(@AQVEA~@V(~pA ~q)

(iii) LHS = ~ [(pAg) — (~¢)] ? =@AqVIpA~gV(~pA~g)] ... (Associative Law)
= (pAg)A ~(~4)... (Negation of implication) =pAQVI(~gap)V(~gA ~p)] ... (Commutative Law)
=(pAgQAq ... (Negation of negation) | = (PAQVI~gA PV ~P)] ... (Distributive Law)
=ph(@Ag) ... (Associative Law) = (AN D ... (Complement Law)
jr’: }’;2 B =(pAQV(~q) ... (Identity Law)

=(pv~qnrlgv~q) ... (Distributive Law)

(iv) LHS = ~ 7~ (p Aq) i =(pV~qgAt ... (Complement Law)
=~ro(~pV~g) ... (De Morgan’s Law) =pV~q ... (Identity Law)
=n~(~rV(~pVv~g) .. (Conditional Law) ! = RHS.
=rv(~pVv ~g) ... (Involution Law) |
=rVe~qVve~p ... (Commutative Law) | (iii) LHS=(pVg)A(~pV ~¢q)
=(~gVvr)V(~p) ... (Commutative Law) =[pA(~pV ~IVIgA(~pV ~q)]
=(g—=r)V(~p) ... (Conditional Law) | ... (Distributive Law)
=~ (go1r)—>(~p) ... (Conditional Law) =[(pA~p)VPA~DIVIGA ~pIVGA ~q)]
=RHS. ... (Distributive Law)
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=[evipA~pIVI@Aa ~p)ve]
... (Complement Law)
... (Identity Law)

... (Commutative Law)

=pA~q)V@A~p)
=A~q)V(~pAg)
=RHS.

[ Note : Question is modified. |

\ EXAMPLES FOR PRACTICE 1.9 J

1. Without using truth tables, show that
@) pAG@Vv ~p)=pAg
(i) (pAQIV(~pAgIV(~gATr) =gV,

2. Using algebra of statements, prove that
() pAgV(~pAQVPA~g) =pVq
(i) pv{[~pAlpv@lVv(grp)}=pVq
(iii) pVPA(pV ~q) =p.
3. Without using truth table, show that
@) ~@pvgvi~pag =~p
(i) ~pAg=@VaeAr(~p)
(i) perg=~(pA~gA~@GA~p)
(iv) ~[(pv~g)=>pA~g)l=(@pVv~g)A(~pVg).

( 1.5 : VENN DIAGRAMS )

We know that Venn diagrams are used to represent
sets and to study the interrelations between sets. In Logic
also, we can use Venn diagrams to represent the truth of
certain statements.

We shall use the following notations :

U : universal set, X and Y : subsets of U. Any element
of X will be denoted by x and any element of Y will be
denoted by y.

We consider the Venn diagrams representing the
truth of the following statements :

(1) All x’s are y's : There are two possibilities :
(i) X €Y, then all the elements of the set X, i.e. all x’s
are in the set Y, i.e. they are y’s.
(ii) X=Y, i.e. x’s are precisely y’s.
For example :
(i) Consider the statement :
‘All film stars are smart.’
Let U : set of all human beings
S : set of all smart persons
T : set of all film stars.

]

Then the Venn diagram represents the truth of the
given statement is as below :

TS

(ii) Consider the statement :
“All cyclic parallelograms are rectangles.’
Let U : set of all quadrilaterals
P : set of all cyclic parallelograms
R : set of all rectangle.
Then the Venn diagram represents the truth of the
given statement is as below :

R

P=R

(2) No x's are y's:If X and Y are disjoint sets, ie.
XNY =, then no element of X can be an element of Y,

i.e. no x's are y's.

The Venn diagram for disjoint sets represents this
situation.
For example :
(i) Consider the statement :
‘No policeman is a thief.’
Let U : set of all human beings
P : set of policemen
T : set of thieves.
Then the Venn diagram represents the truth of the

given statement is as below :

U

ORD

PNT=¢

(ii) Consider the statement :
“No odd integer is an even integer.”
Let U : set of all integers
A : set of all odd integers
B : set of all even integers.
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Then the Venn diagram represents the truth of the

given statement is as below :

ANB=¢

(3) Some 2's are y's : ‘Some’ means ‘at least one’. If
X #Yand XNY # ¢, i.e. X and Y are not disjoint, then
some x's are in Y, i.e. they are y’s, which appear in the

intersection of X and Y.

The Venn diagram for non-empty intersection of the
sets X and Y represents this situation.
For example :
(i) Consider the statement :
‘Some students are scholars.’
Let U : set of all human beings
S : set of scholars
T : set of all students.
Then the Venn diagram represents the fruth of the

given statement is as follow :

)

SNT#¢

(ii) Consider the statement :
‘Some integers are natural numbers’
Let U : set of all real numbers
I :set of all integers
N : set of all natural numbers.
Then the Venn diagram represents the truth of the

given statement is as below :

I U

INN#¢

(4) Some x's are not s : If X and Y are not disjoint sets,
then some x’s are not in Y, i.e. they are not y’s, which
appear in the complement of the set X.
The Venn diagram for complement of set X represents
this situation.
For example :
(i) Consider the statement :
‘Some parallelograms are not rhombus.’
Let U : set of all quadrilaterals
P : set of all parallelograms
R : set of all thombus.
Then the Venn diagram represents the truth of the

given statement is as below :

P—-R#¢

(ii) Consider the statement :
‘Some isosceles triangles are not equilateral tri-
angles.”
Let U : set of all triangles
I :set of all isosceles triangles
E : set of all equilateral triangles.
Then the Venn diagram represents the truth of the

given statement is as below :

I-E#¢

(5) All y’s are y's:If the sets X and Y are equal,
i.e. X=Y, then every x is y and every y is x, i.e. all y's

are y's.

The Venn diagram for equal sets represents this situation.
For example :
Consider the statement :
‘Equilateral triangles are equiangular.’
Let U : set of all triangles
A : set of all equilateral triangles

B : set of all equiangular triangles.
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Then the Venn diagram represents the truth of the given

statement is as below :

A

EXERCISE 1.10 = Textbook page 27

1. Express the truth of each of the following statements
by Venn diagrams :
(i) Some hardworking students are obedient.
(ii) No circles are polygons.
(iii) All teachers are scholars and scholars are
teachers.
(iv) If a quadrilateral is a rhombus, then it is a
parallelogram.
Solution :
(i) Let U : set of all students
S : set of all hardworking students
O : set of all obedient students.
Then the Venn diagram represents the truth of the

given statement is as below :

§

SNO # ¢

(ii) Let U : set of closed geometrical figures in plane
P : set of all polygons
C : set of all circles.
Then the Venn diagram represents the truth of the

given statement is as below :
@ U

PNC=¢

1. MATHEMATICAL LOGIC
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(iii) Let U : set of all human beings
T : set of all teachers
S : set of all scholars.
Then the Venn diagram represents the truth of the

given statement is as below :

(iv) Let U : set of all quadrilaterals
R : set of all thombus
P : set of all parallelograms.
Then the Venn diagram represents the truth of the

given statement is as below :

P U

RcP

2. Draw the Venn diagrams for the truth of the follow-
ing statements :
(i) Some share brokers are chartered accountants.
(ii) No wicket keeper is bowler in a cricket team.
Solution :
(i) Let U : set of all human beings
S : set of all share brokers
C : set of all chartered accountants.
Then the Venn diagram represents the truth of the

given statement is as below :

SNC#¢

(ii) Let U : set of all human beings
W : set of all wicket keepers
B : set of all bowlers.
Then the Venn diagram represents the truth of the

given statement is as follows :

37
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00

WNB=¢

3. Represent the following statements by Venn
diagrams:
(i) Some non-resident Indians are not rich.
(ii) No circle is a rectangle.
(iii) If # is a prime number and n 5 2, then it is odd.
Solution :
(i) Let U : set of all human beings
N : set of all non-resident Indians
R : set of all rich people.
Then the Venn diagram represents the truth of the
given statement is as below :

N-R#¢o

(ii) Let U : set of all geometrical figures
C : set of all circles
R : set of all rectangles.
Then the Venn diagram represents the truth of the
given statement is as below :

OO

CNR=¢

(iii) Let U : set of all real numbers
P : set of all prime numbers n, where n #2
O : set of all odd numbers.
Then the Venn diagram represents the truth of the
given statement is as below :

P<O

B

( EXAMPLES FOR PRACTICE 1.10 |

1. Express the truth of each of the following statements
by Venn diagrams :
(i) Some children are naughty children.
(ii) Every differentiable function is continuous.
(iii) All rational numbers are real numbers.
(iv) All students are hardworking.
(v) Some rectangles are squares.
(vi) No filmstar is a director.
(vii) No obtuse angled triangle is an equilateral
triangle.
(viii) Some teachers are not sincere.
(ix) Some multiples of 5 are also multiple of 2.
(x) A numberis divisible by 3, if the sum of its digits
is divisible by 3.
(xi) Some quadratic equations have equal roots.

2. Draw Venn diagram to represent the following state-
ments, assuming them to be true :
(i) All doctors are honest.
(ii) Some doctors are honest.

3. Draw Venn diagrams to represent the truth of the
following statements :
(i) No teacher is rich.
(ii) All engineers are intelligent.

4. Express the truth of the following statements by
Venn diagrams :
(i) No policemen are thieves.
(ii) Some students are hardworking.

5. Represent the following statements by Venn
diagrams :
(i) Some politicians are honest.

(ii) No straight line is a circle.

6. Draw Venn diagrams to represent the following
statements assuming them to be true :
(i) Every rectangle is a parallelogram.

(ii) No trapezium is a parallelogram.

7. Draw the Venn diagrams for the truth of the follow-
ing statements :
(i) Some teachers are scholars.
(ii) There are teachers who are scholars.

(iii) There are scholars who are not teachers.
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8. Using the Venn diagrams, examine the logical equi-

valence of the following statements :
(i) Some politicians are actors.

(ii) There are politicians who are actors.

(iii) There are politicians who are not actors.

Answers
1. (i) U
O-
U : set of all human beings
C : set of all children
N : set of all naughty children.
(ii) U
U : set of all functions
C : set of all continuous functions
D : set of all differentiable functions.
(iii) U
U : set of all complex numbers
Q : set of all rational numbers
R : set of all real numbers.
(iv) U
)
U : set of all human beings
H : set of all hardworking persons
S : set of all students.
(v) U
U : set of all quadrilaterals
R : set of all rectangles
S : set of all squares.

(vi)

(vii)

(ix)

8

(x)

(xi)

1. MATHEMATICAL LOGIC

(viii)

)

U : set of all human beings
F : set of all filmstars
D : set of all directors.

e

U : set of all triangles
O : set of all obtuse angled triangles
E : set of all equilateral triangles.

).

).

u

3

U : set of all human beings
T : set of all teachers

S : set of all sincere persons.

U

: set of all numbers
: set of all multiples of 5
: set of all multiples of 2.

c

: set of all integers

: set of all numbers divisible by 3

: set of those numbers the sum of whose digits
is divisible by 3.

U

=

@

: set of all equations

: set of all quadratic equations

: set of all quadratic equations having equal
roots.

mQo C
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2. (i)

(ii)

3. (i)

(ii)

4. (i)

(i)

40

)

U : set of all human beings

D : set of all doctors

H : set of all honest persons.

©g

U : set of all human beings

T : set of all teachers

R : set of all rich persons.

U : set of all human beings
E : set of all engineers
I : set of all intelligent persons.

o]0

R N

: set of all thieves.

4

U : set of all human beings
: set of all students

w

: set of all human beings
: set of all policemen

www.saiphy.com

5. (i)

(ii)

6. (i)

(ii)

-

(i)

H : set of all hardworking persons.

NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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U : set of all human beings
P : set of all politicians
H : set of all honest persons.

6HO

U : set of all geometrical figures
S : set of all straight lines

C : set of all circles.

P u

OO

U : set of all quadrilaterals
R : set of all rectangles

P : set of all parallelograms
T : set of all trapeziums.

0

Y

U : set of all human beings
T : set of all teachers
S : set of all scholars.
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(i) 7

(iii)

U : set of all human beings

P : set of all politicians

A : set of all actors.
By the Venn diagrams, we observe that the Venn
diagrams of statements (i) and (ii) are same. Hence,

statements (i) and (ii) are logically equivalent.

T
/
£

' MISCELLANEOUS EXERCISE -1

o o T e VeV, Ny B O e

(Textbook pages 29 to 34)

(I
1. Which of the following is not a statement?

Choose the correct alternative :

(a) Smoking is injurious to health.

(c) ~(~p)+p is a tautology
(d) pv(~p)<>pis a tautology.

. Consider the following three statements

p : 2 is an even number.

q : 2 is a prime number.

r: Sum of two prime numbers is always even.

Then, the symbolic statement (p A g)— ~ r means :

(a) 2 is an even and prime number and the sum of
two prime numbers is always even.

(b) 2 is an even and prime number and the sum of
two prime numbers is not always even.

(c) If2is an even and prime number, then the sum of
two prime numbers is not always even.

(d) If2is an even and prime number, then the sum of

two prime numbers is also even.

. If p : He is intelligent.

q : He is strong.
Then, symbolic form of statement : ‘It is wrong that,
he is intelligent or strong’ is
(b) ~(pAq)
(d) pv~q

(@) ~pv~p
(c) ~(pvq)

. The negation of the proposition ‘If 2 is prime, then

3is odd’, is

(a) If 2 is not prime, then 3 is not odd.
(b) 2 is prime and 3 is not odd.

(c) 2 is not prime and 3 is odd.

(d) If 2 is not prime, then 3 is odd.

(b) 2+2=4. 8. The statement (~pAg)V ~ g is
(c) 2 is only even prime number. (a) pvg (b) pAg
(d) Come here. (c) ~(pvg) (d) ~(pAg)
2. Which of the following is an open statement? 9. Which of the following is always true?
(a) x is a natural number. (@) ~(p—=q)= ~qg—>~p
(b) Give me a glass of water. (b) ~(pvg) = ~pVv ~g
(c) Wish you best of luck. (c) ~(p=q) =pA~q
(d) Good morning to all. (d) ~(pAg) = ~pA~q
3. Letp A(gVr)=(pAqg)V (pAr). Then thislaw is known | Note : Question is modified. |
as 10. ~(pvq)V(~pAq) is logically equivalent to
(a) Commutative law  (b) Associative law (@ ~p ()p (c)g (d) ~q
(c) De Morgan’s law  (d) Distributive law 11. If p and q are two statements, then
4. The false statement in the following is : (p—q)r(~g—>~p)is
(a) pA(~p)is contradiction (a) contradiction (b) tautology
(b) (p—g)«>(~g— ~p)is a contradiction (c) neither (i) nor (ii)  (d) none of these
1. MATHEMATICAL LOGIC 41
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. If p is any statement, then (pVv ~p) is a

. (d) Come here.
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If p is the sentence ‘This statement is false’, then
(a) truth value of pis T

(b) truth value of p is F

(c) p is both true and false

(d) p is neither true nor false.

Conditional p — g is equivalent to
@) p—>r~g (b) ~pvg
(¢) ~p=~g  (d) pV~g

Negation of the statement ‘This is false or That is '
true’ is !
(a) That is true or This is false ‘
(b) That is true and This is false
(c) This is true and That is false
(d) That is false and That is true.
[Note : Option (c) is modified. |

(a) contingency (b) contradiction

(c) tautology (d) none of them.

Answers

(a) x is a natural number.

. (d) Distributive law.
. (b) (p—q)«>(~g— ~p)is a contradiction.

. (c) If2is an even and prime number, then the sum of

two prime numbers is not always even.

. (c) ~(pvyg)

7. (b) 2 is prime and 3 is not odd.
8. (d) ~(pAq)

11.
12.
13.
14.
. (c) tautology

42

[Hint: (~pAQIV ~g=(~pV ~q)A(gV ~q)
(~pV ~gAt '
~pV ~q=~(pAg)l

i

. (¢) ~(p=q)=pA~gq
10.

(@) ~p |

[Hint : ~(@pVeV(~pAg) = (~pA~gV(~prg) |
=~pA(~qVg)=~pAt= ~p|

(b) tautology

(d) p is neither true nor false

(b) ~pvq

(c) This is true and That is false.

(1) Fill in the blanks :
1. The statement g —p is called as the .........
statement p — q.
2. Conjuction of two statements p and g is symbolically
written as ......... s
. If pv qis true, then truth value of ~pv ~gis......... .
. Negation of ‘'some men are animal’ is ......... ;

. Truth value of : If x =2, then x* = —4is ......... ;

N U B W

. Inverse of statement pattern p -4 is given by ......... A
[Note : Question is modified. |

. p<>q is false when p and ¢ have ......... truth values.

® 3

. Let p : The problem is easy.
r: It is not challenging.
Then verbal form of ~p—ris ......... .
9. Truth value of 243 =5 if and only if —3> —9 is

Answers

. Converse 2. pAg 3.F

. All men are not animal. OR No men are animals.

F 6. ~p>~gq 7. different

. If the problem is not easy, then it is not challenging.

. T [Hint : TT=T.]

O ® U R =

(I11) State whether each of the following is True or
False :
1. Truth value of 2+3 < 6 is F.
2. There are 24 months in year is a statement.
3. pAq has truth value F if both p and g has truth
value F.
[Note : Question is modified. |
4, The negation of 10420=30 is, it is false that
10 + 20 # 30.
5. Dual of (pA ~g)ViEis (pv ~g)Ve
6. Dual of ‘John and Ayub went to the forest’ is ‘John or
Ayub went to the forest.’
[ Note : Question is modified. |
7. 'His birthday is on 29" February’ is not a statement.
8. x* =25 is true statement.

9. Truth value of / \/5 is not an irrational number’ is T.

10. pAL=p.

Answers
1. False 2. True 3. False 4. False 5. False
6. True 7. True 8. False 9. False 10. True.
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(IV) Solve the following :
1. State which of the following sentences are statement
in logic :
(i) Icecream Sundaes are my favourite,
(ii) x +3 =38, x is variable.
(iii) Read a lot to improve your writing skill.
(iv) z is a positive number.
() (a+b)*=a*+2ab+b?* forall a, beR.
vi) 2+ 1*=9.
(vii) Why are you sad?
(viii) How beautiful the flower is!
(ix) The square of any odd number is even.
(x) All integers are natural numbers.
(xi) If x is real number, then x? = 0.
(xii) Do not come inside the room.
(xiii) What a horrible sight it was!
Solution :
(i) It is a statement.
(ii) It is a statement.
(iii) It is an imperative sentence, hence it is not a
statement.
(iv) It is an open sentence, hence it is not a statement.
[Note : Answer in the textbook is incorrect.
(v) It is a statement.
(vi) It is a statement.
(vii) It is an interrogative sentence, hence it is not a
statement.
(viii) It is an exclamatory sentence, hence it is not a
statement,
(ix) It is a statement.
(x) It is a statement.
(xi) It is a statement.
(xii) It is an imperative sentence, hence it is not a
statement.

(xiii) It is an exclamatory sentence, hence it is not a

statement.

2. Which of the following sentences are statements? In

case of a statement, write down the truth value :

(i) What is happy ending?

(ii) The square of every real number is positive.
(iii) Every parallelogram is a rhombus.
(iv) a* —b?*=(a+b)(a—Db) for all a, beR.
(v) Please carry out my instruction.
(vi) The Himalayas is the highest mountain range.
(vii) (x—2)(x —3) =x? —5x +6 for all xeR.
(viii) What are the causes of rural unemployment?
(ix) 0! =1.
(x) The quadratic equation ax? +bx+c=0 (a #0)
always has two real roots.
Solution :
(i) It is an interrogative sentence, hence it is not a
statement.
(ii) Itis a statement which is false, hence its truth value
is F.
[ Note : Answer in the textbook is incorrect. |
(iii) Itis a statement which is true, hence its truth value
is T.
(iv) Itis a mathematical identity which is true, hence its
truth value is T.
(v) It is an imperative sentence, hence it is not a
statement.
(vi) Itis a statement which is true, hence its truth value
is T.
(vii) Itis a mathematicalidentity which is true, hence its
truth value is T.
(viii) It is an interrogative sentence, hence it is not a
statement.
(ix) Itis a statement which is true, hence its truth value
is T.
(x) Itis astatement which is false, hence its truth value
is F.

3. Assuming the first statement as p and second as g,

write the following statements in symbolic form :
(i) The Sun has set and Moon has risen.
(i) Mona likes Mathematics and Physics.
(iii) 3 is prime number iff 3 is perfect square number.
(iv) Kavita is brilliant and brave.
(v) If Kiran drives a car, then Sameer will walk.

(vi) The necessary condition for existence of a tangent

to the curve of the function is continuity.
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(vii) To be brave is necessary and sufficient condtion

to climb the Mount Everest.
(viii) x° +y* = (x +1)°, iff xy = 0.
(ix) The drug is effective though it has side effects.

(x) If a real number is not rational, then it must be

irrational.
(xi) It is not true that Ram is tall and handsome.
(xii) Even though it is not cloudy, it is still raining,.

(xiii) It is not true that intelligent persons are neither

polite nor helpful.

(xiv) If the question paper is not easy, then we shall not

pass.

Solution :
(i) Let p : The Sun has set.
4 : Moon has risen.
Then the symbolic form of the given statement

is pAg.

(ii) Let p : Mona likes Mathematics.
q : Mona likes Physics.

Then the symbolic form of the given statement

ispAg.

(iii) Let p : 3 is prime number.
q : 3 is perfect square number.
Then the symbolic form of the given statement

isperqg.

(iv) Let p : Kavita is brilliant.
q : Kavita is brave.

Then the symbolic form of the given statement

ispAg.

(v) Let p : Kiran drives a car.
q : Sameet will walk.
Then the symbolic form of the given statement

isp—q.

(vi) The given statement can be written as :
‘If the function is continuous, then the tangent to
the curve exists.”
Let p : The function is continuous.

q : Tangent to the curve exists.

Then the symbolic form of the given statement
isp—q.
| Note : Answer in the textbook is incorrect. |
(vii) Let p : To be brave.
g : Climb the Mount Everest.

Then the symbolic form of the given statement
isperqg.
(viii) Letp :x® +y* = (x +y)*
g xy=0.
Then the symbolic form of the given statement

is perg.

(ix) Let p : The drug is effective.

q : It has side effects.
Then the symbolic form of the given statement
ispAg.

[ Note : Answer in the textbook is incorrect. |

(x) Let p : A real number is not rational.
g : It must be irrational.

Then the symbolic form of the given statement
isp—gq.

(xi) Let p : Ram is tall.
4 : Ram is handsome.

Then the symbolic form of the given statement

is ~(pAg).

(xii) The given statement is equivalent to :
It is not cloudy and it is still raining,.
Let p : It is not cloudy.
¢« It is still raining.
Then the symbolic form of the given statement
ispAg.

| Note : Answer in the textbook is incorrect. |

(xiii) Let p : Intelligent persons are neither polite nor
helpful.
Then the symbolic form of the given statement
is ~p.
(xiv) Let p : The question paper is not easy.
q : We shall not pass.
Then the symbolic form of the given statement

is p—gq.
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4. If p : Proof is lengthy.
q : It is interesting,.
Express the following statements in symbolic form :
(i) Proof is lengthy and it is not interesting,.

(ii) If proof is lengthy, then it is interesting,.

(iii) It is not true that the proof is lengthy but it is

interesting,

(iv) It is interesting iff the proof is lengthy.
Solution : The symbolic form of the given statements
are :

@) pA~gq (iv) g <p.

(i) p—gq @ii) ~(pAg)

5. Let p : Sachin wins the match.
q : Sachin is a member of Rajya Sabha.
r : Sachin is happy.
Write the verbal statement for each of the following :
@ (pAqVr
(iii) ~pvgq
) p—gq
(vii) ~(pVg)Ar.
Solution :
(i) (pAg)vr:Sachin wins the match and he is a
member of Rajya Sabha or Sachin is

happy.
[Note : Answer in the textbook is incorrect. |

(ii) por
(iv) p—-(qvr
(vi) (pAgQA~r

(ii) p — : If Sachin wins the match, then he is happy.

(iii) ~p Vg : Sachin does not win the match or he is a
member of Rajya Sabha.

(iv) p—(gqVvr) : If Sachin wins the match, then he is a
member of Rajya Sabha or he is happy.
[Note : Question is modified. |

(v) p—q:If Sachin wins the match, then he is a
member of Rajya Sabha.
[ Note : Answer in the textbook is incorrect. |

(vi) (pAg)A ~r: Sachin wins the match and he is a
member of Rajya Sabha but he is not

happy.

(vii) ~(pvg)Ar:Itis false that Sachin wins the match
or he is a member of Rajya Sabha but
he is happy.

6. Determine the truth values of the following
statements :
(i) 4+5=7 or 9—2=5.
(ii) 1f 9 > 1, then x* —2x+1=0 for x =1.

(iii) x4+ y =0 is the equation of a straight line if
and only if y?>=4x is the equation of the
parabola.

(iv) It is not true that2 +3=6 or 12+ 3 =5.

Solution :

() Letp:4+5=7.

q:9-2=5.
Then the symbolic form of the given statement
ispvag.

The truth values of both p and ¢ are F.

", the truth value of pv g is F. .. [FVF=F]

(ii) Letp:9>1.
g:x*—2x+1=0forx=1.
Then the symbolic form of the given statement
is p—q.
The truth values of both p and ¢ are T.

*. the truth value of p—>qis T. W [TT=T]

(iii) Let p : x4+ y =0 is the equation of a straight line.
q : y*> =4x is the equation of the parabola.
Then the symbolic form of the given statement is
Perg.
The truth values of both p and g are T.
vo [TT=T]
[ Note : Answer in the textbook is incorrect. |

.. the truth value of p<>q is T.

(iv) Letp:2+3=6.

q:12+4+3=>5.
Then the symbolic form of the given statement is
~(pvq).

The truth values of both p and g are F.
", the truth value of ~(pvyg)is T.
v. [~(FVF)=~F=T]

7. Assuming the following statements
p : Stock prices are high.
q : Stocks are rising.
to be true, find the truth values of the following :
(i) Stock prices are not high or stocks are rising,.
(ii) Stock prices are high and stocks are rising if and
only if stock prices are high.
(iii) If stock prices are high, then stocks are not
rising,.
(iv) It is false that stocks are rising and stock prices
are high.
(v) Stock prices are high or stocks are not rising iff
stocks are rising.
Solution : p and q are true, i.e. T.
. ~pand ~gq are false, i.e. F.
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(i) The given statement in symbolic form is ~pVg.
Since, ~TVT =FVT =T, the given statement is

true. Hence, its truth value is ‘T".

(ii) The given statement in symbolic form is (p A g) <> p.
Since, (TAT)«>T =T+ T =T, the given statement
is true,

Hence, its truth value is ‘T’.

(iii) The given statement in symbolic form is p— ~g.
Since, T+ ~T =T-F =F, the given statement is

false. Hence, its truth value is ‘F’.

(iv) The given statement in symbolic form is ~ (g A p).
Since, ~(TAT)=~T=F, the given statement is
false.

Hence, its truth value is ‘F’.

[ Note : Answer in the textbook is incorrect. |

(v) The given statement in symbolic form is
(pv ~9eq.
Since, (TV ~T)<T=(TVF)<T
=T L=T,
the given statement is true.

Hence, its truth value is “T".

8. Rewrite the following statements without using
conditional :

[Hint:p—g= ~pVq)

(i) If price increases, then demand falls.

(ii) If demand falls, then price does not increase.
Solution : Since, p—q = ~pV g, the given statements can
be written as :

(i) Price does not increase or demand falls.
(ii) Demand does not fall or price does not increase.

| Note : Answer in the textbook is incorrect.

9. If p, q, r are statements with truth values T, T, F
respectively, determine the truth values of the
following :

@ (pAg)—~p

(i) p<>r(g—~p)
(i) (PA~@V(~pAg
(iv) ~(pAg)—=~(grp)
W ~[(p=p<(pr~qg)l

)

Solution : Truth values of p, g, r are T, T, F respectively.
@) (pAg)—> ~p=(TAT)>~T

(ii)

=T-F=F
Hence, the truth value of the given statement is
false, i.e. F.

pe(go~p)=To(T->~T)

=T (T-F)

=ToF=F
Hence, the truth value of the given statement is
false, i.e. F.

(iii) (pA ~q)V(~pAg) = (TA~T)V(~TAT)

(iv)

(v)

10.

= (TAF)V(EAT)

=FvF=F
Hence, the truth value of the given statement is
false, i.e. F.

~(TAT)= ~(TAT)
~T—~T

=F-F=T

Hence, the truth value of the given statement is true,
ie. T.

il

~(prg)—~(@qAp)

1]

~[(p-q)=(pA~q)]

=~[(T>T)<(TAr~T)]

= ~[T<(TAF)]

=~[T<Fl=~F=T.

Hence, the truth value of the given statement is true,
ie T,

Write the negations of the following :
(i) If AABC is not equilateral, then it is not

equiangular,

(ii) Ramesh is intelligent and he is hard working.

(iii) A angle is a right angle if and only if it is of
measure 90°.

(iv) Kanchanjunga is in India and Everest is in
Nepal.

(v) If xe An B, then xe A and xeB.

Solution :

(i) Let p : AABC is not equilateral.

g : It is not equiangular.
Then the symbolic form of the given statement is
p—9.
Since, ~(p—q)=pA ~q, the negation of given
statement is :
‘AABC is not equilateral and it is equiangular.”
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(ii) Let p : Ramesh is intelligent. ! Solution :
q : He is hard working. (0]
Then the symbolic form of the given statement is plal~qlpa~q| g-p (pA~q < (g-p)
PAg.
Since, ~(pAg)= ~pV ~g, the negation of the il ¥ : g
, , TlE| T T T T
given statement is :
‘Ramesh is not intelligent or he is not hard ol [l s ’ ¥ T
working:" B|FE | T F T F
(iii) Let p : An angle is a right angle. : ()
q : It is of measure 90°. lﬂq o AL el (~pVPA(~pA~q)
Then the symbolic form of the given statementis | |piT| g | F T F F
peg. P |TIR| R PN F F F
Since, ~(p<>q)=(pA ~q)V(gA ~p), the negation | giT| T | F T F B
of given statement is : FIFITI|T T T T
‘An angle is a righ angle and it is not of measure 90° | ‘
or an angle is of measure 90° and it is not a right | (iji) Refer to the solution of Q. 1 (iii) of Exercise 1.6.
angle.’ !
[ Note : Answer in the textbook is incorrect. | (iv)
' ‘ plal v |pvrigar| ~@An| (@vH—~(gAn
(iv) Let p : Kanchenjunga is in India. N N I S F F
q : Everest is in Nepal. tdritle !l T F T T
Then the symbolic form of the given statement is | TlelT!| T F T T
PR b lT|R|F| T F T T
Since, ~ (pAq) = ~pV ~ g, the negation of the given PlelnlT] o] T E F
statement is : eltlrl| B F T T
“Kanchenjunga is not in India or Everest is not in FIFElT!| T F T T
Nepal! FIB|F|F|F |/ T s
(v) Letp:xeANnB, g:xeA, r:xeB. &)
Then the symbolic form of the given statementis: | 7
plqg|r|~qlpv~qg| rAp | vV~ ->@Ap)
p—(qAr)
Since, ~(p—q) =pA ~q and T LT Lot F T, T T
~(pAg) = ~pV ~ g, the negation of the given state- T|IT|F|F T F F
ment is T B T T T T T
‘xe AnBand x¢A or x¢B.) TIF|F|T T F F
I Ml BY IS W F F F T
11. Construct the truth table for each of the following V| TYF |&E B F T
statement patterns : FIB| T[T T F F
() (pA~g < (qg—p) FIFIF|IT| T F F
(i) (~pVPA(~pA~q) i
(iii) pAr) = (Vv ~q) 12. What is tautology? What is contradiction? Show
@iv) (pvr) = ~(gAr) that the negation of a tautology is a contradiction
W) (pv ~q) - (rap). i and the negation of a contradiction is a tautology.
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Solution : ! Solution :

Tautology : A statement pattern which has all the entries @)

in the last column of its truth table as T is called a o a[~p]~a] prq [eArg [pa~a | @rpvi~pIviga~g

tautology. vV (~p)

For example : it lE| T T F T
P ~p pV~p TIF| B T'| F F 4§ T
T F T FAT] T | B B T F T
F T T ESE|D |@h F T F T

All the entries in the last column of the above truth

In the above truth table for the statement pV ~p, we table'are T.

observe that all the entries in the last column are T. S @AYV (~p]VIpA(~g)] is a tautology.

Hence, the statement pV ~p is a tautology.

(ii)
Contradiction : A statement pattern which has all the
(~pA@PA | H~pAQAGAN]
entries in the last column of its truth table as F is called a plalr|~p|~ql~prq| qrr ih g
contradiction. B
TKCIT|E|R| P T F F
For example :
' IT|T|F|F|F| F | F F F
A Wt M) W e 4 P AT|Ffr|F|T| F L E | F T
T F , |T|F|E|F|T|F | P F T
F ClElTiTlT B T | T T T
. |E|T|F|T|E| T | F F F
In the above truth table for the statement pA ~p, we FIF|T|T|T| F F F T
observe that all the entries in the last column are F. FIF|E|T|T| F F F T

Hence, the statement pA~pisa contradiction,

The entries in the last column of the above truth table

To show that the negation of a tautology is a contra- aredither all T not allfEs

diction and vice versa : S [(~pA@ AANIV (~q) is a contingency.

A tautology is true on every row, of its truth table. [Note : Answer in the textbook is incorrect.|

Since, ~T =F and ~F =T, when we negate a tautology,

the resulting statement is false on every row of its table. | (iii)
i.e. the negation of tautology is a contradiction. Wi ~(pvg) - [~ (pVq) —pl
P|q(~p|~apVva|~ Ve . ~PA~q K~pat~gl
Similarly, the negation of a contradiction is a tautology.

N I WY B’ B TIT|B|F| T F i F F

13. Determine whether the following statement patterns | T|F|F |T | T | F T F ¥

is a tautology or a contradiction or a contingency : FIT|T| BT | B T F F

@ [pAapv(~plvIipA(~g] ERE TR B T F T F

(i) [(~pA@A@GADIV(~q)

(i) [~(pVv g —=plol(~p)Al~]
(iv) [~pArp—=plol(~p)A(~q]
W) [p->(~qVvnlo ~[p-(g-1l

All the entries in the last column of the above truth
table are F.

o[~ (pvg) - pl[(~p) A(~g)] is a contradiction.
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(iv) G
~(pAg - [~prp-ple 0 [1(2(3 | 4 | 5 6 7
P4 |~p|~4alpAqg|~pArg » ~PA | (Al | ]
] I I — e [ ; ~(pvg) [~V vEvplar
T|T|F|F|T| F iF F F R L A BT
e I N I
. } ITIT|F (T | F T F
FIF|T|T| F T T F Ptlel T T F T T
The entries in the last column of the above truth table | T/F| F | T F T F
are neither all T nor all F. Y F T T
S~ Aag)—pl e [(~p)A(~q)] is a contingency. » [FITLF T F T F
{ |HEENFT P T T T
) t
A 8 iy T T F
~ —(~gVvr) (=0 | ~[p=(g=n] (D -
plafr|~ v: p (nq : q-or St Ipm;y ; a'| | The entries in columns 3 and 7 are identical.
titT|r|T| T [T] T F gl | o [~EvavEvglar=r.
T|T|F|F|F| F |F| F T Fo (i)
TR EL] T T T T T B F ) 1 2 |3 4 5 6
T|IF|IF|IT| T i T T F F )
! ~p|l~pV Al~pV A
FlIT|T|F|T| T |T|/ T p o |/p D PE SRl PVaRAR (T V) it
F|T|E|F| F T F T F F i T T |F 3 1 & T
F|E|T|T| T i 4 ¥y T F | ITNNE|[F]| F F F
FIE[F|T|T| T |T| T F Bl INEWT|T| T F F
T 7 N 77— 1B E AF | T T F F
All the entries in the last column of the above truth - A% y A B!

table are F.

cop—=(~gvr)]e ~[p—(g—7)] is a contradiction.

14. Using the truth table, prove the following logical

equivalences :

@) pA@v=@pAgQV(pAD

(i) [~(pvgVvpVvplar=r

(i) pa(~pv@ =pAgq
(iv) porg=s~pA~@A~@GA~p)
V) ~pAq={pVgnA~p.

Solution :

(i)

1/2| 3 4 5 6 7. 8
plal r | qvr | pAQve) | pAg | pAr [(pAQ V(AT
T|T| T T T T T 1%
T4y B o+ T T F L
TIF| T T T F T T
T|F| F F F F F F
FIT| T T B F F B
F|T| F T F F F F
FIF| T T F F F F
F|F| F F F F F P

The entries in columns 5 and 8 are identical.
CopAgVr =@ Ag) V(P AY).

3/Navneet Mathematics and Statistics Digest : Std. XII-Part 1 (Commerce)

The entries in columns 5 and 6 are identical.
SopA(~pVg) =pAg.

(iv)
1203 [4)5] 6 7 8 9 10
P g pog ~p\~q pA~G ~(PA~G) GA~p | ~(GA ~(pA~ A
od \ y ~p) [ ~(gh~p)
TIT{T|R|F| F T F T T
TIF| F |F|T T F F T F
FIT|F |T|E F 5 & T F F
FIF| T |TLT F 4 b F | T T
The entries in columns 3 and 10 are identical
Soperqg= ~pA~gA~(@GA~p).
)
[ 8 2D s 4 5 6
P la | ~p  ~rr rVqT PV A ~p
q ‘L F F 12 F
T|EF F F T F
F T i T T T
F F T F F F

The entries in columns 4 and 6 are identical.

o~pAGE(pVYA~p.
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(i) If 2 +5=10, then 4 + 10 = 20.
(ii) If a man is bachelor, then he is happy.
(iii) If I do not work hard, then I do not prosper.

Solution :
(i) Letp:2+45=10.
q:4+10=20.
Then the symbolic form of the given statement is
P4
Converse : g—p is the converse of p—¢q
i.e. If 4 + 10 =20, then 2+ 5=10.

Inverse : ~p— ~ g is the inverse of p—¢
ie If 245 # 10, then 4 +10 # 20.

Cotrapositive : ~g— ~p is the contrapositive of
p—q, ie. If 4410 # 20, then 2 + 5 # 10.
(ii) Let p : A man is bachelor.
q : He is happy.
Then the symbolic form of given statement is p — 4.
Converse : g—yp is the converse of p—¢q

i.e. If a man is happy, then he is a bachelor.

Inverse : ~p— ~ g is the inverse of p—¢

i.e. If a man is not bachelor, then he is not happy.

Contrapositive : ~g— ~p is the contrapositive of
pP=9
i.e., If a man is not happy, then he is not bachelor.

(iii) Let p : I do not work hard.
q : I do not prosper.
Then the symbolic form of the given statement is
(aadB
Converse : g—p is the converse of p—¢q

i.c. If I do not prosper, then I do not work hard.

Inverse : ~p— ~ g is the inverse of p—¢q
i.e. If T work hard, then I prosper.
Contrapositive : ~q— ~p is the contrapositive of

p—qi.e. If I prosper, then I work hard.

]

W PA~PVI~PpAQ =PV PA~PAQ
(i) pv@@vn = ~llpA@V(rvs)]
(iii) 2 is even number or 9 is a perfect square.
Solution : The duals are given by :
0 (pv~pA(~pvg)=@pAgVv ~(pVg)
i) pA@Ar) = ~[(pVg) A(rAs)

(iii) 2 is even number and 9 is a perfect square.

17. Rewrite the following statements without using the
connective ‘If ... then” :
(i) If a quadrilateral is rhombus, then it is not a
square.
(ii) If 10 — 3 = 7, then 10 x 3 # 30.

(iii) Ifitrains,then the principal declares a holiday.
Solution : Since, p—»q = ~ pV q the given statements can
be written as :

(i) A quadrilateral is not a rhombus or it is not a square.
(ii) 10 —3 # 7 or 10 x 3 # 30.

(iii) It does not rain or the principal declares a holiday.

18. Write the dual of each of the following :
@) (~pAPVPA~PVI~pA~7q)
) pAPAr=palgan

(iii) pv(@AN =@V AV

(iv) ~(pvqg)=~pA~gq.

[Note : Question 18 (iii) is modified. |

Solution : The duals are given by :
Q) (~pVv APV ~pA(~pV ~q)
(i) (pvg)vr=pvigvr)

i) pA(@vr) = @AV pAr)

(iv) ~(pAg)= ~pA~qg.

19. Consider the following statements :
(i) If D is dog, then D is very good.
(ii) If D is very good, then D is dog.
(iii) If D is not very good, then D is not a dog,.
(iv) If D is not a dog, then D is not very good.
Identify the pairs of statements having the same

meaning,. Justify.
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Solution : Let p : D is dog.
and g : D is very good.
Then the given statements in the symbolic form are :
(i) p—q @) g—p (i) ~g=~p (iv) ~p—~q.
e G G G
P ' q A‘”P""q. r—9q ‘ a-p .""l""”l’v"l’"“’q

oo -
S ]
e -
- m - =
- = m -
e |
e L |
I I |

The entries in columns (i) and (iii) are identical. Hence,
these statements are equivalent.

.'. the statements (i) and (iii) have the same meaning.
Similarly, the entries in columns (ii) and (iv) are
identical. Hence, these statements are equivalent.

.. the statements (ii) and (iv) have the same meaning.

20. Express the truth of each of the following state-
ments by Venn diagrams :
(i) All men are mortal.
(ii) Some persons are not politician.
(iii) Some members of the present Indian cricket
are not committed.
(iv) No child is an adult.
Solution :
(i) Let U : set of all human being
A : set of all men
B : set of all mortals.
Then the Venn diagram represents the truth of the
given statement is as below :

AcB

(ii) Let U : set of all human being
A : set of all persons
B : set of all politicians.
Then the Venn diagram represents the truth of the

given statement is as follows :

A-B#¢

(iii) Let U : set of all human being
X : set of all members of present Indian cricket
Y : set of all committed members of the
present Indian cricket.
Then the Venn diagram represents the truth of the
given statement is as below :
X u

X=Y#¢

(iv) Let U : set of all human beings
C : set of all children
A : set of all adults.
Then the Venn diagram represents the truth of the
given statement is as below :

21. If A={2,3,4,5,6,7,8}, determine the truth value of
each of the following statements :
(i) Jxe A, such that 3x +2 > 9.
(ii) VxeA, x* < 18,
(iii) xe A, such that x +3 < 11.
(iv) VxeA, x* +2 =5,
Solution :
(i) Clearly x=3, 4, 5, 6, 7, 8 A satisfy 3x +2 > 9.
So, the given statement is true, hence its truth value
is T.

(ii) x=5, 6,7, 8 A do not satisfy x* < 18. So, the given
statement is false, hence its truth value is F.

(iii) Clearlyx =2,3,4,5, 6,7 A which satisfy x +3 < 11.
So, the given statement is True, hence its truth value
is T.

1. MATHEMATICAL LOGIC 51

www.saiphy.com



www.saiphy.com

(iv) x2 42 =5 for all xe A.
So, the given statement is true, hence its truth value
is T.

22, Write the negations of the following statements :
(i) 7 is prime number and Taj Mahal is in Agra.
(ii) 10 >5 and 3 <8.
(iii) I will have tea or coffee.
(iv) VuneN, n+3 > 9.
(v) dxeA, such that x +5 < 11.
Solution :
(i) Let p : 7 is prime number.
q : Taj Mahal is in Agra.
Then the symbolic form of the given statement is
pAg.
Since, ~(pAg)= ~pV ~q, the negation of the
given statement is :
‘7 is not prime number or Taj Mahal is not in

’

Agra.

(ii) Letp :10 > 5.
q:3<8.
Then the symbolic form of the given statement is
pAg.
Since, ~(pAg)= ~pV ~gq, the negation of the
given statement is :

‘M<50r3=8 OR ‘10 +50r3 «8

(iii) The negation of given statement is :

‘T will not have tea and coffee.’

(iv) The negation of given statement is :
‘IneN, such that n+3 3 9.
OR ‘AneN, such that n+3 < 9.’

ACTIVITIES = Textbook page 34

1. Complete the truth table for ~[pV(~gl= ~pAg;
justify it.

Solution :

2 |3 | 4 5 6 7

1
P |~p|~q|pV~aq|~pV(~] | ~pAq
T

Justification : The entries in columns 6 and 7 are

F
3

E

o= m =
=
= [=][=][]

[[] =2 [A] =

F
F

identical.

Lo~ pvi~ gl = ~pAg.

2. If p<»q and p — g both are true, then find truth

values of following with the help of activity :

(i) pvg (i) pAg.
Solution : p<>q and p — g are true if p and ¢ has truth
values or .
@ pvg

(a) If both p and 4 are true, then
PYRXLAVLE =

(b) If both p and g4 are false, then

pva=[F]v[F]=[F].

(ii) pAgq
(a) If both p and g are true, then

pAq=[T]A[T]=[T]

(b) If both p and g are false, then

paq=[F]A[F]=[F]

3. Represent following statements by Venn diagrams :
(i) Many students are not hard working,.
(i) Some students are hard working,.

(iii) Sunday implies holiday.

(v) The negation of given statement is : )
Solution :
Weetiptaslls Let U : set of all human being
OR ‘VxeA, x+52> 11’ S : set of all students
H : set of all hard working persons.
Then the Venn diagrams represent the truth of the
statements (i) and (ii) are as follows :
52 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)

www.saiphy.com



www.saiphy.com

@) U

S—-H#¢

(ii) U

SnH # ¢

(iii) Let U : set of days
S : set of Sundays
H : set of holidays
Then the Venn diagram represents the truth of the

given statement is :

H

S&H

4. You have given following statements :
p:9x5=45.
q : Pune is in Maharashtra.
r: 3 is smallest prime number.
Then write truth values by activity :

@ (pApAar=( A DA

) ~Iparl =~( (A ]

G ~[pAr] =~(T|AF)
= ~|F|=[T]
Hence, the truth value of ~ [pAg] is true, ie. T.

(iii) p—gq =T—>Ti
=T

Hence, the truth value of p — g is true, i.e. T.

@iv) p-r =T |e|F
F

Hence, the truth value of p — r is false, i.e. F.

ACTIVITIES FOR PRACTICE

1. Complete the following truth table and give your

conclusion :

r o q r | ~q ~qVr p—(~qvr)
X | VE T F T T
T F
N\E | T TA] T
T (| F
FIX\| /] F T
T F F K
NEN | {
= b ..... =
Conclusion : .........

2. Let p : The train reaches on time.
g : I can catch the connecting flight.
Therefore the symbolic form of the statement :
‘If the train reaches on time, then I can catch the
connecting flight’ is p — q.

Then, Converse is g —p, i.e. |

‘ Inverse is L ie. |
(i) p—»q = |- ‘
. Contrapositive is jri.e.
M pr =] 3. Complete the following activity :
] Th : | f T,TF | il s
Solution : The truth values of p, g, r are T, T, F respecti ; \
n.u ion V prqger pectively = [(P/\ NP) (f]/\ NP)]—’Q
@ (pAg)Ar=(T/AT)AE ... [Distributive Law]
=|TIA|B
A = @A ~p)]—q s Basssssneming ]
, the tr Ag)ATi , i.e. F.
ence, the truth value of (pAq) A7 18 false, 1 =(~pAg)—q SN ]
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= ~( ) g ... [Conditional Law]
=(pv )| |q ... [De Morgan’s Law]
=pv( q) i [l ]
=pv| =t

. Express the truth of each of the following statements

by Venn diagram :
(i) Equilateral triangles are isosceles.
(ii) Many servants are not graduates.
(iii) Some rational numbers are not integers.

(iv) Some quadratic equations have equal roots.

. Consider the following statements :

p : 2 is even prime number.

4 : Mumbai is the capital of Maharashtra.
r: 1 is the smallest prime number.

Then write the truth values of :

11

< >( A )

@) ~per(~gAr)

(@) ~gr(pog)=~ |

(iii) pv(~ger) =

Complete truth table for (pAq) —r=p - (g—-7).
Justify it :

1121 3 |4 5 6 7
P g v pAq pAQ-r | gor  po(gon)
¥R El Y T i T
T F i | |

_ F ik T
T |F : ! '
F T F T T T
T|F F
= :
T T
Justification’s vesivinasssinmsses
54

7. Complete the following truth table and give your

conclusion :

P 49 ~p ~pAq q-p (~pAQAlG-p)
T|(T|F | | T

T|F|F| | '

E |T [T T F F
QORICIUSION & . vvovvinvasmisasennnenes

. Complete the following activity :

PAQYV(~pAQV(~qAr)

=[( |v| DAglv(~gar) ... (Distributive Law)
=( |AgQ)V(~gAr) RARE CTmm— )
= |V(~qAr) ... (Identity Law)
=( |[Vv~g@)A( |vr) N (O )
= A( |Vr) ... (Complement Law)
=qvr. ... (Identity Law)
L OBJECTIVE SECTION )

MULTIPLE CHOICE QUESTIONS

Select and write the correct answer from the given

alternatives in each of the following question :

1. Which of the following is a statement in logic?

(a) Where are you?

(b) May God bless you.

(c) Mumbeai is the capital of India.
(d) T am lying.

2. Which of the following is not a statement?

(a) Delhi is the capital of India.
(b) Mumbai is in Maharashtra.
(c) x+3=5.

(d) The sum of two odd integers is an odd integer.

. Which of the following statement is true?
(a) 3+7=4 or 3—7=4.
(b) If Pune is in Maharashtra, then Hyderabad is in
Kerala.
(c) It is a false that 12 is not divisible by 3.

(d) The square of any odd integer is even.
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. A biconditional statement is the conjunction of two

......... statements.
(a) negative (b) compound

(¢) connective (d) conditional

. The words which combine two simple statements are

called
(a) disjunction (b) conjunction

(c) logical connectives  (d) components

. If p—qis true and p A q is false, then the truth value of

~pVqis

@ T,F ()T, T (c)FT (d)EF

. If pvy is true and pAg is false, then which of the

following is not true?

(@) pvg (b) perg (c) ~pv~gqg (d)qv~q

. If ~pvgqisF, then which of the following is correct?
(a) peqis T (b) p—gqis T
(c) g—pisT (d) g—pisF

. If p : Ram is tall and 4 : Ram is handsome, then the

symbolic form of ‘Ram is handsome but not tall’ is
(@) pA~q ) gv~p (c)gr~p (d)pVv~g
If p : Rohitis tall and g : Rohit is handsome, then the
symbolic form of ‘It is not true that Rohit is short or
not handsome” is
@ ~(~pa~g () ~(~p-~g)
(c) ~pv~g (d) pAg
The converse of contrapositive of ~p— g is
@) g-p (b) ~q-p
(p-~q () ~q-~p
Inverse of statement pattern (pV ¢)— (p A q) is
(a) (prg)—(pVvy)
(b) ~(pve)-(prq)
(c) (~pV ~g)=>(~pA~q)
(d) (~pA~g)=(~pV~q)
If pAg=F, p—q=F, then truth values of p and g are
(@ T, T ®T,F ()FET (dFF
Consider the following statements :
(i) If x > 10, then x > 5
(i) If x 3+ 10, then x 3 5
(iii) If x > 5, then x > 10
(iv) If x # 5, tehn x 3+ 10
The pairs of statement having the same meaning is
(a) (i) and (ii)  (b) (i) and (iii)
(c) (i) and (iv)  (d) (ii) and (iv)

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

Negation of “A UB =B is the sufficient condition for
AcBis

(a) AuUB=Band A¢B

(b) AUB#Bbut AcB

(c) f AEB, then AUB #B

(d) AnB=Band A<B

Negation of p — (pVv ~g) is
(@) ~p->(~pvy (b) pA(~pAg)
(c) ~pV(~pV~g) (d) ~pe(~p—q)

p—(g—r) is logically equivalent to
(@) (pv@)=~r  (b) pAg)—~r
(c) (pvg)=r (d) (prg)—r

If p : 4 is an even prime number

g : 6 is divisor of 12
and r : HCF of 4 and 6 is 2,
then which of the following is true?
(@) pAg (b) (pvg)A(~1)
(c) ~@@Ar)vp (d) ~pV(gAr)

The statement (p A ~p)—q is
(a) always true (b) always false

(c) false if g is true  (d) none of these

If ‘r—s’ is an implication, then the implication
‘~s5— ~r'is called its
(a) converse (b) contrapositive

(c) inverse (d) alternative

The statement ~ (p<> ~gq) is
(a) equivalent to p<>q (b) equivalent to ~p<>g

(c) a tautology (d) a contradiction

Which of the following is true?

(@) p=q=r~p-rg

(b) ~(p>~q=~pAgq
(lan(~pm ~ 1) ~ifihg

(A ~perg =[~p-9)A~@G-p)

Let p and g be two statements, then
~(~pAg)A(pVg)is logically equivalent to
(@ g () prg (p (@dpv~g

The negation of disjunction of two statements is
logically equivalent to the conjunction of their
(a) disjunctions (b) contradictions

(c) alternatives (d) negations

1. MATHEMATICAL LOGIC 55
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30.

10.
12.
13.
14.
15.
16.
18.
20.

56

. (c) Mumbai is the capital of India.
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. If p: It is an Amir Khan movie. y 22

q : It is hit. | 24,
Then the symbolic form of the negation of the | 26.
statement ‘It is an Amir Khan movie but not a hit’ is 27.
(a) pA ~gq (b) ~pV~g . 28.
(¢) ~pA~g (d) ~pvg 29.

Negation of ‘3 +5=8 and 2 <7’ is
(a) 3+5#8and 2 7

(c) ~(~po>~g)=~pAg 23. (c) p

(d) negations  25. (d) ~pVyg

(b) 3+5#8or2«7

(b) 3xeN such that x* + x is not an even number.
(c) VxeN, x* #x

(d) pAg 30. (a) (~p)V(GA ~7).

TRUE OR FALSE

(b) 3+5#8o0r247 State whether the following statements are True or
(c) 3+5=8and2 <7 . False :
Mathematical identities are statements.

(d) 3+5#8o0r2<7 :i 1.

Negation of 'V xeN, x* 4 x is even number’ is

2
(a) YxeN, x* 4+ x is not an even number. 3.
4,

(b) 3xeN such that x? + x is not an even number.
(¢) AxeN, such that x* + x is an even number.

(d) YxeN, x? +x is not an odd number 5.

The negation of ‘3xeN, such that x2 =x" is {

(a) 3xeN, such that x? # x 16,

(b) VxeN, x*=x

(c) VxeN, x? #x 7.

(d) 3xeN, such that x* > x
The negation of ~pV(~gAp) is equivalent to ,
(@) pA~q (b) pA(gA ~p)

() pvi@v~p) (d) pAg 18,
. 9. The dual of the statement ~(pAg)V(~gA ~p) is

The negation of contrapositive of p A (g —>7) is
@) (~p)v@A~r)  (b) (~p)VigV ~1)

(c) (~p)V(g—r) (d) (~p)—(gA7) © 10,
Answers C11.
12.

. () x+3=5 £
. (c) It is a false that 12 is not divisible by 3. 14.
. (d) conditional 15.
. (c) logical connectives | 1e.
(b) T, T 7. (b) p<rq
. (c) gopisT 9. (c) gh~p
(d) pAg 11. (c) p>~q iv
(d) (~pA~g) = (~pVv~q) !
(b) T, F . 18.
(c) (i) and (iv)
(a) AuUB=Band AcB i 19.
(b) pA(~pAg) 17. (d) (pAg)—r !
(d) ~pv(gnar) 19. (a) always true 20.

(b) contrapositive  21. (a) equivalent to p<>g

NAVNEET MATHEMATICS AND STATISTICS DIGEST

. x+4=8is a true statement.

p—q is false if p is false and g is true.

. The truth value of : “If Rome is not in Italy, then Paris

is in France’ is T.

The bicondition statement p ++ 4 is the disjunction of
p—4qand g—p.

If p and g are true and r and s are false, then the truth
value of (p > ~ g) A (r <> ~s) is true.

If a statement pattern involves 4 component state-
mentyp, g, 7, s and each of p, g, 7, s has 2 possible truth
values namely T and F, then the truth table of the
statement pattern consists of 16 rows.

The symbol ~ is not changed while finding the dual.

(pVa)AlqVp)
Py~q=~pyg.

(»Vvg)A(~p) is a contradiction.
pVI~(pAg)is a tautology.

3. The negation of pA(g—7) is pV(gA ~7).

The dual of (pAg)V ~qis (pVg)A ~q.

The converse of inverse of ~p—qis §— ~p.

The symbolic form of the statement ' Sandeep neither
likes tea nor coffee but enjoys a soft drink’ is
(~pV~qAr.

‘It is false that 27 is not divisible by 9’ is a false
statement.

The statement ‘The centre of a circle bisect each
chord of the circle’ is a true statement.

In the truth table for the statement (pVvg)V ~ p, the
last column has the truth value T, T, T, T.

If ~(pVgq)—r has truth value F, then truth values of
p. g, r are FTF.
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Answers
True 2. False 3. False 4. True 5. False
False 7. True 8. True 9. False 10. False
False 12. True 13. False 14. True 15. False
False 17. False 18. False 19. True 20. False.

FILL IN THE BLANKS

Fill in the following blanks with an appropriate

words/numbers :

1.

The truth value of the statement ‘India is not a
democratic country or China is a communist

country” is .........

. The truth value of the statement ‘A quadratic equa-

tion has two distinct roots or 6 has three prime

factors’ is .........

. The symbolic form of the statement ‘It is false that

32442=52 or \,/2 is not a rational number but
324+42=52and 8>3’ iS .........

. If p and g are true and r and s are false, then the truth

value of (p—=7)V(g—s)is .........

. If a statement pattern contains ‘m” connectives and

‘n’ component statements, then the truth table of the

statement pattern consists of ......... columns.

6. The dual of [(pAg)VrIA(GAR)VS]is .........

9.
10.
11.

12.
13.
14.

15.
16.
17.

18.
19.

20.

1. True (T)
4. false
7. Vv
12.
14.

15
18
20,

.

~(~p)=piscalled ......... law.
~pVV(i~pAg =
The truth value of the statement ‘Neither 21 is a

prime number nor it is divisible by 3" is .........
The statement pattern (p Ag)A(~g)isa .........

The dual of (pAH)V(cA ~g)is .........

The negation of ‘Every student has paid the fees” is
The negation of (pAg) = (~pVr)is .........

The contrapositive of p— ~¢gis .........

If pvqis Tand (pVg)— q is F, then truth values of
p and g are ......... and ......... respectively.

The negation of (p—g)Aris .........

The negation of “If 10>5 and 5 <8, then 8 <7’

The dual of (p—> ~g)Vgis .........

Answers

2. False (F) 3. (~pV ~g)A(pAT)
6. [(pvg)ar]lvgvr)As]

9. involution 10. ~p 11. F

13. (pVe)A(tv ~q)

Some students have not paid the fees.
wAgA(pA~1) 16. g>~p 17. T F
pA~g)V(~r) 19.10>5and5<8but8 47
(~pA~gAg.

5. m+n
8. Vv

contradiction

www.saiphy.com
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CHAPTER OUTLINE

¥ Important Formulae
2.1 Definition of a Matrix
2.2 Types of Matrices
2.3 Algebra of Matrices
24 Properties of Matrix Multiplication
o Properties of Transpose of a Matrix
2.5 Elementary Transformations
2.6 Inverse of a Matrix
2.7 Applications of Matrices
(Solution of System of Linear Equations)
¥ Objective Section
Multiple Choice Questions
True or False
Fill in the Blanks

%

1. An arrangement of mn numbers in m rows and n

<_  IMPORTANT FORMULAE

columns, written within bracket is called a matrix of

order m xn which is generally denoted as
A= [a,-;-],,,,(,,, where a;;= element of A in i row and
7 column.

2. Two matrices A and B are said to be equal if they are
of same order and their corresponding elements are
same.

3. A matrix A =[ayl,,, is called a square matrix if
m = n, i.e. number of rows = number of columns.

4. If A is a square matrix, then determinant of A is
denoted by |A|.

5. A square matrix A is called singular matrix if |A|=0

10.

11.

12.

Page
58
59
60

74
81
86
. 88
. 100

vl 22
. 124
.. 125

. The diagonal elements of a skew-symmetric matrix

are zero.

. Two matrices A and B can be added or subtracted,

if their orders are same.

If A and B are two matrices, then product AB exist,
if the number of columns of A is equal to the

number of rows of B.

If A is a square matrix, then

(i) A+ A’is a symmetric matrix

(ii)) A—A'isa skew-symmetric matrix.

Every square matrix A can be expressed as the sum of

a symmetric and skew-symmetric matrix as

1 ! 1 r
A= (A+A)+,(A=A).

and it is called non-singular matrix if | A|#0. 13. Elementary Transformations :

6. A matrix obtained from the matrix A by interchang- (1) Interchanging of any two rows (or columns).
ing its rows and columns is called transpose of A, If ™ and j™ rows of a matrix are interchanged,
which is denoted by A’ or A™. then it is denoted by R; or R;<>R;.

7. A square matrix A is called symmetric matrix if A = A’ If i and j* columns of a matrix are interchanged,
and it is called skew-symmetric matrix if A= —A'. then it is denoted by C; or C; <> C;.

58 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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(2) Multiplying the elements of any row (or column)
by a non-zero real number.

If the elements of i row are multiplied by a

non-zero real number k, then we denote it as kR;.

If the elements of i column are multiplied by a

non-zero real number k, then we denote it as kC;.

(3) Multiplying all the elements of any row (or
column) by a non-zero real number k and adding
with the corresponding elements of any other row
(or column).

If the elements of j" row are multiplied by k and
added with the corresponding elements of i row,
then we denote it as R; + kR;.

If the elements of /" column are multiplied by k
and added with the corresponding elements of

™ column, then we denote it as C; +kC;.

Rules for applying Elementary Transformations :

(1) If A, B, P are three matrices such that AB = P, then
any row transformation which is performed on
pre-factor A, must also be performed on P to
preserve the equality, ie. if AB=P and A is
changed to Ag by any row transformation and P is
changed to Py by the same row transformation,
then A B =P;.

(2) If A, B, P are three matrices such that AB = P, then
any column transformation which is performed
on post-factor B must also be performed on P to
presurve the equality, ie. if AB=P and B is
changed to B by any column transformation and
P is changed to P by the same column transfor-

mation, then AB. =P

Inverse of a Matrix:If A and B are two square
matrices of same order such that AB = BA = [, then A
and B are said to be inverses to each other. The
inverse of A, ie. B is denoted by A ! Thus

AA~t=A"tA=]

The inverse of a square matrix A exists, if it is non-

singular, i.e. |A|#0.

17.

18.

19.

20.

21.

22,

For finding the inverse of A, if row transformations
are to be used, then we consider AA '=1 and if
column transformations are to be used, then we
consider A A =1

Minor and cofactor of an element: Minor of an
elements 4; of a square matrix A is the determinant
obtained by deleting i* row and j* column of the
matrix A and is denoted by M.

Cofactor of a;; is given by A= (—1)"*/M,.

Adjoint of a Matrix :
A1 812 13
If A= |a,; a,, a,,|, then adjoint of A is denoted
A31. A3z @33
by adj A, where
All AZl A'.‘ll
adjA=|Ay; Ay Ay, where Ay is the cofactor
Alj AZJ A33

of aj;.
If A is a non-singular matrix, then A ! = II: | (adj A).

The matrix form of the equations
ax+by+cz=d, a,x+byy+c,z=d,,
a3x + bay + c3z=d; is

a; by ¢ X d,
a, b, c, y|=|d,|, ie. AX=B.
ay by ¢ z ds

The solution of the equation AX=B is given by
X=A"'B, where |A|#0.

INTRODUCTION

In determinants, you have studied about a square

arrangement of the numbers which has a value.

Letus now study a new type of arrangement which

does not necessarily contain equal numbers of rows

and columns. Also, it does not have the value. Such an

arrangement is called a ‘Matrix’.

2.1 : DEFINITION OF A MATRIX

An arrangement of mn numbers in m rows and n

columns written within brackets, is called a matrix.

2. MATRICES
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If a matrix contains m rows and n columns, we say

thatitis an m x n (read m by n) matrix and m x n is called

the order of the matrix.

The numbers which form a matrix are called the

elements of the matrix.

Matrices are usually denoted by capital letters A, B, C,

.., and the elements of the matrix are denoted by small

letters.

(23 -1][23
For example : i
45 6 4 1

matrices of orders 2 x 3, 2 x 2 and 1 x 3 respectively.

Notation : The element of the matrix A which
belongs to the first row and first column is denoted
by a;. In a4, the first suffix is for the row and second

suffix is for the column, in which the element lies. In

] and [a b c] are

2.

Column Matrix : A matrix which contains only one

column is called a column matrix.

3
— 1| are column maltrices
2

of orders 1x1, 2x 1, 3 x 1 respectively.

For example : [3], [_ i] »

Note : The order of a column matrix is of the type

mx 1,

. Rectangular Matrix : A matrix A = [a,-)-],,,,,, is called a

rectangular matrix if m # n.

i.e. number of rows # number of columns.
2 1

2:8 1

45 6]' -3 —~11,[2 3 1] are
1 4

rectangular matrices of orders 2x3, 3x2, 1x3

For example : [

respectively.

4. Square Matrix : A matrix A =[a;],., is called a
general, the element which belongs to the i row and the | square matrix if m = .
j* column of matrix A will be denoted by ay. ! i.e. number of rows = number of columns.
Using this notation, a matrix of order m x 1 can be | v\ 3 1 2
written as ; For example : [2], [3 B 4], 4 5 1| are square
- : i 6 —2 4
| B11 812 B3 - By, : . .
i matrices of orders 1 x 1, 2 x 2, 3 x 3 respectively.
| A21 B3z O3 o !
E } A matrix of order # x 1 can be referred as a square
A=| A3y A3y Azz ... a3z, [ ; ESSHS q
| ! matrix of order n. Hence, by a square matrix of order 2,
i ,
' ) we mean a matrix of order 2 x 2.
I.. aml [ I S } G
This is generally written‘as, { In a square matrix A = [a,-,-], the elements @ where
3 { i=j are called diagonal elements and the elements a;;
A = [@]nxn where i=1,2,3, .., m and J & "
S 5 G where i #  are called non-diagonal elements.
= vy 1,
$ e For example : In a square matrix
. — @y Ay Ay
e.g. (i) A—'la,}]ZxJ_ [ﬂ“ g, {123] Ayy B2 Mys
A= |y By Ay,
byy by by, i Ry A3, Q33
ii) B=[bjlyxa= by by b { : :
(i) B=[4lsxs b“ b“ b“ | @y, Ay, A4, are diagonal elements and all the remain-
3l 32 33
ing elements are non-diagonal elements.
) Notes :
2.2 : TYPES'OF MATRICES y (i) The elements a; where i <j are called the el-
1. Row Matrix : A matrix which contains only one row is sinenthshoye te:cisgons’
(ii) The elements a; where i>j are called the el-
called a row matrix. .
ements below the diagonal.
Yoreaample:: [2).1972],[% ~1.3] scmogywematicesiot 5. Zero Matrix or Null Matrix : If every element of a
orders 1 x 1, 1x2,1x3 respectively. matrix is zero, it is called a zero matrix. It is denoted
Note : The order of a row matrix is of the type 1 x n. by 0.
60 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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00 000
orders 2 x 2, 2 x 3 respectively.

00| foo0ooO .
For example : ¢ are zero matrices of

Note : A zero matrix may or may not be a square

matrix.

. Diagonal Matrix : A square matrix A = [a;] is called a

diagonal matrix, if all its non-diagonal elements
are zero.
ie. a;=0, wheni#].

300
O_g],ooo
002

Note : If a,y, a,, a,, are diagonal elements of a

For example : [ are diagonal matrices.

diagonal matrix A of order 3, then we write
A =Diag [ay, a3, a43].

. Scalar Matrix : A square matrix A =[a;] is called

scalar matrix, if all its non-diagonal elements are zero
and diagonal elements are same.
i.e. a;=0, wheni#j

=k, wheni = j, where k is a real number.

» -3 0 0
For example : [0 2], 0 -3 0f,
0 0 -3

90 are scalar matrices
00 1

Note : A scalar matrix is always a diagonal matrix but

a diagonal matrix is not necessarily a scalar matrix.

. Identity Matrix or Unit Matrix : A square matrix

A =[ay] is called an identity matrix, if all its non-
diagonal elements are zero and diagonal elements are
one.
i.e. a; =0, when i #j

=1, wheni=j
It is denoted by 1.

0
For example : [Ll) 2] 0| are identity matrices
1
of orders 2 and 3 respectively.
Note : A unit matrix is always a diagonal matrix as
well as a scalar matrix.

10

11.

3
2 3
For example : , |0 are upper
0 —4 0

N O N

1

0

0
triangular matrices.

» Lower Triangular Matrix : A square matrix A= [a;;]
is called a lower triangular matrix, if every element
above the diagonal is zero.
ie. a;=0, when i <.

0

3 0 20
For example : [ ], —3 0 0| are lower
4 5

0

15 .

triangular matrices.

Notes :

(i) A matrix which is either an upper triangular
matrix or a lower triangular matrix is called a
triangular matrix.

(ii) The diagonal matrix, unit matrix, scalar matrix
and square null matrix are also triangular
matrices.

. Determinant of a Square Matrix : If A is a square

matrix, then determinant of A is denoted by |A| or
det A.

4 5 5|

J

-3
For example : If A = [2

,then|A|=‘i —3‘

Non-singular Matrix : A square matrix A is called a

non-singular matrix, if [A|#0.

2 -3
For example : If A = [4 5)'
then |A| = i _§|=1o+12=22¢0

.. A is a non-singular matrix.

. Singular Matrix : A square matrix A is called a

singular matrix, if |A|=0.

For example : If A = [2 1],then
42
21
Il‘\|—|4 2 =4—-4=0

.. A is a singular matrix.

EXERCISE 2.1  Textbook pages 39 and 40

1. Construct a matrix A = [ayl, , , whose elements a;; is

. Triangular Matrices : given by
» Upper Triangular Matrix : A square matrix A= [a] (i —j)?
is called an upper triangular matrix, if every element @ ay="5" (i) ajymi—3f
below the diagonal is zero. Gi+)?
: " (i) ay = :
ie. a;=0, wheni>j. 5
2. MATRICES 61
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Solution :

Solution :

Ay Ay (i) Since, all the elements below the diagonal are zero,
O A=[ay],,,= 821 22 it is an upper tringular matrix.
Ay, @
s (ii) This matrix has only one column, it is a column
Y .
Now, a,-l»=('5 ]Z matrix.
(iii) This matrix has only one row, it is a row matrix.
1-1)?* 0
a,, =( e 1) i (iv) Since, diagonal elements are equal and non-
diagonal elements are zero, it is a scalar matrix.
1-2)% 1
Ry, = ( 5 1) =2 (v) Since, all the elements above the diagonal are zero,
it is a lower triangular matrix.
2-12 1 e . -
T ey v (vi) Since, all the non-diagonal elements are zero, it is a
diagonal matrix.
(2-2)?* 0 Y : :
Ba="g =3=O (vii) Since, diagonal elements are 1 and non-diagonal
elements are 0, it is an identity (or unit) matrix.
" _(3—1)‘_4_2
175-3 2 i 3. Which of the following matrices are singular or
(3-27 1 ; non-singular :
2= 5 _3 T» a b c 5 0 5
(i) P q r Gi) [1 99 100
[ 0 17 2a—p 2b—q 2c—r 6 99 105
i 4| , 35 7 " 15
A= 2 0| P G [ -2 1 4 (iv)[_4 7].
E 5 1 | } 3 2 5
[ ] }
L 2] Solution :
a b c
(ii) and (iii) : Refer to the solution of Q. 1 (i). () LetA=| p q r
4 2a—p 2b—q 2c—r
[ 8 27
i 5 5 a b c
-2 -5 .| 8 27 SJAl=] p q r
|27 64 1
Ans. (ii) | -1 —4| (ii) | =_|27 64 2a—p 2b—q 2c—vr
0 -3 5051 5les 125
64 125 By R; +R,;, we get,
LS 5% a b ¢
Al=|p q r
2. Classify each of the following matrices as a row, g S5 26
a column, a square, a diagonal, a scalar, a unit, 5 ; 3 ¢
an upper triangular, a lower triangular matrix : a b ¢
3 -2 4] 5 =2x0 wo [ Ry =R,]
G (0 o —5| G| 4| Gi)l9 2 -3] ~0
0 0 0 £3 a8 _
7 . A is a singular matrix.
i (2 00 Bk 5 0 5
i [o 6] W 2 =20 ey i) LetB=|1 99 100
(-7 31 0o | 6 99 105
100 ‘ 5 0 5
(vi) [0 1 0f. o IBl=(1 99 100
001 6 99 105
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By R; —R,, we get 4 3 1
7 k 1|=0
3 0 8 10 9 1
[B|=|1 99 100
5 0 5 J 4(k—9)—3(7—10) + 1(63 — 10k) =0
=0 o [ Ry =Ry] ;. 4k —36+9+63—10k=0
.. B is a singular matrix. © —6k+36=0
35 7 - . 6k=36 S k=6
Gii) LetC=| -2 1 4
3 25 k-1 2 3
(iii) Let C=| 3 1: 2
3 57 1 =D il
S ICI=|-2 1 4
325 Since, C is a singular matrix, |C[=0
=3(5-8)—-5(—10-12)+7(—4~-3) k—1 2 3
=~ 9411049 =52 #0 A

.. Cis a non-singular matrix. = 1)E+4)—-22-2)+3(—6—-1)=0

75 , 8k—8-20-21=0
(iv) Let D = 4 7

. 8k=49
| 75
B 'D"’—4 7‘ 3 k:‘?.

=49 —(—20)=69 #0

.. D is a non-singular matrix. B oo

L EXAMPLES FOR PRACTICE 2.1 /

4. Find k, if the following matrices are singular : i
! 1. Find the elements a,, a,, a;,, 45, in the matrix
7 3 4 3 1 !
(i) B e Gi) | 7 k 1 2 3 -5
- 10 9 1 A=|1 -2 4
6 7 -8
k—1 2 3
(iii) 3 1 21 2. State the order of the following matrices :
1 -2 4 b o : .
Solution : (i) [4 5 2] (i) |1 (iii) |4 5
2 6 2
(i)LetA:—:[_; Z] > 2 -1 4
(iv) [4 5] (v) [3 —1] (vi) |6 2 8
Since, A is a singular matrix, |A|=0 7 9 4
‘ 7 3| o 3. State the types of the following matrices :
-2 k|
(1
Lo 7k—=(—6)=0 ' 152 3 2 -3
] (i) [ 2 5 o] GV A
. _ Coh 9
. 7k 6 o . L
10 . 1 2
(iif) [ } (iv) ]
| 43 1 01 L 2 3
(ii) LetB=| 7 k 1 (1 2 3
10 9 1 &2 22 wi) |0 15
000 00 3
Since, B is a singular matrix, |B| =0 .
2. MATRICES 63
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. Construct a matrix A = [a,jl whose elements a;is given

by

i+4j

O ay="t" (i) ay=1 (-2},

. Determine whether the following matrices are

singular or non-singular :

2 2
2 2 (iv)
2 2
x+y y+z z+x

(v) 1 1 1
z x y

. Find k, if the following matrices are singular :

6 -5 1 3 21
(i) 4 2 -1 G) | -1 0 2].
14 -1 k k1 2
Answers
e A13=3,05,=—2,03,=6,83,=7
(1) 2x3 (i) 3x1 () 3x2 (iv) 2x2
(v) 1x2 (vi) 3x3.

(i) Rectangular matrix
(ii) Column matrix
(iii) Identity matrix
(iv) Square matrix
(v) Zero matrix

(vi) Upper triangular matrix.

5 9 1 3
2 2 £ R
(@3 5| (i) 0 -1
7 11 Na 1
2 2

(ii) singular
(iii) singular  (iv) non-singular

(v) singular.

(1) k= —1 (i) k=z.

1.

»N

=)

. Transpose of a Matrix

2.3 : ALGEBRA OF MATRICES

Equality of Matrices : Two matrices A and B are said
to be equal (A = B) if

(i) they are of same order

(ii) their corresponding elements are equal.

Thus if two matrices A = [a;],, . ,and B = [b; ], .., are
equal, then a;; = by; for all i and j.
For example :
oinf 1o

-1 3
C=[2 ! ], then A=B but A #C and

~1 3
4 5] and

3 54
B#C.

-1

o a -1 3
(ii) If [2 b] —[2 5],thena—3andb—5.

. Negative of a Matrix : Let A be a given matrix. Then

the matrix, whose elements are the negatives of the
corresponding elements of the matrix A, is called the
negative of the matrix A and is denoted by — A.

Thus if A = [aij]mxn then —A = [ —aij]mxn
For example :

2 -3 -2 3
HA=[0 1],then—A:[ 0 —l]

: A matrix obtained from the
matrix A by interchanging its rows and columns
is called the transpose of A, which is denoted by
A’ or A",

For example :

2 =31

wA=[23

2 4
],thenA’= -3 5
16

Notes : (i) If the order of A is m x n, then the order of
A'is n x m.

(ii) If A’ is the transpose of the square matrix A, then
det A =det A’ie. |A|=|A"|

(iii) (A') = A, for every matrix A.

Using the above concept of the transpose of a matrix,

we have the following two types of matrices :
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(i) Symmetric Matrix : A square matrix A=[a;] is
called symmetric matrix if A=A’, ie. a;=ay; for all
iand j.

For example :

3 3 2 3
IFA=[3 _]],thenA—[3 _1]

S A=A, 50 A is symmetric matrix.

(ii)

Skew-symmetric Matrix : A square matrix A = [a.,f]

is called skew-symmetric matrix if A = — A’,
Le. az= —ay forall i and j.
0 —4 01 2
For example : s ol | 1 0 3| are
-23 0

skew-symmetric matrices.

Notes : (i) The diagonal elements of a skew-
symmetric matrix are always zero.
(i) The non-diagonal elements of a skew-symmetric
matrix are symmetric (in magnitude) about the
diagonal but are opposite in signs.
(ili) The non-diagonal elements of a symmetric

matrix are symmetric about the diagonal.

4. Addition of Matrices : If two matrices are of same
order, then only they can be added. If they are of different

orders, we cannot add them.

Definition : If A= [rl,»)-] and B= [bxj] are the two
matrices of same order m x n, then their sum A +B is a
matrix of order m xn, where A +B=[a;+b;] for all
iand j.

For example :

2 —-13 1 -1 4
IfA=[4 5 6] andB=[6 9 3]

2 -148]  [H -4
thenA+B—~4 5 6]+[6 2 3]
241 [=1+(=1) 344
- |4+6 5+(-2) 6+3

(3 -27

S 39

Note : If A, B, C are three matrices of same order, then
(i) A+B=B+ A, commutative law.
(ii)) A + (B + C)=(A +B) + C, associative law.

)

]
1]

(iii) A+0=0+ A=A, where 0 is a null matrix of the
same order as A.

5. Subtraction of Matrices : As in the case of addition,

we can subtract two matrices if and only if they are of

same order.

Definition : If A =[a;;] and B = [b;;] are two matrices of

same order m x n, then their difference A —B is a matrix

of order m x n, where

A ~B=[a;;~by;] for all i and j.

For example :

314 21 8
IfA:[—z 8 6] B=[—1 4 5]
3
2

14 21 -3
'}'E"A_B=[— 8 6]_[—1 4 5}
[ 3-A\ 1-1 4=(-3)
"l=2=(=N\g-4¢ 6-58

[ 107

=1 4 1

6. Scalar Multiplication : Let A be a matrix and k be a
number (scalar), then the scalar multiple of A by k is
denoted by kA and is obtained by multiplying every
element of the matrix A by k.

Thus, if A =[a;;], . then

KA = [ka], ., for all i and j.

1 -1 4
For example : If A = [3 4 2], then
1 -1 4 3 -3 12
3A=3 =
A [3 4 2] [9 12 6]
~1 1 —4
"A‘[—s —4 —2]'

Note : If A and B are two matrices of same order, 0 is a
zero matrix of the same order as that of A and B and p, ¢
are scalars, then

(i) p(A+B)=pA + pB.

(ii) (p £q)A = pA £gA.
(iii) 0A =0
(iv) p-0=0

(v) p(gA)=q(pA) = (pq)A.
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EXERCISE 2.2  Textbook pages 46 and 47
2 -3 -1 2 4 3
1. IfA= 5 —4(,B= 2 2|landC=| —1 4
—6 1 03 -2 1
show that

i) A+B=B+A (i) (A+B) +C=A+(B+0O).

Solution :
(2 -3 =l 3
(i) A+B= 5 —4|+ 22
(-6 1 0 3
[ 2=1 =842 TS
m| 542 —442|m| 7 =27 (1)
| —6+0 143 -6 4
[ =l B 5 i
B+A=| 22|+| 5 A
| 03 -6 1
(=142 2=8 1 —1
w| 245 2-4|ff] 7 =2 4@
| 0-6 3+1 —6 4

From (1) and (2), we get

From (1) and (2), we get
(A+B)+C=A+B+Q).

1 -2 1 -3 " g
2.IfA—[5 3],8—[4 _'7],thenfmdthematnx

A — 2B + 61, where I is the unit matrix of order 2.

Solution :
7
o1 =2 1 -3 10
A —2B+ 61 = LS 3] —2[4 _7] +6[U l]
1 =2] (2 -6] . [60
_~5 3 8 —14 06
_|1-2+46 —-2—-(—6)+0
T |5—-84+0 3—(—-14)+6
[ 5 a
1 -3 23}’
.
1 2 -3 9 —1 2
3. fA=| -3 7 —-8(,B=| —4 2 5|, then
0 —6 1 4 0 -3

find the matrix C such that A + B + C is a zero matrix.

A+B=B+A.
Solution: A+B+C=0
. C=—-—A-B
2 = = & Y2 =3 g =1 2
(ii)) A+B= 5 —4| + 2 2 - |\e 7 —sll| -2 5 .
-6 1 03
0 —6 1 4 0 -3
2—-1 —3+2 1 -1 ¢
| 542 —44+2f\=| /7 -2 - —; —‘; : Z —; g
—6+0 1+3 —6 4 0 6 —1 4 0 —3
1 -1 4 3
sa+B+c=| 7 —2/%N-1 4 -1-% fF=(-1) 3-2
L 0—-4 6—-0 —1—(-3)
1+4 —-1+3 5% ¢
w| F=1 —2+4]= 6 2 (1) c ‘1‘7’ —; ;
G G4 3 - — .
6—2 +1 8 5 _4 6 2
-1 2 4 3
Also, B+ C= 22|+ -1 4
R 1 ¢A 1 -2 ~1 =2
_1+4 243 35 4, If A= 3 -5 ,B= 4 2| and
=| 2-12+4|=| 16 -~ 0 Ta's
0-2 3+1) |-24 5 .4
B g 35 Cmi| =1, =41,
. A+(B+C)=| 5 —4|+| 16 gk xg
-6 1 -24 find the matrix X such that 3A —4B +5X =C.
243 =345 52 Solution : 3A —4B+45X=C
= 541 —4+46|= 6 2 ... (2)
—-6—2 144 -8 5 L. 5X=C—-3A+4B
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2 4 1 -2 i 2 | Since, A is a symmetric matrix, a; =a; for all i’ and j
=|—-1 —4|-3| 3 —5|+4| 4 2 I
-3 6 =6 0 * 1 5 . Ay3 =3y, 01, =0y and a3 =45,
[ 2 a4 3 -6 -4 -8 '] .‘.u=—4,g=band —~7=c
=|-1 —4]|- 9 -—-15|1+| 16 8 !
-3 6 —18 0 4 20

P = —4,b=3and c=—7,
2-3+(—4) 4—(—6)—8 5
= ~1-9+4+16 —4—(-15)+8 {
L _3_(_18)"‘4 6—0+420 i Alternative Method :

(-5 2 ! 1 2 a
=l .2 2 LetA=| b -3 -7
| 19 26 ' = s T
' 27 ! -4 0
-1 , ‘
-5 2 1 b —4
. 1 6 19 3
. X=5 6 19 = 5 5 ! ThenAT= - -5 -7
19 26 { 5
19 26 ¥ a -7 0
5 5 Since, A is symmelric matrix, A = AT
: 3
; 1 a 1 b —4
51 —4 !
5. 1f A= , find (AT, ' 5
° [32 0] o b =5 —7|= 2 -5 -7
Solution : A= [g ; _g] } CA & 9 A =7 0
By equality of matrices
5 3 3
LAT=| 1 2 | a=—4,b=_andc=—7.
-4 0 ; 8
w3374 -» w
i 0 -5 «x
| 8. Findx, y,zif | Y 0 z| is a skew symmetric
7 89 3 _ho
6. IfA=| -2 —4 1|, find (AD". 2 M
5 91 matrix.
7 B 0 -5 x
Sabutian ;A= —g Hg } Solution : Let A= | ¥ 0 z
3
7 =25 2 -2 0
AT=|3 -4 9 . Since, A is skew-symmetric matrix,
1 11 )
;= —ay for all i and j.
7 31 )
SLATT= [ -2 —41]|=A So gy = =y, Ay = —ay, and a3 = —dy,
5 §1 j ,
{ .'.x=—2,—5i= —yand z= —(—4/2)
g ‘
1 a
5 . x=—3,y=5iandz=\/2.
7. Find a, b, ¢ if b —5 7| isasymetric matrix. 2
-4 ¢ 0 | Alternative Method :
3 i
1 5 a ; 0 -5 x
Solution:LetA=| b -5 -7 | LetA=|Y U
i 3
-4 ¢ 0 5 -2 0
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37
0y 2 «
Then AT=| —5i 0 —./2 |
| X z 0 ‘
Since, A is skew-symmetric matrix, A = — AT
i o 3
0 -5 x 0y 2
Y 0 z|=—=5i 0 —./2
3
5 = \/2 0 X z 0 4
s 31
0 -5 x 1 0 —y 5 |
y 0 z|=| 5i 0 2|
3 |
5 = J2 0| |[-x =z o0 |

By equality of matrices

3 5
X=—p y=>5iand z=,/2.

9. For each of the following matrices, find its transpose

and state whether it is symmetric, skew-symmetric

Also,
2 =5 =1 -2 5 1
—BT=—|5 4 —6|=|-5 -4 6
1 6 3 -1 -6 -3
2 B# —BL

Hence, B is neither symmetric nor skew-symmetric

matrix.
0 142 i—-2
(iti) LetC=| —1-2i 0 -7
2—i 7 0
[ 0 —-1-2i 2—i)
Then CT= | 1 +2i 0 7
L i—=2 -7 0)J
[ 0 142 i—=2)
—Cl=| —1-2i 0 -7
L 2—1i 7 0)J
5. C=-CT

Hence, C is skew-symmetric matrix.

or neither :
1 2 -5 2 51 : c N A N o
@ 2 _3 4 G | —s 4 6 10. Construct the matrix A =[a;l; ;5 where a;=i—j.
s 4 9 —1 e '3 State whether A is symmetric or skew-symmetric.
0 1+2i i—2 @11 Ryz B3
Gii) | —1—2i 0o -7 Solution : A=[a]3, 3= |81 A2z a3
2—1i 7 0 ! @3y A3y Aag
Solution : NOW, a"j =1 —j for all andj
1 2 -5 Dol agy=1-1=0,a,=1-2= -1
() LetA=| 2 -3 4 Aia=1-3=—2,0a,=2-1=1
-5 4 9
) Ay =2—2=0,8,,=2-3=—1
1 2 -5 :
: A3, =3—-1=2,8,,=3—-2=1,8,3,=3-3=0
Then AT=| 2 -3 4 o 2 *
-5 4 9 0 -1 =2
x T Al A 4 TA=]1 0 -1
Since, A = A", A is a symmetric matrix. » 1 0
2 5 1 Since, aj=i—j= —(j—i)= —aj forall i and j,
(ii) Let B=| —5 4 6 A is skew-symmetric matrix.
-1 -6 3
2 -5 -1
Then BT= | 5 4 -6 11. Solve the following equations for X and Y, if
e 3X Y =1 sax—sy=|? 2
_— — an st = .
2. BEET - 1 0 1
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Solution :

13. Find x and y, if

1 -1 2x -1 1 -1 6 4 3 55
X—Y= . () ¥ + =
-1 1 3 4y 4 3 03 6 18 7
X—3Y={O —1] L@ Solution :
0 =1 24y -1 1) (~164)_(3 55
Multiplying (1) by 3, we get 3 v 4 3 03 6 18 7
i, = 3 =3 24y—1 —1
9X —3y =3 1 =1] _ ] .G +y +6 144 [ }
-1 1 -3 3 3+3 4/+0 4+3 6 7
Subtracting (2) from (3), we get ) [2x+y~l 5 5]_[3 ]
- 3 -3 0 —1 "6 4y 7 6 18 7
-3 3 0 -1 By equality of matrices, we get
[ 3-0 -3-(-D] [ 8 -2 2x+y—1=3 e (1)
“-3-0 3-(-1) [-3 4 and 4y = 18 . (2)
3 1 _9
| x_l 3 —2) | 8 4 From(2),y—2
T8 -3 4) | 3 1 - 9.
8 2 Substituting y = 5 in (1), we get
Substituting the value of X in (1), we get
! g‘ value (1), we ge 2x+9 e
|8 _1 \
| 8 4] .| 1 Hn ) 1
3[ 3 IE_Y_[—I 1] . 2x=3- =-,
| 8 2| 1
. X= —
9 3] ¢
_| 8 Ta_[ 11 X\i.~Y 9
.Y—; 9 35—[_1 1] Hence,x—~4andy—2.
I — {
L &8 2]
1 1 2a+b 3a—0b 2 3
| 9.1 % _\Yy| /1 BT AN ]~[ ],ﬁndu,b,candd.
| 8 4 || 8 4} c+2d 2c—d 4 -1
9 3 ANy | 1 1] y
\I_ =(+=1) 2 -1 _8 2\ Solution : 2+b Safy = . 8
L J c+2d 2c~-d 4 -1
3 1 N By equality of matrices,
. 2a+b=2 oo
Hence, X = 8 4 and Y = 8 4 )
31 11 34— . @)
8§ 2 8 2, c+2d=4 o (8)
2c—d= -1 . (4)
12. Find matrices A and B, if Adding (1) and (2), we get
2A_B=[_Z —: (1)] and S5a=5 va=1
Substituting 2 =1 in (1), we get
A—ZB=[_2 4 _g] 20)+b=2 .. b=0
Multiplying equation (4) by 2, we get
Solution : Refer to the solution of Q. 11. de—2d= —2 )
14 8 10 16 )
3 - - 0 - - Adding (3) and (5), we get
Ans. A = 3 3|,B= 3 3 | 5 8
-2 1 3 o 0 5 Bom2 b om2
3 5
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Substituting ¢ =§ in (4), we get

2(5)-a= -1

Y 9
=g tl=g

; 2 9
Hence, a=1, b=0, c—sand d_S'

15. There are two book shops owned by Suresh and
Ganesh. Their sales (in ¥) for books in three
subjects — Physics, Chemistry and Mathematics for
two months, July and August 2017 are given by two
matrices A and B :

July sales (in ), Physics, Chemistry, Mathematics

| 5600 6750 8500 | First Row Suresh,
"~ | 6650 7055 8905 | Second Row Ganesh

August Sales (in ¥), Physics, Chemistry, Mathematics
B [6650 7055 8905] First Row Suresh,
7000 7500 10200 ) Second Row Ganesh

(i) Find the increase in sales in ¥ from July to
August 2017.

(ii) If both book shops get 10% profit in the month
of August 2017, find the profit for each book
seller in each subject in that month.

Solution : The sales for the July and August 2017 for

Suresh and Ganesh are given by the matrices A and B as :

July Sales (in )

(ii)

Physics Chemistry Mathematics
=[ 1050 305 405]
350 445 1295

Hence, the increase in sales (in ¥) from July to August
2017 for :
Suresh book shop : ¥ 1050 in Physics, ¥ 305 in

Suresh
Ganesh

Chemistry and T 405 in Mathematics.
Ganesh book shop : ¥ 350 in Physics, ¥ 445 in
Chemistry and ¥ 1295 in Mathematics.

Both the book shops get 10% profit in August 2017,
the profit for each book seller in each subject in
August 2017 is obtained by the scalar multiplication

10 1
100 10°

1 1 [6650 7055 8905]

of matrix B by 10%, i.e.

100 10

Physics Chemistry Mathematics
= 665 705.5 890.5]
700 750 1020

Now, B
ow 7000 7500 10200

Suresh
Ganesh

Hence, the profit for Suresh book shop are ¥ 665 in
Physics, ¥ 705.50 in Chemistry and ¥ 890.50 in
Mathematics and for Ganesh book shop are ¥ 700
in Physics, ¥ 750 in Chemistry and ¥ 1020 in

Mathematics.

EXAMPLES FOR PRACTICE 2.2 )

Physics Chemistry Mathematics \
A | 5600 6750 8500] Suresh s /5 5 8 ©
6650 7055 8905) Ganesh LEA=| 7 4|"B=|5 32
August Sales (in %) 1 £1 4
C= [ ] , verify the following :
Physics Chemistry Mathematics 2 10
B— 6650 7055 8905] Suresh (i) (A4B)+C=A+(B+C)
7000 7500 10200) Ganesh (ii) 4(A +B)=4A +4B
(i) The increase in sales (in ¥) from July to August 2017 (iii) 5(B —C)=5B —5C
is obtained by subtracting the matrix A from B. (iv) (A+B) =A'+B.
6650 7055 8905 2 -1 . B2
Now, B—A = = L) IFA= - , ;
ow [7000 7500 10200] 2. (i) IfA [ 3 4J ,B ‘\ —2 0 J , find the matrix
[5600 6750 8500] 3A —2B.
6650 7055 8905 -
(ii) If A=[12 3], B=[ 143}, then
66505600 70556750 8905 — 8500 S =% & W
| 7000 — 6650 7500 — 7055 10200 — 8905 find 2A + 3B.
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A Ko 2 4 B 13 and C— -2 5 , | 8. Solve for X and Y, if
32 -25 3 4 5 g 5 B
! (i)X+Y=[ },X—Y:[‘ ]
find (i) A+B (i) B—A (iii)) A+B+C ! 2 3 0 —1
(iv) (C—B)—A. ; s ~1 4 - |
| (ii) X —2Y = g =Yy
2 2 P 33 3
_ : . 2 )
.IfA=[2 -1 —-3|,B=[3 0 5]|and (iii)2X+3Y={ 3],3x+2y=[ ]
1 0 4 69 —1 40 -1 5
4 44 , 2 —1 -3 1
C={5 —1 0|, then find (iv) X+Y= 1 3|, X-2¥=| 3 -1
7 81 ! =3 =2 4 -2

(i) 2A—-B+C (ii)) A+C—3B (iii) 2C — B+ 3A. 2 3a

. If A=diag(2, -5, 9), B=diag(—3,7, —14) and 9. (i) Find @, b, ¢ if { b -1 4] is a symmetric

-5 CiT
C=diag(1, 0, 3), find B-A-C. i

matrix.
3 -5
s () I A= [4 " ] , find the matrix X such that 2 a3
(ii) Finda, b, cif | —7 4 5| is asymmetric matrix.
A—-2X=0.
cb o6
i 32 1 .
(i) If A= [1 5], find the matrix X such that a xy
(iii) Find a, b, ¢, x, y, zif | =3 b z| is a skew-
2 —4 ¢

asxe] 27].
-8 2

symmetric matrix.

(@) 2A —B + X =0, where 10. For the following matrices, find its transpose and

[ 2 4 3] [2 _3 4] ! state whether it is symmetric, skew-symmetric or
A= 7 A
-3 =10 5 -6 0 neither :
(ii) 2A —3B + X is a zero matrix, where 2 —3)1 1 —-14
1 2 2 2.3 4 | G) | -3 4 5 (ii) |1 6 2
A=[_3 1y 0]'B={5 \s 0] : 1 56 4 53
(iii) 2X + 3A —4B =0, where ‘j o 3 0 3 —4
3 1 12 ! (iii) [ g 0] Giv) | -3 0 6
A=[‘ N ],B=[ ] | 4 -6 0
2 4 -3 0 |
iv) 2X +3A — 2B =0, w | Lo 58 9
Uy, TR ER = e 1L IfA=| —2 1 |andB= [4 5 6],ﬁnd the matrix
23 -1 2 !
MESTAES ey
~14 : . (BA-B).
(v) 2A =3B +1=X, where I is the unit matrix of 12 Find'the values of x and'y, if
order2andA=[3 7],B=[4 5] ‘ (i) 1 x0 g s T & 2] (422
24 = y24)t a3 -2) 652
: 23 -1 ! 5 7 6
3A —2B X =5C, where A = ’
(vi) +4 where [4 7 5] [ +[ ] [15 14]

._a

)
P I R N v e
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‘ 1
(iv)213+y0=56 %2_1E 34—2§
0 x 12 18 ‘ 3 3| | 3 3
: , | 5 5|, | 2 4]
«) 2241 —1 i, -1 6 _ 4 5 ! (iv) X= 5 3E,Y=J -2 g
3 4 30/ (612 ! ‘
’ £ gl |- 0
- 3 -1 T 1™
13. If[x+y y Z]=[ ],ﬁndx,y,z. - 3 ) L 3 )
=2 y-x) L1 1 9. (i) a= —5b=3c=4
14. Find the value of x, y, z and w, if (ii) a= =7, b=5,¢c=3
o v [ * 6], 4 x+y '; (i) a=0,b=0,c=0,x=3,y= —2, z=4.
zw -1 w z+w 3) !
10. (i) symmatric
Answers
) (ii) neither symmetric nor skew-symmetric
2. (i) 0 =7 (ii) 5163 ! (iii) skew-symmetric (iv) skew-symmetric.
13 12 423 0
o 27 e | 7L T e |l R S
g 17 -5 3 411 A\l B
P ! 8 6
w |02 |
1 !
Wl 2 -8 D12, (@) x=1y=2 i) x=2,y=9
(5 5 5 =) i3 -3 (iii)x=3,y=—4 (XV) x=3,y=3
4. G) |6 —3 —11] ) -2 =2 —18} ; (v) x=2,y=3.
3 -1 8 -0 -19 6 |
) i 18.x=1,y=22=3
i G N ,:
Giy-| 18- =B 94 ; 14. x=4,y=10,z=2, w=3.
(11 7 11 )
! 7. Multiplication of Matrices :
-6 0 0 ; CANN . ;
5 0 12 0 i (a) Multiplication of a Row Matrix by a Column Matrix :
0 0 —26 ; If A is a row matrix and B is a column matrix, then
3/2 —5/2 0 -1 i product A x B can be found if number of columns of A is
6. (i) [ 2 1] (ii) [3 1] ! equal to the number of rows of B.
al=-2 -11 =2 ,...[4 —-13 8 Hence, if A is row matrix of order 1 x n and B is a
701 11 —4 o Win <16 0
: ¢ column matrix of order n x 1, then we can find AB and
o (=572 11/2] g [—4 N\ | order of ABis 1x1.
(iii) [ "9 —6] (iv) [3/2 _5] 5
: ; by,
1 9 37 v IfA=[a,, a,, a,,] and B=|b,, |,
I T B -
g1 4 2 ; then AB = [ay,by; 450, +a,3b4]
' ' | For example :
4 4 1 -2 !
8. (i) X=[] 1],\(=[1 2] 3
(@) [215]x|—1]=[23)+1(—1)+5(2)]
1 2 1 -3
(ii) x:[ ,Y=[ ] .
3 1 3 0 =[15]
2 12 ‘ 2 13 , .
wxe| ¢ lvel f @ x| _3]-u-a
- 3| — !
5 I s 7 =[1]
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x
(iii) If [x 2 3] x 5| =[5], then
-3
[x* +10—9] =[5]
S [x2+1]=[5]
Lat+l=5 x*=4 | x=+2

(b) Multiplication in general :

If the number of columns of a matrix A is equal to the
number of rows of a matrix B, then only we can multiply
the matrices A and B and obtain their product AB.

Thus if A is an m x n matrix and B is an n x p matrix, |
then we can multiply them and their product AB is an
m x p matrix. The product AB is obtained by multiplying

the rows of A by the corresponding columns of B.

by, by,
Ri4 @4y @
Let A= [ e m] and B= |b,, b,, !
821 @22 f23 b !
a1 ba

Here, A is a 2 x 3 matrix and B is a 3 x 2 matrix. Hence,
their product AB is 2 x 2 matrix.
Let us take two rows of A as R,, R, and two columns

of B as C,, C,. Hence, we can write

R

A= [ ‘],andB:[Cl ci]
2

R,C,

R,C,
R,C,

. s R, =
a8 et [RGB

2

Apbyy +aggby +aysbyy

AB — [ by +ayb,, +“13baz]

Ag1byy + a5y +agsbsy  Ayibyy +ag5bs; +ay5bs,

Also, B is a 3 x 2 matrix and A is a 2 x 3 matrix. Hence

their product BA is a 3 x 3 matrix. In this case, we can

write ‘
R, :
B=|R,| and A=[C, C, C,] }
R,
(R, !
. BA=|R,| x[C, C, C4] !
\R3
[R,C; R,C, RGy
=|R,Cy R, Ry
(R,C, RyC, R,C,
byjay, + 01505 byyayy+biya, by +biaas,
BA = |byyayy + U308, byi8y5+byy05, byiay3+byy8,, !

byyy +basyy byiia+b3a5;  bagys +bspiss

For example :

1 1 4 2 0
Let A= and B= |4 21.

2 31

1 -5

Then R, =[1 —1 4], R,=[2 3 1]

2) 0
Ci=|4]|,C;= 2

1} —5

S RC =102) +(—1)4) +4(1) =2 -4 +4=2

R,C, =1(0) + (—1)(2) + 4(~—5)
=0-2-20=-22

R,C, =2(2)+3@4)+1(1)=4+12+1=17

R,C,=2(0)+3(2)+1(-5)=0+6—-5=1

RG] [2 -22
R,C,) |17 1

2 0
BA = |4 2)([ 14]
-5

R,C;

. AB=
e

2 31
1
2(1) +0(2) 2(—1)+0(3) 2(4)+0(1)
= 4(1) +2(2) 4(~1)+20) 44)+2(1)

D+ (—5Q) U-1)+(-53) 14)+(-5)1)

2 =2 8
= 8 2 18
-9 =16 -1

Note : In the above example, we observe that AB is a
2 x 2 matrix and BA is a 3 x 3 matrix, i.e. their orders are
not equal. Hence, AB # BA. This is true in general i.e.
matrix multiplication is not commutative. Even when AB
and BA have the same order, they may not be equal in
general.

The definition for product AB is as follows :

Definition : If A = [a,-,-] is a matrix of order m x n and
B = [b;] is a matrix of order n x p, then we define C = AB
as a matrix of order m xp by C=[c,] where ¢ is
obtained by multiplying the i row of A and k™ column
of B.

G =y byy + Bigboy + by e by
= I ayby.
j=1
In the product AB, A is called pre-factor and B is

called post-factor.

2. MATRICES 73

www.saiphy.com



www.saiphy.com

2.4 : PROPERTIES OF MATRIX
MULTIPLICATION

1. For matrices A and B, matrix multiplication is not
commutative.
i.e. AB # BA (in general)

. For three matrices A, B, C, matrix multiplication is
associative.
i.e. A(BC) = (AB)C if all the products exist.

For example :

2 ! 1 2 1 3
LetA=|1 2, B= , O :
; -1 0 2 1
1 -1
Then
2 1
1 2
ot 2|[7)
; -1 0
1 -1
2—1 4+0 1
=|1-2 240 |=| -1
1+1 2-0 2 2
[ 1 :4
1 -3
ame- 12 [3 1)
2 2
([ 1+8 —3+4
=| —1+4 3+2
L 2+4 —6+2
(9 1
=:| 8 5 (1)
L6 —4

1
[ 1+4 -3+42) [ 5 -1
|l -1+0 3+0) | -1 3

(2
5 =1
COABQO) = | 1 [ ]
—1 3
L1 #1
(10—=1 —2+3
=| 5—-2 =146
L 5+1 —-1-3
(9 1
=3 5 v (2)
L6 _4

From (1) and (2), we get
(AB)C = A(BC).

3. For three matrices A, B, C, matrix multiplication is

distributive over addition.
ie. A(B+C)=AB+ AC, (A+B)C=AC+BC.

. For given square matrix A,

AT=1A = A, wherelis an identity matrix of the same
order as that of A.

For example :

+
o
o
-
w
SR
Il
—
|
N
(5]
T =y
Il
>

mdLA:[lo][—z ﬂ
01 4 1

~240 3+40] (-2 3 i
0+4 0+41) R

SOAI=IFA=A.

. For any matrix A, there exists a null matrix 0 such that

A-0=0-A=0.

. If A and B are two matrices such that the product

AB =0, then it need not imply that A=0 or B=0.
Such matrices A and B are called Non-zero divisors of

zero.

For example :

1 2 2 =2
IfA= = f
fA [3 6}andB [—l 1]

2 2 =2
thenAB:[3 6][—1 1]
|2-2 =242 |00

- |l6-6 —6+6) |0 0

Thus the product AB is zero matrix but neither A

nor B is zero matrix.

. In number theory, if 4, b, ¢ are three numbers such that

ab = ac, then either a = 0 or b = ¢. Matrix do not always
satisfy this condition, i.e. if A, B, C are three matrices
such that AB = AC, then it need not imply that A =0
orB=C.
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111 j -1 11 2 1 4
F°’°"a“‘Ple=HA=[3 3 3]' | 2 IfA=| 2 3 0[,B=|3 0 2|.
; 1 -3 1 12 1
-2 3 4 1 f' State whether AB = BA? Justify your answer.
B= 1 -5|,C=|—-4 -—3|, then Solution :
¢ 1 3 1 [—f 4 1){2 1 %
-2 3 I AB=| 2 3 0||3 0 2
1 11 =
AB=[%]1—5 | [ 1 -3 112
3 33 1 Baa =14ied 44851
= 44+9+0 2+0+0 8+6+0
_| —2+1+4 3-5+1) |3 -1 2-9+1 1-0+4+2 4-6+1
—6+3+12 9-15+3 9 -3 ‘ ; :
| 2 1 =1
TEIER: —— e . (1)
and AC = -4 -3 i -6 3 -1
33 3|75 1 L
2 1 4 ~1 11
= 4—4+3 1-34+1|/718 -1 ! BA=|3 0 2 2 30
T l12—-124+9 3-9+3| |9 -3 ; 121 1 -3 1
Thus, AB=AC but neither A is a zero matrix | [ _242+4 243-12 2+0+4
nor B=C. i =|-340+2 340-6 3+0+2
o ' ~144+1 1AK3 140+1
8. Positive integer powers of square matrix A are 3
obtained by repeated multiplication of A by itself. : \ ‘f _; g )
Thus, A?=AA, A*=AAA, .., T\ '
A" =A-A-A ... n times. 'L From (1) and (2), AB # BA.
Some useful results : ;
If A and B are square matrices of same order, then 2 -2 3 -1
(1) (A+B)2=(A+B)(A+B) ’ 3. Show that AB =BA, where A= —2 ; —1 ’
=A(A+B)+B(A+B) ? { Y
— A2+ AB+BA +B? o N5 A\
Note that : (A+B)? # A% +2AB + B? unless AB=BA 30 -1
(2) (A—B)*=(A—B)A—B) ! Solution :
=A(A-B)—-B(A-B) 5 2 3 M| [ -1
=A?—AB—BA +B? | AB=| -1 2 —-1[[2 2 -1
Note that : (A —B)?#A? —2AB+B? unless AB =BA. | (-6 9 —4)J13 0 -1
(3) (A+B)A—B)=A(A—B)+B(A—B) ! —§+Z-g —g+2—8 %—;ﬂ
AT _p2 ! = =133 5 mdthd— -2+
o ~6418—12 —18+18—0 6-9+4
Note that : (A+B)(A —B)#A? — B? unless AB=BA. :1 o
00 1 0 ()
EXERCISE 2.3  Textbook pages 55 and 56 00 1
3 4] | (1 3 ~1) (=2 3 -1
1. Evaluate: () |2|[2 —4 3] (i) [2 —13] |3]. B=|2 2 -1 -1 2 -1
1 1) 3 0 -1)| -6 9 -4
Solution : ! [ -2-3+6 3+6-9 —1-3+4
3 6 —12 9 1 =| -4-24+6 6+4-9 —-2-2+4
(i) |2|[2 —43]=(4 -8 6]. |—6—-0+6 9+0-9 —-3-0+4
1 2 -4 3 (1 0 0
o =]0 10 sus {2)
: _ 00 1
Gi) [2 —13] |3|=[8-3+3]=[8]. : >
1 . From (1) and (2), AB =BA.
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101 =A4d4 T 3 2
4. Verify A(BC)=(AB)C,if A=|2 3 0|, - 3+2 —2-1] |5 -3
0 4 5 ;
! 4 -2)(3 2
2 -2 3 2 —1 A(B+C)=[ ][ ]
B=| —1 1| and C= . » 2 3)(5 -3
i 3 20 —2
! 12-10 8+6 2 14
Solution : = 6+15 4—9 o= 21 —5 (D)
) !
i 2 =1 | (
BC=| —1 1{ ] | g 4 =2)[=1 1
- ,A =
g g t> & =2 | A 3| 3 -2
6-4 4-0 —2+4 2 AR | b 6 i 10 8
=|-342 -240 1-2|=|=1 ~2 =1 ! (W 2—6]:[ 7 —4]
0+6 0+0 0-6 6 0 -6
(101)( 2 4 2 | AC= ; ‘i][i }]
S ABC)=(230(]| -1 =2 -1 ! - i
(0 45 6 0 -6 ﬁ (164 4+2]_[12 6]
(2—0+6 4—0+0 2-0-6 ! [ 8+6 2-3 14 —1
=| 4-3+08-6+0 4-3-0 =10 e 12 6
- = T . AB+AC=
(0—4+30 0—8+0 0—4—30 + [ " _4]+[]4 _1]
(8 4 —4 j
A4 & @ o :[—10+12 8+6]:[2 14]“_ @)
26 —8 —24 7414 —4-1 21 -5
101 21 4 4 | From (1) and (2), A(B+C)=AB + AC.
Also, AB = [2 3 o] [—1 1J ';
045 0 3 ; 1 2
; 432
2—040 —240+3 2 1 6.IfA=[ 120],B=[—1 0],showthat
=[4-34+0 —4+43+0| = 1 -1 ; - 1 -2
0-4+0 0+4+15 —4 19 :‘ matrix AB is non-singular.
2! 3 \A %1 s luti
— ) s0iunon @
& (AB)Cw| 1 —1 [ ] ' N
2 0 -2
L -4 19 1 2
! 4 3 2
6+2 440 —2-2 vaBm| i s Ml O
B 3-2 2-0 -1+2 1 -2
[ ~12+38 —8+0 4-—38 ] 4-3+42 840-4 3 4
(8 4 -4 | =[—1—2+o —2+0—0]=[—3 —2]
=11 2 1 o (2)
3 4
(26 —8 —34 ¥ 2 |AB|=’ A ¥
From (1) and (2), A(BC) = (AB)C.
' = —6—(—12)=6%0
5. Verify that A(B + C) = AB + AC, if | Hence, AB is a non-singular matrix.
4 =32 =1 4 4 1 |
A= , B = and C = i
2 3 g = 2 =1 12 0
Solution : 7. fA+I=|54 2/, find the product
pad] =¥ T A 1 ; 07 —3
L 8 =2 2, -1 L (A+DA-D.
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R 9. 1f A= [ . g] find k so that A>—8A — k=0,
A—I=(A+1)—21 |
1 2 0 100 | where I is a 2 x 2 unit matrix and 0 is null matrix of
=|5 4 21-210 1 0 order 2.
LO 7 ~8 001 Solution :
(12 0 2.0 0
=[5 4 2({-[020 x 10][10]
A =AA=
0 7 -3 00 2 [—1 7| =1. 7
[-12 0 f [ 1-0 o40) [ 1 o
= 52 2 ! Tl -1-7 0+49] | -8 49
07 -5 |
12 0([-1aF0 | . A—8A ~KI = ; 42]—8[ i g]—k[é (1)]
S A+DA-D=|5 4 2 52 2 L -
07 —3 0 7 =5 (1 0] [ 8 0] [ko
-1+10+0 2+ 4+ 0 0+ 4- 0 : -8 ~8 56 0 k
=| —54204+0 10+ 8+14 0+ 8—10 ! )
0435-0 0+414—21 0+14+15 ! _| 1-8-k 0-0-0
! —84+8—0 49-56—k
9 6 4 i
=15 32 -=2]. ' [ —k—7 0
3B -7 29 = 0 —k=7
| But, A2—8A—KI=0
122 ;
8. IfA= |2 1 2|,show that A —4A is a scalar matrix. | CT=%\7 0 00
221 y = 0 —k=7|710 0
Solution : By equality of matrices,
1.2 2) [1 | 2 /
A2=AA=]2 1 2||2 1 2 =k =0 A" k==7.
2 2 1)Jl2 A%
(14444 24244 2+4+2 10. If A={ 2 1], prove that A?—-5A+71=0,
=[2+2+4 4+1+4 44242 -1 2

12+4+2 4+4+2+2 4+4+1

-

where I is a 2 x 2 unit matrix.

9 8 8 Solution :
=(8 9 8
31 31
3 A
8 8 9 A?=AA [_1 2][_1 2]
9 8 8 I 2 .2 [ 91 243] [ 8%
A*—4A=|8 9 8|—-4(2 1 2 g P L T T [ S T
8 8 9] (221 | L | i -
. 2D A h
(9 8 8) (4 8 8 } oY | =5 3] 5[4 2]”[“ 1]
=18 9 8(—|8 4 8 )
(8 8 9] (8 8 4 _85_155+70
_L—5 3 -5 10 0 7
50 0] ,
=|{0 5 o], [ 8-15+7 5-5+0] [0 0
0 0 5 | =54540 3-10+47) [0 0
which is a scalar matrix. S, A2—5A +71=0.
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By equality of matrices,

1=3k—2 - (@)

(A + B)? = A? + B?, find values of a and b. O . (2

Solution : (A +B)? = A? 4 B? P . (3)

. (A+B)A+B)=A*+B? —4=—2k-2 . (4)
. A?+AB+BA +B?>=A?+B? From (2), k=1.

W AB+BA=0
. AB= —BA

k=1 also satisfies equation (1), (3) and (4).

Hence, k =1.

13. Find x and y, if

IEEREREr R ,
SS I R ST

[ 2-2
“ | —2+2

a+2b o 2—a
—a—2b| -1-b

0 a+2b e -2 2a-4 Solution :
[0 —a—2b) T |14b 2+42b
. 2 r
By the equality of matrices, we get i f4[2 = 3]_[3 A\ 4]} i, | o x]
0=a—2 L L\t 0 2]7 (2 \} 1, 1
0=1+b ) i
L8 e 2] (3 -3 1 _F|_[=
a+2b=2a—4 @ e 0 8 T2 1 1)) |
—a—2b=2+2b . @

! - 2
From equations (1) and (2), we get R (5 R\ A M= I
w2 A/ 7 1y

a=2and b= —1 ; X
(10+1+8] [«
4+1+7 Ty

(19 Y |'x

|12 Ty

By equality of matrices,
x=19 and y =12.

The values of # and b satisfy equations (3) and (4) also.

Hence, a =2 and b= —1.

3 -2

12. Fmdk,fo=[4 =3

] and A% =kA —2L

Solution :

14. Find x, y, z, if
-6+4| |1 -2
~8+4) |4 —4

Solution :

2 0 1 8] Lr, (x—3
3l 0%ad -4 -1 @ [2]= v—1
2 2 3 1 22

6 0 4 4
0 6(—|—4 8
6 6 12 4

_[ak —2] (2 0
“lae —2) "o 2
k-2 -2
4k —2k—2
But, A% = kA 21

2 —4 1 x—3

(1 =2 [8k-2 -2k % 4 <=2 [2]= y—1

14 -4 4k —2k-2 -6 2 2z
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2-8 x—3

4—-4|=|y—1
—6+4 2z
—6 x—3

0l=|y-1
-2 2z

By equality of matrices,
—6=x—3,0=y—1land —2=2z

Sox==3, y=landz=—1.

15. Jay and Ram are two friends. Jay wants to buy
4 pens and 8 notebooks. Ram wants to buy 5 pens
and 12 notebooks. The price of one pen and one
notebook was ¥ 6 and ¥ 10 respectively. Using
matrix multiplication, find the amount each one of
them requires for buying the pens and notebooks.

Solution : The given data can be written in matrix form

as :

Number of Pens and Notebooks

Pens Notebooks

A=[ 4 8 ]Iay
5 12 Ram
Price in ¥
Be 6 Pen

~ 110 Notebook

For finding the amount each one of them requires to buy
the pens and notebook, we require the multiplication of
the two matrices A and B.

Consider AB = [4 8] [ 6]

5 12 (10
[ 24+80) [104
T 304+120) [ 150

Hence, Jay requires ¥ 104 and Ram requires ¥ 150 to buy
the pens and notebooks.

\ EXAMPLES FOR PRACTICE 2.3 |

1. Find AB and BA whenever they exist in each of

following cases :

3 =1 2 2 2
(iii)A=[4 _o 3],B=[1 4]
3 6

34 3 5 —1 2
2. - 2 - s Com
= [1 0 —3] B [o 7 3]

then find the matrix X such that X = (3A —B)C.

-1
2],
1

-3
& :],ﬁnd AB and

1 0

3.If A=

1]

-2 4
3%2%; B= [
1 6

without finding BA, show that AB # BA.

4. Verify that :
(i) A(BC)=(AB)C, where

: - 3 4
; \RER7.LIN | e P
| L2 oY Il T e 2)”
; 0 2

(ii) A(B+ C)=AB + AC, where

A X |
Ao (23] 5o -32]
121 4 68
o024
8 75

(iii) A(B—C)= AB — AC, where
(243 021) . (12 —4
A‘_s 4]'3'[623]’L'[06 5]'

5.1f A= 82| m]
14

L 2 that
31 , prove tha

|AB|=|A[|B].

11 12
6.If./\=[2 2],8:[3 4],thenﬁnd|AB|,

, 1 3 6 —6
w3 2[5
-1 -3 -2 2 7. Show that AB is a singular matrix, where
12 3 b 31 -2 2
(ii) A [2 0 1},B= 2 0 3 A=[12 3J,B: -4 2
3 -1 0 10
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8. Show that AB is a singular matrix but BA is non-

singular, where

12
A= 32|,B= : 3 A
| Lol e =1=8)"
—-10
9. Show that
(13
(i) A% —2A is a scalar matrix, if A = 31 ] .
(155
(ii) A* —~7A is a scalar matrix, if A=| 51 5
L& 571

(18 3
(iii) A® —5A is a scalar matrix, if A= |3 1 3].
13 31

2 4
] , show that A? is a null matrix.

10. If A =
-

1. If A= 52 and B= 01 , then find the
—-16 01

matrix X and Y such that XA =B, AY =B.

13)
12. (i) IfA= 58 , show that A? —4A + 31 =0.

y (12]
(ii) If A = , show that A2 —5A —21=0.

3 4]

(3 1)
(iii) If A = 15 , show that A2 —5A +71=0.

J

' -
(iv) If A= i 9 , show that A2 —3A +1=0.

4 2
13.If A= [1 3] and A% —7A + kI =0, find k.

2 0 1
14.1fA=[2 1 -3/, find A?—5A+6l

1 -1 0

5.2
15. If A = [ ], find a matrix X such that AX =1,.

7::3
1 34
16. IfA4+I=| —1 1 3|, find the matrix (A +TI)(A—1I).
-2 =31

[Hint: A=I=(A+1)—-2L]

32
17. If A = [ ij ] , compute the matrix A? + 2A.

21
= : 2
18.IfA—[02],flndA 7A.

12
19.If A=
If [1 "

],ﬁnd A2 —3A.
1 -1
20. IfA=[ 1 l]' prove that A% =2A.

(2 a 5 —5
2 b]'B=[~2 2] such that

(A —B)*=A%+B? find a and b.

21 (i) fA=

. (1 —1 x
(ii) If A= 2 _l],B— 4 y] such that

(A +B)*=A?*+B? find x and y.

(i) TEA = | 2 6],B= ;] Siich that

(3 —4 Y
‘ (A +B)A—B)=A%*-B? find x and y.
| , a1 (1 -1
(iv) If A = b _1],3— 3 —‘l] such that

/ (A+B)*=A%+B? find a and b.

(12 1 x
,B= and
|3 4J [y 0]

! (A+B)(A—B)=A%—B? find x and y.

-3 2,B= 1x -
L 2 —4 y 0

(A +B)(A —B) = A? — B?, then find x and ¥.

(v) If A =

(vi) f A=

22. Find x, y, if

of 15362 )

—
=
=
=
G oy
(=2
LSS I )

L0t

] 1.2%5 (2 x)
@)q(213[—-2|161 3=y
12 3) 231 (1) z)

(iii) (5A —3B)C = X, where

10 12 (9) [x
A=|01|,B=|-2 3|,C= 1,X= .
11 31 = LZ

=
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3 %
24, Find %, y, 2 if [2 1 2] [_‘:’]= 7

2 z

25, A fruit-stall has 10 dozen mangoes, 8 dozen apples
and 10 dozen bananas. Their selling prices are ¥ 200,
¥ 160 and T 30 per dozen respectively. Find the total
amount which will be received by selling all the

fruits. (Use malrix algebra.)

Answers
, (00 12 36
1. (i) AB—LO OJ,BA—[ ody _12]
i (14 -2 5) _
(ii) AB = = 3 -2 BA does not exist
. [l 2 —
1 2 2 2
(iii) AB = , BA= 19 -9 14
15 2
> L 33 —15 24
: (-7 -8 6] .
(iv) AB = | —1 -4 —2] , BA does not exist.
29
2 [ _29]
—4 6 8
3. AB= 14 —9 28 |, order of BA # order of AB.
10 —3 36
6.0
1/32 5/32 0 1/8
ll'x‘[llsz 5/32]' ‘[o 3/16]
1 =1 =3)
13.k=10 14. [—7 5 14| 15. [_; —i]
-5 4 10
-12 -12 9 =
16. -6 —-13 -4 17. IZ 12]
3 -6 -—18 S
-10 -3 02)
2 [ 0 —10] 19'[1 2 ]
21. (i) a=5b=5 (i) x=1, y= -1
(iii) x= -3, y=-3/2 (iv)a=1,b=5
(v)x=—§,y=—1 (vi) x=2,y=2.

22, (1) x=33, y=5 (i) x=6, y=12 (iii) x =6, y = 10.

23. (i) x=12, y=16,z=8
@) x=—-9,y=-32,z2=-17
(i) x= -2, y=8,2z=—6.
24 x=3,y=2,2z=2,
25. ¥ 3580.

e Properties of Transpose of a Matrix :

1. If A and B are two matrices of same order, then

(A +B)'=AT+B.

2. If A is a matrix and k is a constant, then (kA)" =kAT.

3. If A and B are conformable for the product AB, then

(AB)"=BTAT,
For example :

1g=1

LetA=[3 4

Then AB is defined and

3 4 5
: _[3-2+10
! T |9+8+425
33 11
4 . (AB)T=
! 1
! Now, AT=| —1
} 2
(3 2
. AT
& PAT= 10

.

.

11
. =38

ol 1

31
;],BZ 0
5 —2
31
20
5\ —2
1-0-4] (11 -3
3+0-10) (42 -7
2 .
“ o
3
32 5
y S
1 andB—[l 3 _2]
5
(L3
-2

2.9

(3—2+10 9+8+25
1-0—4 3+0—10

—=7

42] Q)

From (1) and (2), (AB)" = BTAT.

Note : In general,

(ApAyAg. A = (A (A, ) ... (A)-(A.

4. If A is symmetric, then AT = A.
5. If A is skew-symmetric, then AT= — A,

6. If A is a square matrix, then

(i) A+ AT is symmetric

(ii) A — AT is skew-symmetric.

For example :

23 -1
LetA=(4 0 2].
51 6
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245
Then AT=| 3 01
-126
2 3 -1 245
LA+AT=14 0 2+ 301
51 6 =126
47 4
=170 3
4 3 12
This is a symmetric matrix (by definition).
23 -1 245
Also, A—AT=|4 0 2|- 301
51 6 -126
0 -1 -6
=1 0 1
6 -1 0

This is a skew-symmetric matrix (by definition).

Remarlk : A square matrix A can be expressed as the sum

of a symmetric and a skew-symmetric matrix as follows :

A=;(A+AT)+;(A—AT).

EXERCISE 24  Textbook pages 59 and 60

13 2 -6 1
A T 3¢ (2 - ii =
1. FmdA,lf(l)A—[_4 5] (i) A [_4 0 5].

Solution :

w . | 138
(1)A—|'_4 5]

2. If A=layly,, where a;=2(i—j). Find A and A".
State whether A and A" both are symmetric or skew-
symmetric matrices.

Ay Ay 43

Solution : A=[a]ls.3= [y a3, a5,

A3y A3y A33l

Given : a;=2(i —j)

% By =201=1)=0, 4,,=2(1—2)= —2,

a,3=2(1-3)= —4,4a,,=22-1)=2,
A,2=22—2)=0,a,3=2(2-3)= =2,
A3 =2(3—1)=4 a5, =2(3-2)=2,
33 =2(3-3)=0

0 -2 —4
TA=[2 0 =2
4 2 0
0 24
CAT=( =20 02
—4 -2 0
0 24 0 -2 —4
—AT=—[=2 02|=[2 0 -2
—AN2 0 4 2 0

" A= —-ATand AT= - A

Hence, A and AT are both skew-symmetric matrices.

5 -3
3. If A= 4 —3 |, prove that (A")"=A.
-2 1
5 -3
Solution : A = 4 -3
-2 1
5 4 -2
. AT S
£ ‘[—3 -3 1]
5 -3
co (AT = 4 —-3|=A
-2 1
1 2 -5
4. If A= 2 —3 4/, prove that AT=A.
-5 4 9.
1 2 =5
Solution : A= 2 -3 4 (1)
-5 4 9
1l 2 =5
CAT=| 2 =3 4 (2
-5 4 9
From (1) and (2), AT= A.
2 -3 2 1 12
5 If A= 5 —-4(, B 4 -1, C=| -1 4],
-6 1 -3 3 —2 3

then show that

(i) (A+B)T=AT+BT (i) (A-QT=AT-C"
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Solution : i Solution : 3A —2B+C=I
B well 2 1 {2 Cal—3A42B
(i) A+B= 5 —4|+ 4 -1 (1 0 5 4 -1 3
! = -3
-6 1 -3 3 | 0 1] [—2 3]”[ 4 —1]
2+2 —3+1 4 =2 ! (1 0 i% i3 2 ¢
5+4 —'4:'—1 = 9 '—'5 - 0 l]_[-—ﬁ 9]+[ 8 _2]
=6=3 1%3 -9 4 3
‘ 1-15+(—2) 0—12+6]
4 9 -9 =
. T 0—(—6)+8 1-9-2
C. (A+B) [»2 _5 4] .. (1) ‘L :
ol -6
K| * B =6l g & M3 {8 T B4 10
-3 =4 1) 1 SUS |
! -16 14
2 5 —6] (2 4 -3 bl C’=[ ]
" T T -6 —10
AR 5 1]+[1 . 3] 5
[ 2+2 5+4 -6-3 ; 73 0 0 -2 3 .
Sl =il 1+3] NG “A=[o Y Raal PR SR | Lo
[ 4 o9 —9] (@) | @ AT+4BT (i) 5AT-5B".
-2 -5 4 ;
. ! Solution :
From (1) and (2), ! [7 3 0] [0 2 3]
| A= B=
(A+B)T=AT+BT. , 0 4 —2_ 2 1 —4.
; 7 0 |
2 -3 12 ;o AT=|3  4|,B=|-2 1
) A-C=| 5 —4|—|-14 : 0 -2 3 4
-6 1 —28 (7 0 0 2
21 H43 -2 1 g | @ AT+4B"=(3 4| +4f -2 1
=| 5—(-1) —4—4|=| 6 —8 0 —2 3 —4
—f(=19); Y 1=B £4/-2 | 7 0] [ 0 8]
1 6 —4 =3 4|+| -8 4
. . | )
: [=E) [—5 -8 —2] D 0 —2 12 —16
are| 285 —6] (W -1 -2 ' (740  0+8 7 8
S (R 2N\4 3 =| 3-8 4+4|=|-5 8].
e 25 —8) N -2 | l04+12 —2-16 12 —18
' -3 -4 1 2 4 3
| 7 0 0 2
_| 2-15=(=1) -6-(-2) | (i) 5AT-5B"=5|3 4|-5|-2 1
\—3—2 —4 -4 1-3 ! 0 -2 5 =4
= £a %YH4 (35 0 0 10
U )
=5 -8 -2 s =115 20|~ ~=10 5
From (1) and (2), L 0 =10 15 —20
(A—C)T=AT—CT. ! ( 35—0 0—10
‘ =[15—(-10) 205
! | 0—-15 —10—(—20)
saeas=l 2 Y gaws| "% 2| waeacy |
VRS g g WMEB=] g g RRe0ERCL, (35 —10
such that 3A — 2B + C = I, where I is the unit matrix - ?2 }z ’
of order 2. >
2. MATRICES 83
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101
8.1fA—[3 1 2],3—

C=[ 0 - 3],verifythat

-1 =10

(A +2B+30)"= AT+ 2B" + 3C".

Solution :

A +2B +3C

1

01 4 2 -8
+

12 6 10 —4

(14440 0+2+6 1—8+9

21
35

J+[-

www.saiphy.com

Solution :

21
“12 1
Az[—s 2 —3]'B=[:3 2]

13
—T
CAT=| 2 2 BT=2_3 =2
: 1_3’ 1 2 3
(=12 1 2 =3 =1
. b
- _32_3]+[1 .« 3]

N

=341 2+2 —-3+3

ﬁ' 1—10]

_[=1+2 2-3 '1—1]

r

3+6-3 1+10-3 2—-4+0 -2 40
(5 8 2 1 -2
e 8 =2 C(A+BY=| -1 4 o (1Y
0 0
5 6
. (A+2B4+3CT=|8 8 il ol g i
AT+B=| 2 2|+]| -3 2
2 -2
1 -3 -13
13 2 3 i
i —142 =3+1 1 -2
T_ T_ -
A‘?;'B‘ 1 2'@‘ ; =| 2-3 2+42|=|-1 4 @
TEF 1-1 —3+73 0 0
. AT+ 2BT +3CT | From (1) and (2),
(1 3] 2 3 (A+BY)T=AT+B.
=|01|+2 1 5| +3
L1 2) -4 -2 10. Prove that A + AT is a symmetric and A — A" is a
(1 3) 4 6 0 skew-symmetric matrix, where
=0 1|+ 2 10]4—[6 1 2 4 5 2 -4
L1 2] -8 —4 9 (i) A= 3 21 (i) A= |3 —7 2 |+
; 2/ 2 4 =5 8
14440 3+6-3 A
—|0+2+6 1+10-3 Solution :
11-8+9 2—-440 1 2 4 13 -2
) A= 3 21| . A=|22 -3
5 6 2 3 2 41 2
- 2 2 ( 4 "3 o
) coA+AT= 3 2 1|+(2 2 -3
From (1) and (2), L—2 =38 2 41 2
. . . 1+1 243 4-2
L —24+4 —-3+1 242
(2 5 2
-1 2 1
9, ]fAz[_3 9 _3] and B = },provethat = |5 4 -2
2 -2 4
(A +BH)T=AT+B. This is a symmetric matrix (by definition).
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1 2 4 13 =2
Also, A—AT= 3 2 1]— 22 -3
-2 =32 41 2
1-1 2-3 4—(-2)
= 3-2 2-21-(-3)
(—2—-4 -3-1 2-2
0 -1 6
= 1 0 4
-6 —4 0

This is a skew-symmetric matrix (by definition).

(ii) Refer to the solution of Q. 10 (i).

11. Express each of the following matrix as the sum of a

symmetric and a skew-symmetric matrix :

3 3 -1
() [g :;] G | -2 -2 1.
-4 -5 2
Solution :
¥ 4 -2
(i) Le:tA:[3 _5]

[ & 3
Than—[_2 _5]
. : [4 -2 4 3
W AN
i 7A
11 —10

_|4+4
T 3-2
This is a symmetric matrix.

o [4 —2] _\\d 8
Also, A A—[3 _5 _2 _5

[ 4-4 —-2-3] [0 -5
“|3-(-2) -5-(=5)) |5 ©

This is a skew-symmetric matrix.

—-2+43
—5—5

Now, A :;(A + AT) + ;(A —AT)

3 -2 -4
Then AT=| 3 -2 -5
-1 1 2
3 3 -1 3 -2 —4
LA+AT=| -2 -2 1| - 3 -2 =5
-4 -5 2 -1 1 2
3+3 3-2 -1-4
=| =243 -2-2 1-5
(—4—-1 =541 242
6 1 -5
= 1 -4 -4
(-5 —4 1
This is a symmetric matrix.
Also, A — AT
[ 3 3 -1 3 -2 -4
=[-2 =2 1|- 3 -2 -5
L—4 -5 2 -1 1 2
[ 3-3 3—(-2) —-1—-(—4)
= —-2-3 —-2—(-2) 1—-(-5)
L—4—(-1) -5=1 2-2
0 5 3
=|-=5 0 6
L =3 —6°0
This is a skew-symmtric matrix.
Now,A=;(A+AT)+;(A—AT)
6 1/ ~5 0 5 3
WA= 1. —gf—4|+z|—5 0 6/.
-5 -4 4 -3 =6 0
2/ 0 3 -4
12. f A= |3 —2| and B= ‘
2 -1 1
4 1

verify that (i) (AB)T=BTAT (i) (BA)"=ATB.

Solution :
118 1 +1 0 =5
2|1 —10] 25 0 | 2 -1 i "N\ 5
 A=18 =2|,B=
19 57 2 -1 1
4 ;[P | 41
A=l 25+:; 2‘
-5 |3 0! 2 % v 0 2
2 | (2 .‘ - AT=[ . ) 1],BT= . |
—4 1
3 3 -1 2 -1 0 3 4
(ii) Let A=| -2 -2 1 (i) AB=|3 -2 [2 1 1]
-4 -5 2 4 1
2. MATRICES 85
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0-2 6+1 —8-1 -2 7 =9
=|0—4 942 —12-2|=|-4 11 —-14
0+2 12—1 —16+1 2 11 —15
~2 =4 2
SABY=| 7 11 11 . (1)
-9 —14 —15
0 2
2 3 4
B'AT=| 3 -1][ ]
-1 =21
-4 1
0-2 04 0+2
=| 6+1 942  12-1
[ ~8-1 —12—-2 —16+1
(‘=2 =4 2
= 7 11 1 )
-9 —14 —15
From (1) and (2),
(AB)T = BTAT,
0 3 -4 71
(ii) BA=[2 i 1] 3 -2
4 1
_[0o+9-16 0-6-4] [-7 ~—10
| 4-3+4 —-2+42+1) | 5 1
=
. (BA)T = !
(BA) [—10 1] (1)
" 0 2
2 3 4
ATBT = 8 =
L=1 —=2 1
—-4 1
~[0+9-16 4-3+4
Tl 0-6-4 —-2+2+1
AN
- w (2
| —10 1] @

From (1) and (2), (BA)" = A™B".

www.saiphy.com

\ EXAMPLES FOR PRACTICE 2.4

1. Find the transpose of the following matrices :

L3 -1 ~ 12 -1 3
® [4 5] @) [4 5 6]
1 6 0 2 1
(i) | =1 1 (iv) |3 4 5]|.
2 7 6 —1 8
5 5 5
2.IfA=|6 —3 —11/, prove that (AT)T=A.
3 -1 8
86

2 3 =5 2 3
IfA= ,B=
3K [1 -2 4] [4 5

5 -1 0
C=[7 8 1},verifythalt
(i) (A +B)T=AT+B"
(i) B—C)'=B"-C"
(iii) (A +2B —3C)"= AT+ 2B"—3C".

-1
2/

, then find

7 0 3 (2 3 2
4. If A= , B=
[2 5 o] 4 0 —1]
(i) AT+3BT (i) 2AT — 5B,
(2 3
™2 1
5 If A= ,B=1]1 2], verify that
31 3 ¥ 5 ’

(i) (AB)T=BTAT (i) (BA)"=ATB".

6. Express each of the following matrix as the sum of a

symmetric and a skew-symmetric matrix :

LS
—6
7

@) {Z _;] (ii) [
Answers
o 4 2 4
o3 w|as
3

A 2] 0
1\ 7 (iv) [2

1

—5
2
8

(ii) [;

vl W
I

3
11 8
9

N

(13 14 4 -16
.G |9 5| G)|-15 10}
L9 -3 4 5
3 ; 0 —2‘
6. (l) 3 + 5
5 2 s U
11 1
af = 5 05 -2
. 11 9 1 7
@)} = 3 ul a2 (7’ ~
5 5 —18 2 5 0

2.5 : ELEMENTARY TRANSFORMATIONS

The elementary transformations are the operations

performed on rows (or columns) of a matrix.
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(i)
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(i

(iii)
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following are elementary row transformations :
Interchanging any two rows :

If the ™ and the j® rows of a matrix are
interchanged, then we denote this by R;; or by
RR;

Note that R and C symbolically represent the

rows and columns of a matrix, respectively.

Important : A row cannot be interchanged
with a column and a column cannot be inter-

changed with a row.

For example :

3 =2 1
IfA=]4 0 -5, thenR,«*R, gives
6 1 8
3 =2 1
the matrix |6 1 8
4 0 -5
3 -2 1
Note that A # |6 1 8
4 0 -5
3 -2 1
We write A ~ |6 1 8
4 0 -5

Multiplying the elements of any row by a non-
zero number :

If the elements of the i row are multiplied by
a non-zero number k, then we denote this by kR;
or by R; — kR;.
For example :

3

IfA=[6

-2 ) 6 —4
1] , then 2R, gives A ~ [6 1]

Adding to the elements of any row, the same
multiples of the corresponding elements of any
other row :

If to the elements of the i row, are added
k times the corresponding elements of the j™"
row, then we denote this by R; + kR; or
by R; = R;+kR;
For example :

3
6

3 -2 ], 3 —2
A”[6+2(3) 1+2(_2)]"'G'A”[12 —3]

IfA=[ _i'] then R, + 2R, gives

2. MATRICES

(b) The following are elementary column transform-
ations :

(i) Interchanging any two columns :

If the i and the j* columns of a matrix are
interchanged, then we denote this by C;; or by

G eC,
For example :

2: 1 3 o s 12
IfA=[4 5] then C, <> C, gives A ~ [5 4]

(ii) Multiplying the elements of any column by a

non-zero number :

If the elements of the i column are multiplied
by a non-zero number k, then we denote this by
kC; or by C; = kC,.

For example :

21
4 5

2 3
A~[4 15]

If A= [ ] then 3C, gives

(iii) Adding to the elements of any column, the

same multiples of the corresponding elements
of any other column :

If to the elements of the i column, are added k
times the corresponding elements of the
j* column, then we denote this by C;+kC;
or by C;— C;+kC;.

For Example :

2.1
45

2 4 /20)) . - P
iy [4 5—2(4)]"'9' = [4 —3]

IfA= [ ] then C, —2C, gives

Notes :
1. The elements of a row cannot be added to the

elements of a column and conversely.

2. After the elementary transformations, the matrix

obtained is said to be equivalent to the original
matrix.

(¢) Elementary row transformations on the product :

Suppose A, B and P are matrices such that AB =P.

If we perform some elementary row transformation R
on the matrix A, we get a new matrix. Let us denote it
by Ag. Now if we take the product AgB, it is not the

same as P. It can be proved that the product matrix

87
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AgB is the one obtained by performing the same
elementary row transformation R on P, i.e. Py and we
get AgB =Py

(d) Elementary column transformations on the product :
Suppose A, B and P are matrices such that AB =P.
If we perform some elementary column transforma-
tion C on the matrix B, we get a new matrix. Let us
denote it by Bo. Now if we take the product AB, itis
not the same as P. It can be proved that the product
matrix ABc is the one obtained by performing the
same elementary column transformation C on P, i.e.

Pe and we get AB = Pp.
Note : If AB =P, A can be changed using only row
transformations and B can be changed using only column

transformations.

2.6 : INVERSE OF A MATRIX

Definition : If for a square matrix A, there exists a
square matrix B of same order such that AB =1 = BA,
then B is called the inverse of the matrix A and is denoted
by AL

Thus, AA'=1=A"'A.

Let A be a square matrix. Then its determinant is |A |
whose value is either zero or not zero. If | A | = 0, then the
inverse of the matrix A does not exist. If |A|# 0, then
A 'exists. Hence, we can find the inverse of the matrix A
if and only if A is non-singular. i.e. A ! exists if and only
if |[A]#0.

Remark : Let A be a square matrix. Let, if possible, B

and C both be inverse of A

.. AB=BA=I wn(l)
and AC=CA =1 .. (2)
Now, B = Bl = B(AC) ... [By (2)]
= (BA)C =IC ... [By (1)]

=C

. the inverse of a matrix A, if it exists, is unique.
Inverse of the Product of Two Matrices :

1. Suppose A and B are square matrices of the same
order. Then AB and BA exist and they are of the same
order. Now if |AB| # 0, then (AB) ! exists. Also if
|BA| # 0, then (BA) ! exists. Both (AB) *and (BA) *!

are of the same order. They may or may not be equal.

Using associativity of multiplication of matrices,
we have the following results :

If A and B are square matrices of the same order and
|[Al # 0, |B|#0, |AB| # 0, [BA| #0, i.e. their inverses
exist, then
(1) (AB)(B *A ')=A[B(B 'A 1)]
=A[(BB A" ']
=AlA!')=AA'=1
This shows that the inverse of AB is B 'A !
ie (AB) !=B AL
(BA)A B !)=B[AA 'B )]
=B[(AA " 1)B ']
=B(IB ')=BB '=1
This shows that the inverse of BA is A 'B !
ie. (BA) '=A"'B L.

—_
)
~

2. Now suppose A is a 2 x 3 matrix and B is a 3 x 2
matrix. Then AB is a square matrix of order 2 x 2 and
BA is a square matrix of order 3 x 3.

Suppose |AB| # 0 and [BA| # 0. Then the inverse of
AB which is (AB) ! exists and is of order 2 x 2.

Similarly, the inverse of BA which is (BA) ! exists
and is of order 3 x 3.

Since, the orders of (AB) * and (BA) ! are not
equal, (AB) ' # (BA) .

We note that neither A nor B is a square matrix.
Hence their inverses do not exist. But the inverses of
their products exist, if |AB| # 0 and [BA| # 0.

e Inverse of a non-gsingular matrix by elementary
transformations :

Method to find A ' by Elementary Row Transform-
ations :

We write AA '=1

Perform suitable row transformations on the matrix A,
so that it is converted into the identity matrix I. The same
row transformations are to be performed simultaneously

on I on the RHS will convert it into the matrix B.

;. AA 1 =Treduces toIA '=Bie A !'=B.

In order to convert the matrix

0 A {“11

Ay
in to the identity matrix, perform
31 azz] 4 P

suitable elementary row transformations on A so as

to get :
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Step 1: 1 in the place of a,,

Step 2 : 0 in the place of a,,

Step 3 : 1 in the place of a,,

Step 4 : 0 in the place of a,,.
A1y B4y @43

(i) A= |a,; @y, ay4| in tothe identity matrix, perform

A3y A3z @3s

suitable elementary row transformations on A so as

to get :

Step 1: 1 in the place of a,,

Step 2 : 0 in the place of a,, and ay,

Step 3 : 1 in the place of a,,

Step 4 : 0 in the place of 4,, and a,,

Step 5 : 1 in the place of a5,

Step 6 : 0 in the place of a,, and a,,.

Method to find A ! by Elementary Column Trans-
formations :

We write A 'A =1

Perform suitable column transformations on the
matrix A, so that it is converted in to the identity matrix L.
The same column transformations are to be performed
simultaneously on I on the RHS will convert it in to the

matrix B.
. A'A=TIreduces to A 1=Bie A !=B.

In order to convert the matrix
(i) A= [““ a”] in to the identity matrix, perform
R "0y
suitable column transformations on A so as to get :
Step 1: 1 in the place of a,,
Step 2 : 0 in the place of a,,
Step 3 : 1 in the place of a,,
Step 4 : 0 in the place of a,,.

A1y R4y @43
(ii) A = |a,; a,; 0,4/ in to the identity matrix, perform

A3y A3z A3y

suitable elementary column transformations on A
S0 as to get :

Step 1: 1 in the place of a,,

Step 2 : 0 in the place of a,, and a,,

Step 3 : 1 in the place of a,,

Step 4 : 0 in the place of a,, and a,,

Step 5 : 1 in the place of a;,

Step 6 : 0 in the place of a,;, and aj,.

Note : While evaluating the inverse of a matrix, do not
mix row and column transformations in the same
example.
e Inverse of a non-singular matrix by Adjoint Method :
Minor of an element :

The minor of an element a;
A= [n,-/ |y o 18 the value of the determinant obtained by

of a square matrix

striking off the i* row and j* column of the matrix A.
The minor of a; is denoted by M;;.

Note that, if A is a matrix of order m x m then the
minor of any element of A is the value of the determinant
of order (m—1) x (m—1).

For example : Consider the matrix

2 =10
A=|3 4 5
6 =21

Here a,, =2 (element in 1* row and 1* column). The
minor of a,, is the value of the determinant obtained
from the matrix A by striking off 1* row and 1* column.

Hence, the minor of a;;, =M, , = _; i
=4+10=14.
Similarly, a,; =5 and the minor of a,, is
2 -1
M,; = AT =—44+6=2

Cofactor of an element :

The cofactor of an element a; of a square matrix
A =[ay] is given by (— 1Y */M;;,
az. The cofactor of a; is denoted by Ay
ie Ay=(-1)*My

For example :

where M;; is the minor of

2 -10
For the matrix A= |3 4 5|,

6 -2 1

1+1 2 4 5
Cofactor of ay, =(—1)'*"'"M;, =(—1) 01

=4+4+10=14

243 52 =1

Cofactor of ay3 =(—1)*"*Myy=(—1) PN

=—=(—4+6)= -2
Cofactor Matrix :
The cofactor matrix of the square matrix A = [ay],, , ,,
is a matrix of order m x m where each element a; of

the matrix A is replaced by its cofactor A

2. MATRICES 89
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Ayy A1z g3 i o[22 4
ie if A=| a,, a,, a,5 |, then i @) [1 _5]'C‘HC2
A3y A3 @33 31 —1)
Ay A Ay ! (iii) 13 1],3R,and C, »C,—4C,.
Cofactor matrix = | A,; A,, A, ‘ -11 3]
Azr Axz Agy i Solution :
Adjoint of a Matrix : 0 Tk B [3 ~4]
The adjoint of a matrix A = [ay] is the transpose of the 2 2
cofactor matrix. It is denoted by ‘adjA’. ! By R, <R, we get
2 2
A1y A1z A3 ! A~ [3 _4]
ie if A= | a, a,, a,y |,then ‘
A3y A3z A3 ! 2 4
(ii) Let B = [ ]
A Ay Ay -5
adj A = | Ay, Ay Ay : By C, «»C,, we get
Ay Ay Agy B 4 2
8 “k=gar
For example : Consider the matrix A = 6 8 ;
! 31 -1
Here, 2, =3, M;; =8 andA“=(—1)'”(8)=8 ' (iii) Let C= 13 1
a,=—-2M;,=6and A, =(—1)1"%6)=—6 ; -11 3
8y, =6, My, =—2and A,, =(—-1)**(-2)=2 } By 3R,, we get
A, =8 M,,=3and A,,=(—1)*"%(3)=3 (31 -1
A, A ; C~| 39 3
", cofactor matrix = | * ' 12 ] :
[AZI Ay, Lyl 1 3
8 —6 i By C, —4C, on C, we get
oz [ 2 3 ] ! f\3 /=11 =1

A 8 2 | C~ 1 -1 1].

« Bjee) & B (-1 5 3
Note : The adjoint of a square matrix of order 2 can be 1 -1 2
obtained by interchanging the diagonal elements and 2. Transform |2 1 3| into an upper triangular
changing the signs of non-diagonal elements. ; 3 24

] % B ! matrix by suitable row transformations.
i.e.ifA=[a b],thel’nade:[ ‘ ] y
cd - a 1 «=1'9
Inverse by adjoint method : Solution : Let A= | 2 13
If A = [ayl,, , », is @ non-singular square matrix, 3 24
ie. |A|#0, then its inverse exists and it is given as By R, —2R, and R, —3R,, we get
1 1 -1 2
Atl= (adj A). ; ) =
|A| ] A 0 3 -1
0 5 -2
EXERCISE 2.5  Textbook pages 71 and 72 | By (;) R, we get
1. Apply the given elementary transformation on each M -1 2
) |
of the following matrices : ' % 1
I A~|0 1 -
W > 7 R or |
S B e i 0 5 -2]
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By R; —5R,, we get

1 -1 2]

[ |
A~l0 1 —;1
1|

0 0 ——31

This is an upper triangular matrix.

3. Find the cofactor matrix of the following matrices :

5 8 7

1 2
(i) [5 8] G | -1 -2 1].
-2 11
Solution :
1 2
i) Let A=
4 Le [5 —8]
Here, a;, =1, M,, = —8
= Auz(—l)l*lMu: -8
a,=2, My, =5
A =(—11*2M,,=—1(5)= -5
Ay, =5 M, =2
LAy =(—1IM, = —1Q)= —2
A= —8 My =1
A22=(—1)2‘2M22=1
Ay A
cofactor matrix=[ Ly 12]
Ayy Agp
| —8 =5
T L=-2 \W
5 8 7
(i) LetA=| -1 -2
-2 11
The cofactor of a;; is given by A;=(—1)*/ M;
-2 1
Now, M,, = =-2—-1=-3
ow, My, ’ y 1‘
SoAL=(-1)"1IM,, =1(—8)= -3
-1 1 )
Mam| 7L = -1-m
CAL=(—D12M,=—-1(1)= -1
-1 -2
M13= g 1 =—=]1=4==5

L Ap=(—1M,;=1(-5)= -5

8 7

M,, = =8-7=1
21 1 1

LAy =(—1P M, = —1(1)= —1

57

M,, = =5+14=19
2%| _y ¢T3

Ay, =(—1P*2M,, =1(19)=19

5 8

M,, =
23 -2 1

=5—-(-16)=21

S A= (=12 M, = —1(21)= —21

8 7

Ma, =
31 SOt 1

=8—(—-14)=22

YAy =(—1PH M, =1(22) =22

5 7
M,, = 4 1=5—(—7)=12
YAy=(—=1Pt2 M, = —1(12)= —12
5 8
Myy=| _2=—10—(—8)=—2

Ay =(—1P3 M, =1(-2)= -2

r‘A‘.ll
A21
\A3‘l

Ap
Az
A32

Ags
A23
A33

*. cofactor matrix

(-3 -1
=| -1 19
L2 -12

-5
-211.
-2

4. Find the adjoint of the following matrices :
» 3 1. =1 2
(i) [ 3 5] (i) | —2 3 5].
; -2 0 -1

Solution :

—t” —3
(')A”[.z 5]

Here, a,, =2, M,; =5

B A“=(_1)1H(5)=5
3= ~3 Mj; =3

S A =(—1)112(3)= -3
a;1=3, My = -3

SoAy =(=1)**Y(-3)=3
Ay, =5 M,,=2

9 A22=(—l)2+2=2
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Ay A 5 -3
.". the cofactor matrix = [ 1 12] — [

A21 Azz 3

iz ade:[ 5 3]_

-3 2
g q 5 5. Find the inverses of the following matrices by the
. - adjoint mathod :
(ii) Let A= | —2 3 B TR
=8 = @ > M oan [ T Gin o 2 4
. ii
The cofactor of ay is given by A, =(—1)"*/ M, ; By -1 4 5 ’ 00 8
Now, Mll:‘z ?‘: —3—-0=£&713 Solution :
B ! ’ 3 -1
A“:(_l)1+l(_3): =9 / (l) LetA=[2 —l]
M i~ ‘ Then |A| i _1‘— 3—(—2)=—1%0
= _, _1}=2+10=12 :: . 1= =
. /\“_=(—1)1+2(12)= 12 i Co A exists.
2 3 ! First we have to find the cofactor matrix
M,;= 9 O‘=0+6=6 ; =[A,,-]2x2,whereA,-I-=(—1)"”'M,.j
} Now, A, =(—1)'"*!'M,, = —
AL =(—1)36) =
13 ( l) (6) 6 szz(—'l)l+2M12:"2
M,, = _(l) f =1-0=1 Ay =(—1P*M,, = —(-1)=1
- Azz=(—1)2+2Mzz=3
A= (=121 = ~1 ) .". the cofactor matrix
1 2 E Ay Au] [—1 -2]
Y = d g D , = -
22 -2 -1 u % ! [An Az 1 3
S A =(=1Y"3)=3 ; ade=[_1 1]
! -2 3
o L [ ) W 9 1 1 =1 3
23% =EV—=% T . -
-2 0 NAT Y= dj A)=
) @A) —1[—2 ]
© Agy=(=1)24%(=2)=2 (Y A
- -1 2 ' 2 #3
a=| 4 5‘:—54;:—11
< (ii) Refer to the solution of Q. 5 (i).
Y Agp=(—=1**Y(—11)= —11 f 7/ fQ
2 Ans. &
12 18[—4 2]
M =5+4=9
#7 -2 5‘
Co Ay =(=1)*%(9)==9 123
(iii) Let A=]0 2 4
1 -1 !
My=| 3’=3—2=1 = b
- | 12 @
5 Ay =(—1)*3(1)=1. Then |A|=[0 2 4
Ay Ay Ay 0 5
. the cofactor matrix = | A,; A,, A, =1(10-0)—2(0~0)+3(0—-0)
Ay Ay Ay, =10+#0
-3 —12 6 . A1 exist.
=| =1 3 2 First we have to find the cofactor matrix
~=11 =9 1 =[Ajls x5 where A;=(—1)*/ M;
92 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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2 4 A~ ! by Row transformations :
NOW,A“=(—1)H1M“=’ ‘=10—0=10 y Row transiormations
05 ! We write AA ' =1
0 4 ! 1 2 i 6
Ap=(-1)'"2M =—’ ‘=—0—0 =0 ; -
12 ( ) 12 05 ( ) /2 9 _1 A i 0 4
0 2 By R, —2R,, t
A13=(—-1)H’3M”=’ ‘=0—0=0 ; Yy Ky 1 we ge
00 1 2 . 10
2 3 0 -5 T l-2 1
A21=(_1)2HM21=—' ’=—(10—0)=—10 ;
0 1
By (—5) R, we get
1. '3 !
; ARSI 1
0 1
+3 1 2 ! 5 _5
Aza=(—1)2 Mz_q:_ =—(0—0)=0 ;
e 0 By R, —2R,, we get
2 3 1 2
= _18+1 = mal
Ay =(=1rP*"M,, ‘2 4’ 8—6=2 10 i 2 §
1 01 25 \1
A32=(—1)3+2M32=—lo ‘=—(4—0)=—4 ) .5 5"
‘3 11 2
Y2 ! A ‘=;[ ] s (1)
A33=(_1)3+3M33:0 2’=2—0=2 ) 2 -1

A ! by Column transformations :

We write A A =1

10 00 |
E (Y 2o |
MY/} N 72 —1)701

.. the cofactor matrix

All. AIZ A13
=|Ay Ay Ay
Azp Azp Ags 2\I% /4 | By C, —2C,, we get
. adj A 18—12 i ARV
caga= \ ; 2 %) (o /1
0 0 2
1
: B (— )C , we get
© A-t= Ll (adjA) I 5] o8
|Al | 1 2]
[0 -0 2 L\ A 1[1 0] - 5 |
LA =] 0 —4. | 2 1 A
10 . : F sl
0 0 2 By C, —2C,, we get
. : : : ; 1 2]
6. Find the inverses of the following matrices by the | 10 5 5|
1 ! ‘
transformation method : 4 [0 1] 2 1]
508l
o fE 2 i_zg—; ‘ > A0 M. )
(i) 2 —1 (i) |5 . ; 7 5lo 1
0 1 3 )
From (1) and (2),
Solution : 1(1 2
1 2 A t= 5 [ . ], which is unique.
(i) LetA=[2 1] ; =i
- Note : Ifitis asked to find A ! by elementary transform-
Then |A| = ‘; ﬂ et s et B i ) | ation, we can use either row transformation or column
- transformation.
oo AT exists.
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by using column

2 0 -1 3 -1 1
(i) LetA=|5 1 0 . A t=]| =15 6 -5
0 1 3 5 =2 2
2 0 -1 Note: A~ can also be obtained
Then |A|=[5 1 0 transformations taking A~ !A =1.
1 3
=2(3—0)—0(15—0)—1(5—0) 101
) ) 7. Find the inverse of A=|0 2 3
=6—0—5=1%0
. 1 2 1
iy SRR column transformations.
We write AA ! =1 1 01
2 0 -1 10 0 Solution: A= |0 2 3
51 0|A*'=]|010 121
01 3 0 0 1 1 NI
B AR S JAl=[0 2 3
y 1 we get 1 2 1
(6 0 -3 300
=12—-6)—-0+1(0—-2
51 0|A?'=|010 @=5 X2
lo 1 3 00 1 =-4-2=-6+0
By R1 s RZJ we get co A1 exists.
(1 -1 -3 3 _ We write A A =1
D 1 0lA'=]|0 1 01 1 0 0
lo 1 3 0 S A10 2 3[=[(010
N2/ 1 001
By R, —5R,, we get
¥ B 4 & By C; —C,, we get
(1 -1 -3) (3 —-10 WA\ A :
0 6 15|Atil=[-15 6 0 A“OgB 0(1)_
lo 1 3 L o 01 =
1\2/0 00
By R, —5R;, we get
T ; ‘g By (1)C2, we get
il =1 =%  \\ —1 2
0 1 0| A"t=| —15 6 -5 170/ —1]
o 1 3 L 0 o L i 8 1
A"'(0 1 3|=|0 2 0
By R, + R, and R; —R,, we get 1 140 00 1
1 0 -3 -12 5w i
By C, —3C,, we get
01 O0|At'=|-15 6 -5 el
00 3 15 -6 6 1o o) | (1] ";
q ARG O 0]=0 » T
By<3>R,,weget 11 -3 00 1
(1 0 -3 -12 5 =5 B( I)C
- , we get
01 O0|Atl=|[-15 6 -5 W g
00 1 5 =2, 2 ' 17
1 0 |
By R, + 3R, we get 10 0 3
(1 0 0 3 -1 1 Atlo 1 ofl=l0 1 13
01 0f]A1=]|—-15 6 —5 1 1 1 ' 2 f‘
0 0 1 B 2 2 00 —|
& s |
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| S S
By C, —C, and C, — C;, we get " S| o <f 5
P2 _l llg -2 0 1
100 3 % 9
a-tlo 1 0|l={- o !
001 | 2 2 * 0:d k& »
111 9.1f A=|0 2 3| and B=|1 1 5|, then find
L#® © % ; 184 2 47
¢ % =2 2 matrix X such that XA = B.
A 1:6{_3 0 3] | Solution : XA =B
22 2 ‘ D oY1 123
[ Note : Answer in the textbook is incorrect. | e Xlod2 3l=11 1 5
>y 121 2 47
8. Find the inverse of |1 1 5| by the elementary
24 7 j: By C, —C,, we get
row transformations. 100 17252
Y X[o 2 3 =[1 1 4
Solution: Let A=|1 1 5 ! t2 0 A & N
2 4 7
1 23 By (;)Cz, we get
Then |[A|=[1 1 5 r -
2.4 7 L[t oo 1 i 2[
=1(7-20)—2(7 - 10) + 3(4 —2) |0 AN | =4 o\ 43
= —18464+6="11+£0 AL A PRPY
. At exists. !
We write AA~* =1 | By C,—3C,, we get
T %8 100 WAV \IEY/]
115/ A'=(010 iAo olals L//°
2 4 7 001 v 2 2
By R,—R, and R, —2R,, we get
L 2 100 {
0 -1 2({A*=|=110 2 By<—;)c3,weget
0 0 1) =2: 0 1 ; ‘ 11
By (—1) R,, we get : 10 0 1.4 3|
(1 2 3) 1 0 0) ' xlo 1 0]=l1 } 3]
01 —2|At=| 1 =10 111 2fi
o 0 1 -2 0 1) | 22 4
By R, —2R,, we get |
(10 7] -1 2 0] By C, —C; and C, — C;, we get
01 -2[A =] 1 =10 5@ 4
o 0 1) -2 0 1) !
By R, — 7R, and R, +2R,, we get, 298 13 Z 2
(10 0 18 72 =9 ;Xg;?=63_6
01 0[{Al=[-3 -1 2 ; 55 1
(0 0 1 -2 0 1) ' L33 3]
2. MATRICES 95
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s of = ADDITIONAL SOLVED PROBLEMS -2 (A)
X=>|11 8 -5
10 10 2 10 0
1.If A=|2 1 0|, then reduce it to I, by using
3 31
3
1 ions.
10. Find matrix X, if AX=8B, where A=| -1 1 2 col o, anptarpsations
Solution :
4
1) 100
and B=|2]. [Al=]2 1 0
3 3 oy 1
Solution : AX=B =1(1-0)-0+0=1+#0
1 @ 31y 1 . A is a non-singular matrix.
-1 1 2|X=]2 Hence, the required transformation is possible.
1 2 4) 3 100
Now, A=|2 1 0
By R, + R, and Ry —R;, we get 331
123 1 By C, —2C,, we get
0 3 5|X=(3 100
001 2 e 010
-3 31
By <;)R2, we get By CL +8C, and Cz —3C,, we get
1 2 3] 100
5| A A~|0 17 |=1,
01 3 [ X=11 00 1
00 1| .
) 2AL% 3
2. IfA=|1 0 1|, thenreduceittoI; by using row
By R; —2R,, we get
< » 1414
1
10 —, transformations.
5 B Solution :
01 IX=| 1
2 ‘ 2 213
00 1 [Al=|1 0 1
Lot 1
1 = 1) —1(1 — —
ByR,+3R3and Rz—gR;,weget 20-1)-1(1-1)+3(1-0)
, ) ==2—-0+4+3=1%#0
—1 .. A is a non-singular matrix.
100 7 Hence, the required transformation is possible.
0 1 0 X — o= 3 2 3
00 1) | L
. 2 Now, A=|1 0 1
1 1‘ ) 1.2 1
‘; 1 By R; —R,, we get
=i 73 l 112
| 2] A~[1 01
i L1 1
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By R, =R, and R; —R;, we get = 10 1 2
Ap | =1 =1 " f40 12
L0 0 -1 ; 1o 4 13
By (— )R, and (—1)R,, we get ! 5 5
i -
(2]
A~10 11
L0 0 1)
1 -1 2
By R, —R,, we get 4. IfA=|3 0 —2},verifythat
(1 0 1) 1 0 3
A~10 11 | Afdj A) = (adj A)A =|A |1
L0 0 1) |
1 -1 2
By R, =R; and R, — R, ot
Y& BN aWAER Solution: A=| 3 0 -2
(1 0 0) ! 1 0 3
A~[0 1 0] =1, '
L0 0 1) 1 -1 2
U |AI=(3 0 =2
1.2 i 1 0 3
3. If A= 13 , then show that
. =1(0+0)+1(9 +2) +2(0—0)
A? —4A +1=0. Hence find A" 1.
Solution : ! =0+11+0=11
12101 2 | First we have to find the cofactor matrix =[A;],
A*=AA = : » e
13)13 where A; = (—1y"/My
| 1+2 2+6| |3 8 i b ol —2
l1+3 249) (411 | Now, Ay =(=1)! 1M11=‘0 3’=0+0=0
JoAT—4A 41 of Lo
(3 8 % 2 10 ' A.z=(—1)‘”M12=—'1 3‘=—(9+2)=—11
= =
L4 11 13)% 01
: 1+3 3 0
3 8 4 8 10 Afs=(—1)*3M,, = =0-0=0
= _ - | 10
L4 11 4 12 01 ,
( -1 2
_[3-4+41 8-8+0] (00 A“=(_1)z+1M“=_‘ .
|4—4+0 11-12+1 00 03
S AP—4A +1=0 P 1 9
Ayy=(—1)2*M,, = =321
12 13
SINE
) 1 -1
=3-2=1%0 A13=(—1)2+3M23=_‘1 h (FRO+1) =1
S A1 exists. ’ s
Premultiply (1) by A !, we get ! Au:(—l)“‘M“:‘ _0 5 =2-0=2
A Y (A2—4A+D)=A""'0
. “1(A-A)—4A "1 Vi j 7 1 2
JoA X(AA) AA YA+ ATT=0 ) A32=(—1)3+2M32=—‘ =—(—2—6)=8
LATTA)A—4I+ A =0 ) 3 -2
SoA—4I+AT =0 A (— 1M 1 0433
L ATl=dI-A S “_‘3 0|_ L
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Hence, the cofactor matrix,

Ay AL A 0 —11 0
=[ Az Az Ay |=|3 1 ‘1]
Azi Az Ags 2 8 3
0 3 2
LadjA=| —11 18
0 —-13
S Aladj A)
(1 -1 2 0 32
=13 0 —2] {—11 1 8]
L1 0 3 0 -13

(041140 3—1—2 2—-8+6
=| 040-0 94042 6+0-—6
04040 340—-3 2+0+9

(11 0 0
= 011 0 . (1)
L 0 0 11
(adj A)A
[ 0 3 2 1 -1 2
=| —11 18 3 0 -2
L 0 -1 3 1 0 3
[ 0+9+2 0+0+0 0—-6+6
=| —11+3+8 1140+0 —22—-2+24
0-3+3 0-0+40 0+2+9
(11 0 0
=l o1 o0 - ()
L0 011
100 11 0 0
|[AlI=11({0 1 0| = 011 0 .. (3)
001 0 0 11

From (1), (2) and (3), we get

A(adj A) = (adj A)A = |A|'L

Note : This relation is valid for any non-singular
matrix A.

/

{ EXAMPLES FOR PRACTICE 2.5 )

\
[ 1 2 -2
1L.If A=| -1 3 0], then reduce it to I, by
L 0 -2 1
using row transformations.
(101
2.If A= |0 1 1|, then reduce it to I; by using
L1411
column transformations.
98

wa|

% IfA=[

123
232|X=
122

12
3 4

-2

2

1

. Find the matrix X, such that

2 =5
-1 4

0 —1

] and X is a 2 x 2 matrix such that

XA =1, then find X.

(1 0

® 01

(iii)

(vii) | 3 4 5

|

. Find AB, if A= [

1
N —

(ii) B

(iv)
(1
(vi) | 2
1

\

2 -3

'1'1]

2 3
(10 15

. Find which of the following matrices are invertible :

|

23

-1 3

23

1 -1
% 3] andB=[l 2].
1 -2

Hence, determine if AB has the inverse.

1: 251
210

(if they exist) :

[ —4
(i) 1
4
V7

(i) | —1

N
»

SN FF o=

(v)

(vii)

o= N e

-3
0
4

-3
1
0

N WUN GO
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-3
1
34

__3‘
0

1
25
13 i (28
27] (‘”)[57]‘

1;

12
21
01

(ii)

(iv)

(vi)

(viii)
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. Find the inverses of the following matrices :

@ [i (1,] (i) [
(iv) [1 i] W) [
o

. Find the inverse of each of the following matrices

e

] , then find (AB) *.

-1
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11.

12

13.

14.

16.

IfA=(0 -1 2
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w
B W W

Find the inverse of A =

ok e’

4 ] by elementary
3

column transformations.

13
If the matrix A= [0 ] satisfies the equation

o

10
A2 —4A +31=0, where[:[0 1] and 0 is a zero

matrix of order 2, find A 1,

31
If A= [ 12 ] , show that A? —5A +71=0. Hence
find A"

Find the adjoints of the following matrices :

(.23 (”326
1)14 it) |4 /M 2
Z 25

2 10 20 -1
(iii) [ 0 -3 1] (iv) [ 31 21.
-1 -13 -11 2

Find the inverses of the following matrices by using

adjoint method :

~[-15 2 =2
(i) 3 2] (ii) 4 3]
oy [ JS6 -2
(iii) 3 2] (iv) | =18 16 5
S -10 9 3
1 -2 3 (62 —2
(v) 0 2 -1 (i) | =37 1
L—-4 5 2 L 35 —1
12 3 4 3 3
(vii) |2 3 1 (viii) [ =1 0 —1
13 1.2 L —4 —4%3
f 2 =1 4 (10 0
(ix) | -1 2 =1 x)[33 0.
L 1 =1/ @ 5 & -1
2 01

, verify that

1 01
A(adj A) = (adj A)A = |A|-L

23 10

If A=[ ], B=[ ], find AB and (AB) !,
1 2 31

Verify that (AB) =B A L

7 -3 -3 1 -1
10. | -1 1 0 11. 1

Answers

. Use R,+R,, R;+2R;, R;—2R, and R;+2R,,

R, + 2R, to get I

. UseC3—C,;,C3—C, (—3)Cs C, —4C5and C, —C,

to get I

-5 2 3
. 2 -3 2
1 2 —4

-20 1
s 1
2@

. (i), (i), (v) are invertible,
(i), (iv), (vi), (vii) are not invertible.
AB = [ _Z _:] (AB) ! exists.
o2 w73 il
(iv) [_: ‘f] ) [_Z '2] (vi) [‘; _z]

(N 8 — 1 -3 2
(i) 1 0 1 G| -3 3 -1
L 4 4 2 -1 0
(1 33 i 31 —
(i) |1 4 3 (iv) 3 13 1
L1 3 4 = 1
(1 Sof -2 1 00
W/l -1 3 o0 (vi) | =2 10
0 -2 1 3 -3 1
Y 4 -2 -1 ” ~2'0 B
(vii) = 1 2 —4| (viii) = -11 o0f.
-2 1 3 21 =2

-1 0 1

1{2 —1]
"7l 3
I W
13. (i) [ 'i _z] (ii) {—1 3 0}
- 0 -2 1

2. MATRICES
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<8 =5 1 0~ &
@) | -1 6 —2|Gv|-8 3 -7|
-3 1 -6 4 -3 72
o 103 B Xl 82
W 0 13[3 —1] (t) 14[—4 2]
1{-2 4 .
(iii)z[-q 5] (iv)| 4 11
= -2 -3 4
([0 1 -4 gt -1 9
™) 4 1 1 W) pl0 1 1
8 3 2 Y. Y
(-5 1 7 4 3 3
i) (| 17 -5| (vii) [ -1 0 -1
-5 1 ATy -3
81 -1 30 0
)| 13 1 ®.|-31 o
-11 3 9 2 -3
(11 3 [ 2 -3
16 AB—[7 2],(AB) _[_7 u],

2.7 : APPLICATIONS OF MATRICES
(Solution of System of Linear Equations)

You have already learnt the algebra of matrices and
the inverse of a matrix. Now, we shall study the applica-
tion of matrices for solving a system of linear equations.
Consider the equations
ax +byy=ec
X +byy =c;

These equations can be written as
ax+by | |
ax+by | e

e [ 2 2] [ ] [ 2]
a 17 y (&
ie. AX _—B

This is called the matrix form of the given equations,

Similarly, if there are three equations in three vari-
ables x, y, z, then as above they can be written as AX =B,
where A is the coefficient matrix of order 3 x 3, X is a
matrix of variables and it is of order 3 x1 and B is a

matrix of constants which is of order 3 x 1.

Using the matrix form AX = B, we can find the values
of the variables which are the solution of the given

equations.

There are two methods to find the solution of the

given equations :

(1) Method of inversion
(2) Method of reduction.

(1) Method of Inversion
First, we write the given linear equations in the matrix
form as : AX=B.
If the solution of the given equations exists, then the
matrix A is non-singular, i.e. [A|#0
S AT exists.
Now, premultiply AX =B by A !, we get
A1T(AX)=A"B
L (ATA)X=A"B
S IX=A"B
X=ATB
By comparing both the sides, we can find x, y, z.
This method is called method of inversion.

Let us illustrate this method in the following example :

Ex. Solve the following equations by the method of
inversion :
3x —y=52x—3y=8.

Solution : The given equations can be written in the

matrix form as : 8 <3 L&l 12
Bil2 —3) ly) T I8

This is of the form AX = B, where

A= (3 Zi)x= ) nan- ]

-3 1
where A is the matrix of coefficients of x and y which is Let us find A™
called coefficient matrix and it is of order 2 x 2, X is a Y |
a1=[3 Z3[=-9+2=-720
matrix of variables x, y and it is of order 2 x 1 and B is the 2 -
matrix of the constants which is of the order 2 x 1. . A lexists
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Consider AA 1 =1

a [ =1 qeie 190
B
By R; — R,, we get

1 2 |1 =1

el

By R, — 2R,, we get

1 2 o1 =1
b -l

By (— ;) R, we get

18 a0 [ 4
[0 1]A “[2/7

By R; —2R,, we get
10 L |3/7
[o 1] i [2/7

Caa [317 =17
' 2/7 —-3/7
Now, premultiply AX =B by A !, we get

A1 (AX)=A"'B

-1
-3/7

-1/7
-3/7

L ATAX=ATB . IX=AB
L x o [317 —17]| (5
N7 \2/7 —-3/7) |8
15 8
< 2l 7 7 B 1
“ly) |10 24| -2
7 7

By equality of matrices,
x =1,y = —2is the required solution.

(2) Method of Reduction

First, we write the given linear equations in the matrix
form : AX=B.

1
In reduction method, we obtain 0 in the first column

0
of the coefficient matrix A by using elementary row
transformations. Then we obtain another ‘0" in R, or R,
by using R, and R, only.
The same row transformations are performed simul-
taneously on the matrix B.
Now, we can multiply the matrices in LHS and write

the equivalent equations which can be easily solved.

2. MATRICES

Let us illustrate this in the following example :

Ex. Solve the following equations by using reduction
method :
x+2y+32=9, 2x+3y+2z=4,
4x + 5y + 4z =15.
Solution : The given equations can be written in the
matrix form as :
lag@a 3| [ 9
2 3 1) |y|=| 4
4 5 4) |z 15

By R, — 2R, and Ry — 4R, we get

1 2 3 (x) [ 9]
0 -1 =5[|y|l=|-14
0 =3 —8IN\% |—21]

By Ry —3R,, we get

1 2 3] (x] [ 9
0 -1 -5/ |y|=|—14
0 0 7) Lz) L(\21]
x+2y+3z 9
0—y—5z|=|—-14
0+0+7z 21
By equality of matrices,
x+2y+3z= 9 ... (1)
— y—5z=—-14 wi2)
7z= 21 . 3
. z=3
.. from (2),
—y—15=—-14
Sy=-—1
.. from (1),
x—249=9 . x=2

Lx=2,y=~=12=3.

EXERCISE 2.6  Textbook pages 79 and 80

1. Solve the following equations by the method of

inversion :
(i) x+2y =2, 2x + 3y =3.
Solution : The given equations can be written in the

matrix form as :

£3)G)-(2

This is of the form AX =B, where

SIBARH
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Let us find A 1. . Letus find A%
1 2 !
|A|=‘2 3|=3,_4=_1;e0 B i
. A7 exists. 3 1 —4
T —
Weiwale A ==l | =2(—8-3)+1(—4—9)+1(1—6)
1 Z]A 1=[1 0] =—22—-13-5=—40#0
L B BL . A! exists.
By Ry=2Risowe get | We write AA ' =1
1 2 A= 10 :
[0 -1 -2 1 | 2 -1 1 100
By (—1)R,, we get e 2. 3|A*=|010
(1 2 - 1 0 3 1 —4 001
01 12 -1 {
R . By Ry ©R,, we get
By R, —2R,, we get '
10, [-3 2 (1 o2 3 010
L0 1 2 =1 i l2 -1 1|Aat={100
i 3 1 —4 001
a3 2 ;
o 2 -1 ‘,

By R, — 2R, and R, — 3R, we get
Now, premultiply AX =B by A, we get

A Y{AX)=A"'B ) 1 2 3 0 10

L (ATTAX=A"'B P [0 =5 —5|A"l=|1 -2 0
1 Lo -5 —1 0 -3 1
L IX=A"!B } 2 4 2
-3 2] (2 1
'.X=[ ’ _1] [3] By(—-5>R2,weget
. x| _ —~6+6 _ 0 d 3 3 0 10
y 4-3 1 ,
{ 0 1 1[A =] 1 2
By equality of matrices, 0 -5 —13 5 5 0
x=0, y=11is the required solution. 0 —3 1
@ii) 2x +y =5, 3x +5y = —3. | By R, —2R, and R, +5R,, we get
Solution : Refer to the solution of Q. 1(i). ! 2 1 0
. o 10 1 5 5
Ans. x =4, y= -3.
! 01 1A e 1 2 0
(i) 2v—y+z=1,x+2y+3z=8and3x+y—4z=1 = LQ 0 -8 5 5
Solution : The given equations can be written in the | -1/'=1 /1
matrix form as : ;
2 -1 1) (x 1 By(—;)R,, we get
1 2 3||y|l=|8 !
3 1 -4 1 24 0
¢ z 101 E 5
This is of the form AX =B, where f 01 1|A = 1 2 0
= 001 55
2 ; 1 X s 1 ’ 11 _1
A=|1 3|, X=|y]| an =8 ;: 8 8 8
3 1 —4 z 1 !
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By R; —R; and R, —R;, we get
11 3
40 40
13 11

40 40

1 1

8 8

11 3 5

-13 11 5

5 5 =5

Now, premultiply AX =B by A™!, we get
A"'(AX)=A"'B

1
100 8
010[A'= 1
001 8
1
8

40

SO(ATTAX=AT'B
S IX=A"'B
1 11 3 5 1
% X=40 -13 11 5 8
5 5 -5 1
i [ 1142445 { 40
=40 _13+88+5J:40[80]
L 5+40-5 40

x 1
z 1

By equality of matrices,

x=1, y=2, z=1is the required solution.

(iv) x+y+z=1,x—y+z=2andx+y—2z=3.
Solution : Refer to the solution of Q. 1 (iii).

1,z= -1.

5
Ans. x—z,y— )

2. Express the following equations in matrix form and
solve them by method of reduction :

(i) x+3y=2,3x+5y=4.

Solution : The given equations can be written in the

matrix form as :

5 (G-
135 ly) L4

By R, — 3R, we get

5 <) L) =2
L0 —4) ly) -2

'x+3y]_[ 2}
l0—4y ] | -2

2. MATRICES

By equality of matrices,
x+3y=2 .. (1)
—4y=-2 o (2)

From (2), y =;
i a s
Substituting y = 2 in (1), we get

3
. =2
1+2

AS 1
x=2 2

- NW

1
Hence, x = _, y = 2 is the required solution.

N

(i) 3x —y=1,4x+y=6.
Solution : The given equations can be written in the

matrix form as :

;0510

By 4R, and 3R,, we get

FMINE™

By R, —R;, we get

5 0]

 [12x—4y 4

' [ 0+7y] =[14]
By equality of matrices,
12x — 4y =4 )
7y =14 . (2
From (2), y =2
Substituting y = 2 in (1), we get

12x -8 =4

S 12x=12

Hence, x =1, y =2 is the required solution.

', xm]

(iii) x+2y +z=8, 2x+3y —z=11 and 3x — y — 2z =5.
Solution : The given equations can be written in the

matrix form as :

103
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By R, —2R; and R; — 3R, we get

1 2 1 x 8
0 -1 -3||y|=| -5
0 -7 =-5) Lz - 19

By R; —7R,, we get

(1 2 1] (x
0 -1 =3 |y
0 0 16) (z.

I
=
o]

-5

16
X+2y+z 8
O0—y—3z|=]| =5
L0+ 0162 16

By equality of matrices,

X+2y+2=8 ..o (1)
—y=—3z2= =5 ()
16z =16 ... (3

From (3), z=1

Substituting z =1 in (2), we get
—y—3=-5 . y=2

Substituting y =2, z=1 in (1), we get
x+4+1=8 L x=3

Hence, x =3, y=2, z=1 is the required solution.

(iv) x+y+z=12x+3y+2z=2and x +y +2z=4.
Solution : The given equations can be written in the
matrix form as :

[1 1 1Y (2]
28 2| |y|l=
(1 1 2)

(1]

Lz) 4]

By R, —2R, and R, — R, we get

(11 1)(*) [1)
010]||y|l=1|0
Lo 0 1) lz) (3]
x+y+z) (1)
0O+y+0|=]|0
0+0+zJ) L3J

By equality of matrices,

x+y+z=1 (1)
y=0

z=3

Substituting y =0, z =3 in (1), we get

x+0+3=1

104

£ x=—2

Hence, x = —2, y =0, z=3 is the required solution.

3. The total cost of 3 T.V. and 2 V.C.R. is X 35000. The
shopkeeper wants profit of T 1000 per T.V. and ¥ 500
per V.C.R. He sell 2 T.V. and 1 V.C.R. and he gets
total revenue of ¥ 21500. Find the cost and selling
price of T.V. and V.C.R.

Solution : Let the cost of each T.V. be ¥ x and each V.C.R.

be X y.

Then the total cost of 3 T.V. and 2 V.C.R. is ¥ (3x + 2y)

which is given to be ¥ 35000.

. 3x + 2y = 35000

The shopkeeper wants profit of ¥ 1000 per T.V. and ¥ 500

per V.C.R.

The selling price of each T.V. is ¥ (x+1000) and of

each V.CR. is ¥ (y+500).

*. selling price of 2 T.V. and 1 V.C.R is

T [2(x + 1000) + (y + 500)] which is given to be ¥ 21500.

. 2(x +1000) + (y +500) = 21500

o 2x+2000 + y + 500 = 21500

. 2x +y=19000

Hence, the system of linear equations is

3x + 2y =35000

2x+y =19000

The equations can be written in matrix form as :
3 2| x| [35000
2 1) {y) (19000
By R, —2R,, we get
=1 0| x| | —3000
2 1) ly) [ 19000
.| —x+0} | —3000
"l 2c+y) | 19000
By equality of matrices,
—x= —3000 ()
2x + 1 =19000 . (2
From (1), x = 3000
Substituting x = 3000 in (2), we get

2(3000) + y = 19000
. y=19000 — 6000 = 13000
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Hence, the cost price of one T.V. is ¥ 3000 and of one
V.C.R.is% 13000 and the selling price of one T.V. is T 4000
and of one V.C.R. is ¥ 13500.

4, The sum of the cost of one Economics book, one
Cooperation book and one Account book is X 420.
The total cost of an Economic book, 2 Cooperation
books and an Account book is ¥ 480. Also the total
cost of an Economic book, 3 Cooperation books and
2 Account books is ¥ 600. Find the cost of each book.

Solution : Let the cost of 1 Economic book, 1 Cooperation

book and 1 Account book be ¥ x, ¥y and T z respectively.

Then, from the given information

x+y+z =420

x+2y+2z =480

X +3y +22 =600

These equations can be written in matrix form as :

11 1)(x) (420
121]||y|l=]|480
13 2] Lz 600

By R, —R, and R; — R, we get

111)(x 420
010||y|=]| 60
02 1)Lz 180
x+y+z 420
0+y+0|=| 60
0+2y+z 180

By equality of matrices,

X+y+z=420 ws (1)
y =60
2y +2=180 W 1)

Substituting y = 60 in (2), we get
2(60) +z =180

ADDITIONAL SOLVED PROBLEMS -2 (B)

1. Solve the following equations by method of inver-
sion :
5x—1y+4z=5,2x+3y+5z=2and
5x—2y+6z=—1.

Solution :

The given equations can be written in the

matrix form as :

5 -1 4) (x 5
2 .35 y|= 2
5 =26 z -1

This is of the form AX =B, where

5 =1 4 X 5]
A=]2 35|, X=|y|andB= 2
5 -2 6 z -1
Let us find A L.
5 —-1 4
[Al=|2 35
5 -2 6
=5(18+10)+1(12—-25)+4(—4—15)
=140—-13—-76 =51 #0
C. A !exists.

We write AA 1 =1

5 -1 4 100
2 3 5(A7l'=]010
5 -2 6 001
By R, —2R,, we get
1 -7 _~6 1 =20
2 375 |A™'=]0 10
(o, =2 6 0 01

By R; ~ 2R, and R; —5R, we get

1 -7 -6 1 =20
S z2=180-120=60 oy Gz 17018 | B2 5 0
Substituting y = 60, z = 60 in (1), we get 0 3 36 -5 101
X+ 60 + 60 =420
‘ By <117) R, we get
. x=420-120 =300
Hence, the cost of each Economic book is ¥ 300, each 1 =7 -6 1 -2 0
Cooperation book is ¥ 60 and each Account book is T 60. 0 1 1A = -2/17 5/17 0

0 33 36 -5 10 1

2. MATRICES 105
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By R, + 7R, and R, — 33R,, we get

101 3/17 1/17 0

011(A'=]| -2/17 5/17 0

003 -19/17 5/17 1
1

By 3 R, we get

(1 0 1 3/17 1/17 0
01 1|A'=| —2/17 5/17 0
L0 01 —19/51 5/51 1/3

By R; —R; and R, —R;, we get
(1 0 0 28/51 —2/51 —1/3
01 0]A = 13/51 10/51 -1/3
L0 0 1 —19/51 5/51 1/3
1 28 -2 -17
é -1 _ .
A =51 13 10 17
-19 5 17

Now, premultiply AX =B by A !, we get
A Y AX)=A""B
. (AT1AX=A"1B

L IX=A"1B
]' 28 -2 -17 )
"X=51 13 10 —17
L —19 5 17 -1
1 ([ 140—-4+17 1 153
=51 65+20+17 =51 102
L —-95+10—-17 —102
x 3
y|=| 2
Z -2

By equality of matrices,

x=3,y=2,z= —2is the required solution.

2. Solve the following equation by the method of

reduction :

1
1 1 0| [x 5
By Ry —R,, we get [0 1 1| |y|=
0 =11 z g
: 1
3
By R; +R,, we get
(1)
1 1 0] [x 5
0.1 1| |y|=|3
0 0 2] [z
2
. J
1)
x+y+0
5
Ot+y+z| = 3
0+0+2z )
|2
By equality of matrices,
x+y=1 s (1)
5
y+z=, e (2)
2z=2 . (3)
From (3), z=1
Substituting z=1 in (2), we get
5 A
y+1—3 SY=3

Substituting y =§ in (1), we get

AN T
Xtfm S X=3

2, z=1is the required solution.

Hence, x=;, y=3

3. The sum of three numbers is 6. If we multiply third
number by 3 and add it to the second number we get
11. By adding first and third numbers we get a
number, which is double the second number. Use
these informations, find a system of linear equations.

Find these three numbers using matrices.

Xxty=1y+z :g’ ’ +x:§. Solution : Let the three numbers be x, y and z.
| L&, X+y+2=6.
Solution : The given equations can be written in the ! According o the given condifions;
mabrix form 48:: 3z+y=11,ie y+3z=11
1 and x +z=2y,ie. x—2y+z=0
11 0| («x ; . ;
01 1| |y]-= 5 Hence, the system of the linear equations is
10 1) |z 2 X+y+z=6
5 y+3z=11
x—=2y+z=0
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These equations can be written in the matrix form as :

(1 11)(x) [ 6
0 13||y|=(11
(1 =2 1JLlz) L O
By R; —R,, we get
1 11 (x) [ 6
0 13||ly|=| 1
0 =3 0Jlz) L-—6
(x+ y+ 2z 6
0+ y+3z|=| 11
L0—-3y+ 0 —6
By equality of matrices,
X+y+z=6 W (1)
y+3z=11 o (2)
—3y=—6 .G

From (3), y =2
Substituting y =2 in (2), we get {
2+3z=11 !

S0 3z=9 . z=3
Put y =2, 2=3in (1), we get
x+24+3=6 .. x=1

Lx=1y=2,2=3

Hence, the required numbers are 1, 2 and 3.

pe AN .
[

L EXAMPLES FOR PRACTICE 2.6 )

1. Solve the following equations by the method of
inversion :
(i) x+y=5,3x—2y=5
(i) 4x+3y=1,2¢+y=1
(iii) 2x +3y =5, 6x —2y =4
(iv) x~y+2z=42+y—32=0,x+y+z=2
V) x+y+z2=2,2x-3y+2z=—6,x+y=32=6
(vi) 2x+y+z=2,x+y+2z=04x—y—32=20
(vii) x+z= -1, y+z=—4, dx+y+2=0
(vili) x 43y +3z=12, x + 4y + 4z = 15,
x+3y+4z2=13.
2. Solve the following equations by the method of |
reduction :
(i) x—2y=3,3x+4y=19

(vii) x+y+2=3,3x—2y+32=4, 5x+5y+z=11

(vili) x—y+2z=2, 2x4+y—z=7,x+2y+2=8

(ix) x+3y+32=16, x + 4y + 4z =21, x + 3y + 42 =19

() x+y+2z2=6,3x—y+32=10, 5x+y—4z=3.

Od) x—y+z=1,2x—y=1,3x+3y—4z=2

(xii) x+2y+2=8 2x+3y—2z=11,3x—y—2z2=>5.
3. Three chairs and two tables cost ¥ 1850. Five chairs

and three tables cost ¥ 2850. Find the cost of four

chairs and one table, by using matrices.

4. The cost of half a dozen of pencils, 2 erasers and
2 sharpeners is ¥ 14. The cost of 15 pencils, 5 erasers
and 3 sharpeners is ¥ 35 and the cost of 4 pencils,
1 eraser and 1 sharpener is ¥ 9. Find the cost of each
item, by using matrices.

5. If three numbers are added, their sum is 2. If 2 times
the second number is subtracted from the sum of first
and third numbers, we get 8 and if three times the first
number is added to the sum of second and third
numbers, we get 4. Find the numbers using matrices.

Answers

1 () 32 (i) 1, -1 (iii) 1, 1
Giv) 2, —1,1 v) 1,2 -1 (vi) 2,3, =5
(vii) 1, =2, =2 (viii) 3, 2, 1.

A o Lo =0 A2 .

2:0() 5;1 (ii) 3, 2 (iii) TRt (iv) 3,1
v) —2,0,3 (vi)3,0,0 (vii) 1, 1,1 (viii) 3,2, 1
(ix) 1,23 (x) ]97, 2, 199 (xi)1,1,1 (xii) 3,2, 1.

3. T 1300

4. The price of pencil is T 2, the price of eraser is ¥ 1 and
the price of sharpener is 0, i.e. sharpener is offered free
to each buyer.

5.1 —2,3.

i

\ MISCELLANEOUS EXERCISE -2 |

(Textbook pages 81 to 86)

(1) Choose the correct alternative :

-1 2],8:[1],thcn

1. If AX=B, where A =
2 -1 1

(i) x4+y=52x—y=4 X=eersress
(iii) 2x —y= —2,3x+4y=3 3 ’7‘
(iv) 2x+3y=9, y—x= —2 5 3 1 1
= (a) ® |2 () @
(V) x+y+2=12x+3y+2z=2, x+y+2z=4 3 5| 1 2
(vi) x+y+22=3 x+2y+2z=3,2x +2y+52=6 L7] 3]
2. MATRICES 107
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8§ 0 0
. The matrix |0 8 0] is
0 0 8
(a) identity matrix (b) scalar matrix

(¢) null matrix (d) diagonal matrix

0 0 0
. The matrix ] is
0 0 0
(a) identity matrix  (b) diagonal matrix

(¢) scalar matix (d) null matrix

a 0 0
LIfA=[0 a 0], then |adjA|=.........
00 a
(a) a*> (b) a® (c)a® (d)a?
2 -3
. Adjoint of [4 —6] is

~6 3
(a) [—4 2]
—6 —3 =
(C)[ 4 2] (d)[ 4

. If A=diag. [d,, d,, di .. d,], where d,#0, for
i=1;2,3, w.;n; then AR 3=/

(a) diag [1/d,, 1/d,, 1/dy, .., 1/d,]  (b) D
(c) 1 (d) 0

L If A?4mA+nl=0 and n#0, |A|#0, then
- St IR

G ZX0anl) o) TN
m n
(c) :’1(l+mA) (d) (A +mnl)

. If a 3 x 3 matrix B has its inverse equal to B, then

Bl=.........
(0 1 1 (1 ¥ @
(a) |0 1 0 (b) |1 1 1
(1 0 1 (1 0 1
1 01 100
(¢)JO 1 0 (d) o 10
L0 0 0 L0 0 1

4
T [Z ] and |A®| =729, then a=........
o

(@) +3 (b) £4 (c) £5 (d) +6

10.

11.

14.

15.

5.

6.

NAVNEET MATHEMATICS AND STATISTICS DIGEST

If A and B square matrices of order n x n such that
A? —B? = (A —B)(A + B), then which of the follow-
ing will be always true?

(a) AB=BA

(b) either of A or B is a zero matrix

(c) either of A and B is an identity matrix

(d) A=B

2 5
wa-(} S

8 &5 3 -5
®) [1 2] (b)[—‘l 2]

o[ 29 mf

. If A is a 2 x 2 matrix such that A(adj A) = [z g],
then |A|=.........
(@0 ()5 ()10 (d) 25

. If A is a non-singular matrix, thendet (A~ ') =.........

(@)1 (b) 0 (c) det(A) (d) 1/det(A)

HA:[ . 2],B= 1t g],thenAB= .........

—3 4 1
1 —10 (1 10
() [1 20] L 20]

(c) [1 ;8] @ | 10]

[ Note : Question is modified. |

If x+y+z2=3 x+2y+3z2=4, x+4y+9z2=6, then

(@) (=1,00 (b) (1,0) (c) (1, —1)

Answers

(d) (-1,1)

. (¢) [i] 2. (b) scalar matrix 3. (d) null matrix

(c) a

a2 0 0

[Hint:adj A= 0 a0

0 0 a?

. |adj Al = a*(a* —0) =ab.]
-6 3

(a) [—4 2]

(a) diag [1/d,, 1/d,, 1/d;, ..

, 1/d,]
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-1 ! / 4
7. (b) - (A +ml) L3 IfA= [6 ;] is a singular matrix, then x is .........
[Hint : A2+ mA +nl=0 0 3 1
(A2 4mA +nl)A1=0-A"1 4. Matrix B=| —3 0 —4| is a skew-symmetric,
4 0
. AAA D)+ m(AA-Y) £ nIA-1 =0 K
then value of p is .........
A4+ ml+nA 1=0
5. If A=[a;l,.s and B=[b;],«1 and AB is defined,
nA = —A—ml (ke (bl
i then m=.........
AT = =T (A4ml) 3
L 6. If A= | , then cofactor of a,, is .........
100 | . . .
7.1 A=[ayl,., is non-singular matrix, then
8.(d) [0 1 0 ! y
00 1 ' A-1=" adj(A).
Lo lae. S Ly 8 (AT m .. e
9. (¢) £5 1
9. If A= and A = ,thenx=......
o 4 H 11 2
[Hint : |A|= =a2-16 i
4 « ' 10. If ayx + byy = ¢, and a,x + by = ¢, then matrix form
S |A3| = AR = (a2 —16)> =729 ) [ ] [1] []
is =
a2 —16=9 a2 =025 ’ y
. a=+5] Answers
10. (a) AB=BA ! 1. column 2.2x3 3.2
[Hint : A2—B2=(A—B)A +B) |4 —1 5.3 6. —2
~ A2+ AB—BA —B? | 7. 1A 8. A 9. —1
. 0=AB—BA . AB=BA] i [a, bl] [x]:[cl]
a, by) ly )
3 -5
11. (b) [ i 2]
(111) State whether each of the following is True or
12. (b) 5 [Hint : A(adj A) =|A|-L] False :

13.

14.

15.

() 1/det (A) 1. Single element matrix is row as well as column
e

. : i matrix.

[Hint: AA™=] .. [AFIATY =1 2. Every scalar matrix is unit matrix.

. 1 ] 4 5

SOlA 1|=|AI~W 18 A= [6 ;] is non-singular matrix.

110
) [1 20]

4. If A is symmetric, then A= — AT,
5. If AB and BA both exist, then AB =BA.
6. If A and B are square matrices of same order, then

(b) (1, 0). (A +B)*=A?*+2AB + B~
7. If A and B are conformable for the product AB, then
(I1) Fill in the blanks : (AB)" = ATBT
A= [313] S — 8. Singleton matrix is only row matrix.

2. MATRICES

10.

21
¢ e o 3 ; i
[10 5] is invertible matrix

A(adj A) =|A|I, where I is the unit matrix.

109
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Answers 3 9 -2 3
1. True 2 False  3.True 4. False FBERIFC=I8 D% L =3
1 11 7 8
5. False 6. False 7. False 8. False
9. False 10. True. 3—2 9%+8 1 12
=|8+1 13-5(=(9 8 (1)
1+7 11+8 8 19
(IV) Solve the following :
7 3 2 4 -2 3
1. Find k, if [5 k} is a singular matrix. Also, B+ C = 1 5|+ 1 =5
~8 6 7 8
. . 7 3
Solution : Let A = 5 k 2—-2 443 0 7
= 1+1 5-5|= 2 0
Since, A is singular matrix, |A| =0 —8:7 6+8 1 14
7 8
‘5 k= 15 0 7
15 CA+B+QC)=|7 8|+ 2 0
‘. 7k—15=0 % k=7. 9 5 ~1 14
140 5+7) (1 12
2 x5 =742 8+0|=(9 8 . (2)
2. Findx, y, zif |3 1 :} is a symmetric matrix. ! 9—-1 5+14 8 19
y 5 8 From (1) and (2),
2 x 5 (A+B)+C=A+B+CQ).
Solution: LetA=|3 1 =z ]
5 8 : 25 1 7
4 |4 [fA=[ °],B=[ ],ﬁndthematﬁx
V 3.7 -3 0
23y ;
Thon Aol 4 & A —4B + 71, where I is the unit matrix of order 2.
5 z 8 ! Solution :
Since, A is symmetric matrix, A = AT A—4B 47— 2 5 LT el 0
8\ 7 01
2 x5 2 3 y
31 z|l<lx 15 =[25][428]+[70]
y 5 8 5 2z 8 37 -12 0 07
By equality of matrices, [ 2—-4+47 5- 28+0]
X:3,_l/:5&1’ldl‘—:5. 3—(-12)+0 7—0+7
[5 -23
15 2 4 -2 3™ 15 14
3.If A=|7 8|, B= 1 5|, C= 1 -5],
9 5 -8 6 7 8 2 -3 3 4 1
then show that (A +B) + C=A + (B + O). 5.1f A=| 3 —2,B=[ 2 41 _3],verify
' " -1 4
Solution :
15 2 4 (i) (A+2B")"=AT+2B
A+B=1|7 8|+]| 1 5] (ii) (3A —5B")"=3A" —5B.
9 5 -8 6 Solution :
1+2 5+4 3 9 2 -3 3 4 1
=|7+1 8+5|(=|8 13 A=| 3 —2,B=[ 2 i 3]
9-8 5+6 (i Ol | -1 4
110 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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X =3 12 (6 9 -3 ~15 20 5
pol| ® O =kl gm ]l 4o “l-9 -6 12) | 10 -5 —15
: —3 =2 &) _ :
1 -3 ~[6—(-15) 920 -3-5
' 2 =8) -3 2 "l —9-10 —6—(—5) 12—(—15)
(i) A+2BT= 3 —2(+2 4 —1 21 —11 -8
(-1 4) 1 -3 “l=lg =1 2y @
[ 2 =3) —6 4 From (1) and (2),
=| 8 -2|+| 8 -2 (3A —5BT)T = 3AT = 3AT — 5B,
-1 4] 2 —6
([ 2-6 —3+4 —fh A 12 3 1 -1 1
=| 3+8 —2-2|=| 11 -4 6.If A=[2 4 6|, B=| -3 2 —1|, then
L =143 #=6 iy B , 123 -2 1 0
I show that AB and BA are both singular matrices.
v (A 42BT) = -4 11 1] ... (1) | Solution:
e B ; 12 3 1 -1 1
AB=|2 4 6| - 2 =i
Also, AT+ 2B %
) ! 1 2 3Jl-2 1 o0
= 2 B =Rl 4 A [ 1—6—6 —1AAF3 1240
-8 -2 4 2 -1 -3 :?
- ; =[{2-12-12 —-24+846 2—-4+0
_| A & =L . JFre & 2 : 1-6—6 —1+4+3 1-2+0
-3 =2 4 4 -2 -6 : \
; | 11 6 -1
_[ 2-6 348 —1+2] ; =\\22 12 fa2
| =83+4 —2-2 | |46 | 11 6 -1
(-4 u 1} @ ~11 6 -1
L 1 -4 -2 | o |AB|=|-—22 12 -2
From (1) and (2), i -1 6 -1
(A +2BT)T= AT+ 2B. By taking — 6 common from C,, we get
Qi =¥/~
2 =3 Z3:. 2 o |AB|= —6|—22 —2 -2
(i) BA—5BT=3| 3 —2[-5| 4 -1 11 A -1
-1 4 1 -3 = —6x0 ['vC,=GC,]
6 —9 —15 10 =0
wl 2 =6=1 A W .. AB is a singular matrix.
-3 12 5 —15
2 - 6 1 =1 1YfT 23
_(9_ o 6_ _5 Also, BA=| -3 2 —1|[|2 4 6
- 4 w7 W =2 4 jpounligm2s 3
4325 12-4(315) j
| S22 81 0 28480 3-6+3
21 —19 [
1] 1 i V= Y28 +4 21 -6 8=2 M<9 123
' = —~24240 —4+4440 —6+640
-8 27
21 =11 =8 i 162 42
(3A—SBT)T=[ 10 _1 _27] (1) =0 0 0f[=0 .. |BA|=0
- B 000
& P -
Alsyan 5B .. BA is also a singular matrix.
2 3 -1 -3 4 1 ) .
=3 -5 Hence, AB and BA are both singular matrices.
-3 -2 4 2 =y =3
2. MATRICES 111
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31 1 2 ; —3+42b —3a+0 —3+4+22 2+4a
7. If A= , B= 7 ify |AB|=|A|[B|. | .. =
[1 5] [5 —2] verify |AB|=[Al[BI. | [ 24+ 4b 2n+0] [—3b+0 2b+0]
Solution : ' [_3+2b _3,,] [_3+2,; 2+4ﬂ]
3 1)1 2 ' - -
AB — 2+4b 2a 3b 2b
1 5J|5 -2
| By equality of matrices,
- 3+5 6—-2 = 8 4 { —3+2b=—3+2ﬂ (1)
1+25 2-10 26 -8 '
o —30=2+4a . (2)
B|= = — s (B
ABl=(o. g 2+4hb 3b 2;
20=2 .. (4
= —64—104= —168 (D | 5
31 i From (2), 7a = —2 Soa=—
|A| = =15-1=14 -’, 7
1 5 !
2
1 2 = — * b —
|B|=5 ’ Dl 1B From (3), 7b R, b 5
Th al f a and b also sati ti 1) and (4).
- AIB|=14(—12)= —168 @ ese va uesc; aan as;)sa isfy equations (1) and (4)
From (1) and (2), |AB| = |A||B|. | Hence,a=_“andb=—_.
5 i 5 12
8. If A= , then show that [ 10, IfA = then find A3
-1 2 ;10 e :
A% —4A +31=0. ! Solution :
Solution : } 1/2 d 2
i AZ=AA=
s | A 3N 3

e L VG S b

441 —-2-2 5 —4 LB\ H£+9 4 7
=-2-2 1+4] (-4 5

) -1 8 1: 2
aenas[ (1Y
S A2 —4A 431 : =d: Gl g-k 8
[ 5 —4) [ 2 -1, 0 ___[—1—8 —2+24]
Tl-4 B —1 \2 01 ; —4=7" ~B4Ql
[ 5 -4 8 —4) [30 b A3=[ ~2 22],
“l-4 5]7|-¢ s8)%le s ; -11 13
- 5-8+48 —4—(—+N N0 0 11. Find x, y, z if
L —4—-(-4)+0 5-8+3 00 !
, , 01 2 1 x—1
o A*—4A 4+-31=0. i 511 0|l-13 =2 [ ]: y+1
| 1 1) (1 3 2z
9. If A= [ _: :], B= [; ;} and . Solution : Refer to the solution of Q. 14 of Exercise 2.3.
Y 1 ; Ans, x=1,y=5z=5.
A + B)(A — B) = A* - B?, A J ] !
(st B ) S [Note : Answer in the textbook is incorrect. |
Solution : (A +B)(A —B) =A% —-B? _‘
. A2 —AB+BA —B? =A% —B? i 2 -4 L 12
. —AB+BA=0 | 12.1fA=|3 -2 ,B=[ 5 0],thenshow
:. AB=BA ' o 1
~ that (AB)T=BTA™.
% =& 2] [k R = L 84l=a 2 | Solution : Refer to the solution of Q. 12 (i) of Exercise 2.4.
2 4)(b O b 0 2 4 !
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100
13. If A=|2 1 0|, then reduce it to unit matrix by
3 3 1.
row tranformation.
Solution : Refer to the solution of Q. 1 of Additional Solved
Problems 2 (A).

14. Two farmers Shantaram and Kantaram cultivate
three crops rice, wheet and groundnut. The sale
(in X) of these crops by both the farmers for the
month of April and May 2016 is given below :

April 2016 (in %)

Rice Wheat  Groundnut
Shantaram 15000 13000 12000
Kantaram 18000 15000 8000

May 2016 (in %)

Rice Wheat Groundnut
Shantaram 18000 15000 12000
Kantaram 21000 16500 16000

Find (i) the total sale in rupees for two months of
each farmer for each crop.
(ii) the increase in sale from April to May for every
crop of each farmer.
Solution : The given information can be written in
matrix form as :
April 2016 (in %)
Rice Wheat Groundnut
15000 13000 12000 Shantaram
- []8000 15000 8000 ] Kantaram
May 2016 (in )
Rice Wheat Groundnut

[18000 15000 12000 ]Shantaram
21000 16500 16000 Kantaram

(i) The total sale in ¥ for two months of each farmer for

each crop can be obtained by the addition A + B.
Now, A +B

15000 13000 12000 18000 15000 12000
18000 15000 8000] [21000 16500 16000]

_ 15000 + 18000 13000 + 15000 12000 + 12000
| 18000 421000 15000 + 16500 8000 + 16000

~ (33000 28000 24000
~ 139000 31500 24000

5/Navneet Mathematics and Statistics Digest : Std. XII-Part 1 (Commerce)

(ii)

. total sale in ¥ for two months of each farmer for
each crop is given by
Rice Wheat Groundnut
33000 28000 24000 Shantaram
39000 31500 24000 Kantaram

Hence, the total sale for Shantaram are

T 33000 for Rice, T 28000 for Wheat, ¥ 24000 for
Groundnut and for Kantaram are ¥ 39000 for Rice,
T 31500 for Wheat, ¥ 24000 for Groundnut.

The increase in sale from April to May for every crop
of each farmer can be obtained the subtraction of A
from B.

Now, B — A

(18000 15000 12000 15000 13000 12000

~ 21000 16500 16000] B [18000 15000 8000]

(18000 — 15000 15000 — 13000 12000 — 12000

- 21000 — 18000 16500 — 15000 16000 — 8000]

(3000 2000 O

L3000 1500 8000]

", the increase in sale from April to May is given by
Rice Wheat Groundnut
3000 2000 0 Shantaram
3000 1500 8000 ]

Kantaram

Hence, the increase in sale from April to May of
Shantam are ¥ 3000 in Rice, ¥ 2000 in Wheat, nothing
in Groundnut and of Kantaram are ¥ 3000 in Rice,
T 1500 in Wheat, T 8000 in Groundnut.

15. Check whether following matrices are invertible
or not :
4
(i) ' (i) 1 (iii) : 1 z
Dot g U P iii
145
123
(iv) |2 4 5].
2406
Solution :
10
i) Let A=
Boi.Fe [0 1]
10
Then |A| = =1-0=1%#0
el ’01 2

.. A is a non-singular matrix.

Hence, A ! exists.
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" (11
(ii) LetA—I'1 1]

i
'maum=| ‘:1-1:0
|

.. Ais a singular matrix.

Hence, A ! does not exist.

343
(iii) Let A= |1 1 0
145
343
Then |[Al=[1 1 0
145

=3(5-0)—4(5-0)+3@—1)
=15-204+9=4+#0
.. A is a non-singular matrix.

Hence, A ! exists.

123
(iv)LetA=|2 4 5
246
1 2.3
Then [A|=|2 4 5
2 46
=1(24 —20) —2(12 —10) 4+ 3(8 — 8)
=4-440=0

.. A is a singular matrix.

Hence, A ! does not exist.

16. Find inverse of the following matrices (if they exist)

by elementary transformation :

(1 -1
(i) [2 3 ]
Solution : Let A = [;_ —ql]

1
Then [A]=’2

C. At exists.

We write, AA =1

2 a0

By R, —2R,, we get
1 -1 10
Al=
[0 5 ] [—2 1]

By (;) R, we get

1 =7 10

A-l=
b A 2
5 5

By Ry +R;, we get
31
1 0 . 5 5
[0 1]A _|_2 1
| 5 5

;AL

LSRN S O] RS )
Q1 = U1 -

Note : A~ can also be obtained by using elementary

column transformation taking A 'A =1.

i) 21
ii 2\ 4

2.1
Solution : Let A =
7 4

2 1
Then |A[= Lg—7=140
en M=\ 4‘ i

. A1 exist.
We write A *A =1

w7364

By C, —C,, we get
&1 1 1] g 10
13 4 -1 1
By C, - C,, we get
(1 0 1 -1
A! =
3 1] [—1 2]
By C, —3C,, we get
(1 0 4 -1
1 =
4 L0 1] [—7 2}

oY)

Note : A~! can also be obtained by using elementary

row transformation taking AA ! =1.
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2 -3 3
(i) |2 2 3]
3 -2 2
2 -3 3
Snluki(m:LetA=[2 2 3]
3 =2 2
2 -3 3
Then |[A| =2 2.8
3 =2 2

=2(4+6)+3(4—-9)+3(—4-06)
=20-15-30=—-25#0

C. AL exists.
We write A 'A =1
2 -3 3 1 00
s ) 2 3]=[0 1 OJ
3 -2 2 0 0 1
By C, «»C,, we get
3 -3 2 001
A 1[3 2 2J= 01 OJ
2 -2 3 1 00

By C; — C;, we get
1 -3 2

A ‘[ 1 2 2}=[
-1 -2 3

By C, +3C, and C; —2C,, we get

—_ O =
o = O

1 00 -1 -3
A1 1 5 0= 0 1
-1 -5 5 1 3
1
By (5>Cz, we get
=f _2
1 00 l
A~ =
L I\
1 3
5
By C, —C,, we get
2 3
1 00 ? ?
1 a— e
A 0 1 0= 5 5
0 -1 5. 2 3
. 5 5

www.saiphy.com

By (;)C3, we get

i i U0
i A 1fo 1 0f=| —
001
.: 1 [ AN
1] " A L =

\: 5 11

2 1

! Note: A~!

Q=01 = O

N O W
R

w

U1 WU =l
(S0 oS} S G W

anpNn o Uw

can also be obtained by using elementary

row transformation taking AA ' =1.

(iv) [5 1

2 0

01

Solution : Let A =

-1
0
3

=2(B3-0)—0—1(5-0)
=6-0-5
=1#0

oo A Y exists,

We write AA ' =1

2
5
0

0 -1

1
1

0] A
3

| By Ry <*R,, we get

51
2 0
01

By Ry

4 |
2 0
01

2. MATRICES
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3)
O
5
-1

3)
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By R, —2R,, we get

(1 1 2 —2 10
0 -2 —-5|A!l= 5 =2 0
L0 1 3 0 0 1

By R; +3R;, we get

(1 1 2 -2 10
01 4[A'= 5 -2 3
013 0 0 1

By R; —R, and R; —R,, we get

(1 0 —2) [ -7 3 -3)
01 4| A7t = 5 =2 3
L0 0 —1) L =D 2 -2

By (—1)R,, we get

(1 0 —2) (-7 3 =3)
01 4 |A = 5 =2 3
00 1. 5 =2 2
By R; 4+ 2R; and R, —4R,, we get
100 3 -1 1
01 0fA =] —15 6 -5
001 5/ =2 2
3 -1 1
TATl=] —15 6 -5
5 -2 2

Note : A~! can also be obtained by using elementary

column transformation taking A~ *A =1.

3 15
17. Find the inverse of |2 7 8| by adjoint method.
1 25
3 1 .5
Solution: Let A=|2 7 8
1: 2 -
315
Then [A|=[2 7 8
125

=3(35—-16)—1(10 —~8)+5(4 —7)

=57—-2-15=40#0
. A1 exists.

First, we have to find the cofactor matrix
=[Ajlax3 where Ay=(—1)*/M;

2 8
Ay =(—1)*3M;,=—
(=D M= | |
=—(10—8)= -2
2 7
Ap=(—1)!*""M,,=
1a=(-1) 13 11 2‘
—d—Tm —3
15
A, =(=12*""M,, = —
n= (=10 My = |, |
= —(5-10)=5
3 5
A, =(=10**M,, =
22=(=1) 22 '1 5
=15—-5=10
3 4
Agym (=102 My —
= (=17 M= ||
= ~(6-1)= -5
1 5
Ag =(—1p+1 My, =
1= (=17 My = 2]
N8 —35= —27
35
AL, =(—1)+2 M,, =~
2 =(=1 2 M= = |
=—(24—-10)= —14
31
Ay =(—1PM,, =
33 ( ) 33 12 7‘
=21-2=19
", the cofactor matrix
Ay A Ay 19 -2
=|Axy Ay A= 5 10
Ay, Ay, Ay, —27 —14
19 5 =27
adjA=|-2 10 —14
-3 -5 19
= . (adj A)
v —IA| aq)
1 19 5 —27
A @ A N
A =40 2 10 14 |.
-3 =5 19

18. Solve the following equations by method of

inversion :
(i) 4x—3y—2=0, 3x -4y +6=0

7 8 Solution : The given equations are
NOW/A“:("‘l)l’lMll:‘ ‘
25 dx—3y= 2
=35-16=19 3x—dy=—6
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These equations can be written in matrix form as :

B MBI

This is of the form AX =B, where

aele e e ]

Let us find A 1.

4 -3
A=, _4’=—16—(—9)=—7;&0
S A exists.

We write AA ' =1
4 -3 10
.. A l=
H R
By R; —R,, we get
1 1 1 -1
A-l=
HE S
By R, —3R;, we get
1 1 1 -1
A-l=
[O —7] [—3 4]

By ( — ;) R, we get

(I — 1
01 3 _4|
7.

By R; —R,, we get

4

10), , |7
[M]A BE
7

7
|

WA

~

Now, premultiply AX =B by A !, we get
A '(AX)=A"'B

L (ATTAX=A'B

CIX=A"'B

'
W

[8 18] |

{8+ §
x| 7 7_%
“ly) | 6,24 |

i i

i’ t

7..

o

6
7 |
0

w

7

By equality of matrices,
3

x= 276, Y= 70 is the required solution.

(i) x+y—z=2,x—2y+z=3and 2x—y—3z= —1

Solution : The given equations can be written in matrix

form as :
1 1 -1 x 2
1 =2 1f|y|l=| 3
2 -1 =38 z -1
This is of the form AX =B, where
1 1 -1 X 2
A=|1 =2 1 X=[y andB=| 3
2 -1 -3 z -1
Let us find A",
1 1 -1
[Al=|1 -2 1
2 -1 -3
=1(6%1)—2(—-3-2)—1(-1+4)
=7+4+5-3=9#0
AT exists.
We write AA - '=1
1 1 -1 100
2 [1 -2 1|A"t=|0 1 OJ
2 -1 -3 001
By R; =R, and R; — 2R, we get
I & -4 100
[0 -3 2|A =] =1 1 0}
0 -3 -1 -2 01
By(~;) R, we get
1 1 -1 1 00
o A0-Bald iy
0 -3 -1 -2 0 1]

By R, =R, and R; +3R,, we get

1 2 1
10 -, | 5 30
Al gl 11
01 —3|at=| 5 -3 0
00 -3 F=i =i i]
2. MATRICES 117

www.saiphy.com



www.saiphy.com

1] 52 1 ]
10 “3 3 3 0
2 ., |1 1
01 _3;iA =5 g 0
\ 1 1 1
00 1] 3 3 3
1 2
By R, +3R3 and R, + R;, we get
7 4 1
100 9 9 9
5 1 2
i s =
01 0|]A = 9 9 9
001 1 11
3 3 3
1 7 4 -1
v A=Y — —
; 9 5 1 2
3 3 -3

Now, premultiply AX =B by A !, we get
A HAX)=A"'B
T (ATTAX=A"'B

IX=A'B
i 7 4 -1 2
2 X=9- 5 -1 -2 3
-1
x 14+12+1 27
yl|= {10 342 =(1) 9
Z 6+9+3 18
x 3
y|=|1
z 2

By equality of matrices,

x=23, y=1,z=2 is the required solution.

(iii) x ~y+z=4,2x+y—3z=0and x+y+z=2
Solution : Refer to the solution of Q. 18 (ii).
Ans. x=2,y=-1,z=1.

19. Solve the following equations by method of

reduction :
(i) 2x+y=53x—5y= —3
Solution : The given equation can be written in matrix
form as :
2 1] [« 5
& 5JG)- L4
118

By R, —5R,, we get

[—5 (l)] [;] =[-z§]
> [-Zi3]=[-z§]

By equality of matrices,
2X+y=5

—7x= —28

From (2), x=4

Substituting x =4 in (1), we get
2(4)+y=5 y=-3

Hence, x =4 and y = —3 is the required solution.

(1)
. (2)

(ii) x +2y+z=3,3x—y+2z=1and 2x — 3y + 3z =2

Solution : The given equations can be written in matrix
form as :

1 2 1) (x 3

3 —1 2f|y|=|1

2, =3 3JLz 2
By R, — 3R, and R; —2R,, we get

1 2 17 ()] 3)
0 -7 —1||y|=|-8
0o -7 1) Lz) —4)
By R; —R,, we get
1 2 INNES 3]
0 -7 =1f||y|=|—-8
0 0 2) Lz 4)
X+2y+2) 3
0-7y—z|=| -8
0+0+2z) 1
By equality of matrices,
x+2y+z=3 (1)
-7 —z=—8 . ()
22=4 . (3

From (3), z=2
Substituting z =2 in (2), we get
iy ok '8

6
Wo=7y= -6 '.y=7

Substituting y =;, z=2in (1), we get
7

x+2(;)+2=3
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. 12 5
. Xx=3-2— 7=y

Hence, x = ~; y =g and z =2 is the required solution.

| Note : First equation is modified. |

(iii) x -3y +2z=2,3x+y+z=1and 5x +y + 3z =3.

Solution : Refer to the solution of Q. 19 (if).
1 1 5
Ang KmS, o= g,
ns. x= Y= -5 2=,

20. The sum of three numbers is 6. If we multiply third
number by 3 and add it to the second number, we
get 11. By adding first and third numbers we get a
number which is double the second number. Use
this information and find a system of linear equa-
tions. Find the three numbers using matrices.

Solution : Let the three numbers be x, y and z.

According to the given condition,

x+y+z=6

3z+y=11ie y+3z2=11

and x +z=2y, ie. x—2y+z=0

Hence, the system of linear equations is

xt+y+z=6

y+3z=11

x—=2y+z=0

These equations can be written in matrix form as :

o 1 TTCEF 6

0 1 3||y|=|11

1 -2 1Jlz) (0

By R; —R;, we get

From (3), y =2

Substituting y =2 in (2), we get
2+3z=11

3z=9 Soz=3

Substituting y =2, z=3 in (1), we get
x+2+43=6 Sox=1
Sox=1ly=22=3

Hence, the required numbers are 1, 2 and 3.

ACTIVITIES = Textbook pages 86 to 88

1. Construct a matrix of order 2 x 2 where the (ij)"
i+ j)?

element given by ;= 2447 °

a a
Solution : Let A=[ 3 “] be the required
2x2

Az @iy
matrix.
; ; (i+j)? (1+1)? 4
vaenthataii— 2+i'a“—'-2+1'_'3’
_a+22 9, _@+17 9

2= "Aa AT 22 TY
o, @27 16,
P2 oA\ A

4

3 3
A= 9

= 4

4

k-t =P ,B= & = ,find AB — 2I, where
6 4 8

I is unit matrix of order 2.

WG tCven h=|t ~%| Ba? 2
S0 1: Gi = =
olutior ven 6 7 ’ 4 8

[2 1 LKfx) [ 8 Consider AB — 21
0 13 y|= 1 onsiaer T
e 7)la 8 01
x+y+z 6
= [(2-20 -3-4 2
0+y+3z 11 5 KB 0 o]_[ o]
0-3y+0 -6 112+28 —18+-56 0 2
By equality of matrices, (- 18 —43] [2 0]
x+y+z2=6 e (1) L 40 38 0 2
y+3z=11 i (2) [(—20 —43
;. AB—2I= :
—3y=—6 e (3) 40 36
2. MATRICES 119

www.saiphy.com



www.saiphy.com

1 -1 3 3 2
3. If A=[2 3], then find A ! by the adjoint A ‘=;[2 _1]
method. - 1(3 2|1
¥ =4 e lB:?[z 1) |4
Solution : Given A = [ ] : -
2 3 : _1[3+8]_1[ 11]
s R 3 =
|A|=‘ =3+2=5#0 INe~g 2ls=2
2 3
. 11
S AT s exist. > 7
M;;=3 .. A, =(-1)'*'M,;;=1@)=3 { vl ) @
Mj;=2 .. Ap=(-1'*2M,;,=(=1)2)= -2 ! 7
Myy=—1 .. Ay =(-1*"'M,, =(=1)(-1)=1 " A
| am Y=
My, =1 . Ay,=(—12%*M,,=1(1)=1 !
; 3 -2 ! th ion o e i e 11
% [A‘.j]hz: ; : _:' Hence, the solution of given linear equation is x = 7
31 : —2
T e | -
Adj(A) = [A;] —[_2 1] =7
I S :
A~ '=—adj(A)
[A| ! 5. Express the following equations in matrix form and
A 1_}[ 3 1] 3 solve them by the method of reduction :
T 5(-21

X+3y+3z2=12, x+4y +4z=15x+3y +4z=13.

Solution : The given equations can be write as

4. Solve the following equations by inversion method : g+ 3y R =12 x+ 4y HAz =15, x + 3y +42=13

)

x+2y=1 . Hence, the matrix equation is AX =B
2x—3y=4 1 3 .3)(x) (1)
1 2 X 1 |1 4 4| |yl=]|15 (i.e. AX=B)
Solution : A= - = ‘ )
S [2 —3]'X [yJ’B [4] Pl 3 4)lz) 13
Given equations can be written as AX =B By R, >R, —R, and Ry » R, —R,,
Premultiplying by A !, we get 13 3)(x) (12
A YAX)=A"'B 01 1||y|=]| 3
(A~'A)X=A"'B v lo o 1) lz) L)
— 1
X=A""B We write equation as
X=A'B
x+3y+3z2=12 i)
First, we find the inverse of A by row transformation.
y+z=3 .o (2)

We write AA ' =1

1 z=1 o (B)
Using R, »R, — 2R, [l 2] A 1=[ ’ 0] v

0 -7 -2 1 | from 3),z=1
. - 1 0 . Putz=1 in equation (2)
Using(_ )Rz Al=|2 -1 | y+1=3
7 01 B
Ly=2
3 2 Puty=2, z=1 in equation (1)
10 - ~ - =
Using R, >R, — 2R, [ ]A {2 7 ol LBl dty e
01 g =1 b x=3y=22z=1
Z )
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ACTIVITIES FOR PRACTICE

1
1. Constructa matrix of order 2 x 2 where a;; = 2 (3i —2j).

a,, a
Solution : Let A = [ 12 12] be the required matrix.

A1 A2

Given:a,-]-=;(3i—2j)
v au=56[ -2 =]
0y =50 -2 =]
o =36]-2 =]
ay =56 ]-2 =]
1

(g5

2. Find the cofactors of the elements of the matrix

!

Solution :

M= iiiiis F Ay =il
Wl =i cosmenns PR TN
Myy=.eeenen A = eiennns
M,;=..c0niis A O T RO en

5 2 4 -2
Solution : BA= sk 3 NN
L 4 —-2) |5 2
[ -4+ v+ 6
e+ (=100 —12+...
1 2 3 '
4, FindAB,ifA=[ ]andB= 1
1 -2 -3
1
Examine whether AB has inverse or not.
1 -1
Solution : AB = [1 2 3] 1 2
1 -2 -3
1 -2
B 14+...43 ... +4+...
J IPUETE Y (R ) R SO S

= Jo
(AB) ! .........
(1 2 .
5 If A= 3 4] and X is a 2 x 2 matrix such that
AX =1, find X.
Solution : We have AX =1
1 2) 10
% Ne
3 4] 01

By R, —3R,, we get
1 2 10
PR ESI I
1
By(——)Rz,weget
2
1\ 2 1 0
FES N
By R; —2R,, we get
[1 0]X=[... ]
01
-_x=["' ]

-1 5
6. Find the inverse of the matrix A=[ " 2] by

adjoint method.

Solution :

-1 5
Al= A7 AR T =i 0
al=| 5 | +
oo A Lexists.
Now, M;;=...... P A=
¥ AR T
i ) EAY - Mnm
2|. | M s . unr A= ..
ade:[ ........... ]
A= (adjA)
% 121[ ............ ]
2. MATRICES 121
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7. Express the following equations in matrix form and
solve them by method of reduction :

x—y+z=12x—y=1,3x+3y—42=2.

Solution : The given equations can be written in matrix A-l—4g [ ............ ] B [ ............ ]
formags 0 T Fllawes sy lseein e
.................. A (o B
.................. y
................... J Lz A 1=[“"" }
ByR,—2R, andR,—3R, wegst A0 ¢\ | | i e
[ 1 -1 17 (] 1) el & .
.................. y K OBJECTIVE SECTION /
Lusross covemen  mosmes 2 WZ)  Loveses )
By Ry —6R, Weget MULTIPLE CHOICE QUESTIONS |
1 -1 17 (%) 1 Select and write the correct answer from the given
.................. yl=| 4L alternatives in each of the following questions :
.................. Jlz) | L IfAisa square matrix and |A| # 0, then A is called
X + Yy + z 1 (a) a singular matrix ~ (b) a non-singular matrix
...... H eervenFoaneves | =K. ... (c) a diagonal matrix (d) a unit matrix
...... b o svasen

x+y+z=1

8. If the matrix A = [1
1 3

find A 1.
Solution : A2—4A +1=0
Premultiply by A=, we get
A Y A*—4A+)=A"10
SOATHAA)—4A A+ ATT=0

LA pAa—4[ J+At=0

122

2
] satisfies A? —4A +1=0,

0 =5 x
2. If A=|y 0 z|is a skew-symmetric matrix,
. (1) 3
L@ e
e en

(a) x= —;,y=5i,z=\/§
3 2 .
(b) x=i,y=51,z=\/2
3 ’
(c) x=§,y= —51,z=\/i

3 -
@ x="=z y=—5iz=/2

3. If A is a 3 x 4 matrix and B is a matrix such that A™B
and BAT are both defined. Then order of B is
(a) 3x4 (b)3x3 (c)4x4 (d)4x3

]

4. If A is a diagonal matrix diag(d,, d,, d, ..., d,), then
A", neN is
(a) diag (nd,, nd,, ndy, ..., nd,)
(b) diag(d,*, d,", dy", ..., d,")
(c) diag(d,” L, dy "L, dy" 1, .., d, 1)
(d) diag(d1"+1, d2n+l’ d3"+l, o d”n+1)
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— 2B — 2A —3B =
. If A—2B [3 7] and 2A — 3B [

-1
L IfA= 1
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A and B are two matrices such that A — B and AB are
both defined, then

(a) number of columns of A =number of rows of B
(b) A, B are square matrices of the same order

(c) A, B are of same order

(d) A=B

_z 3] , then

matrix B is equal to

A 5 06
0 [—6 —7] e [—3 7]

§ 6 —1
iy @l
35

-3 5}, then A? is
3 5

(c) 3A

-1

(a) A (b) 2A (d) I

. The value of x if

1 2 3 1
[1x1]|4 5 6||2]|=0is
3 2 5J).43

@2 (b —g @ B

8
8 8 (d)§

6 9 -
.If.A—[_4 _J,thenA is

(a) null matrix
(c) 2A

(b) unit matrix
(d) 3A

The matrix A such that

i 2 -1 4
-2| A=| —4 2 —8|is
3

6 -3 12
2

(a) [2 —1 4] (b) [—1]
4

(d) [6 —3 12]

(c)[—-42 -9]
2 8 -4 -2
If[—20 3] 3|—1 6]—2[ 3 O}
4 -2 1 4
=[x y], then

(@) x=2,y=1
(c) x=2,y=98

(b) x=2,y=—98
(d) x=-2,y=-98

2. MATRICES

1 2
12. If A= [3 4] and A(adj A)=KkI, then the value

13.

14.

15.

16.

17.

of k is
@2 () -2 (c)10 (d) —10
1f 1 -4 .
IfA‘=—2[_1 2],thenAls
1 -4 2 4
) [—1 2] ®) [—1 1]
2 4 2 4
(c) [1 1] (@ [1 1]

; o A ]
The mverse of matrix [ ] 15
2 3
if 8 <1 1 31
(“)5[_2 1] (b)s[_z 1]

CH I I M

-1 2
IfA= > @ /B = 0 3 , then (AB™)T
V] 1.2 1 —1 4

is equal to

7 8 -7 8
< [7 o] (b)[ 0 7]
@ [7 18}

7 8
() [18 7] 8 7

The element in third row and first column of the

1 -3 2
inverse of the matrix | —3 3 —1]is
2 -1 0

(a) =3 ()2 ()4 (d)3

If a 3 x 3 matrix A has its inverse equal to A, then
7 ey
010 101
@@ |1 11 (b) |O 0 0
010 1 01
1 00 1Y |
()]0 10 @ 1 11
001 1. 1 4
123
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2 0 0 1
18. The inverse of the matrix [0 1 0| is 2 0 d 1 4 -2
0 0 -1 18. (a) [0 1 0] 19.(c) | =2 =5 4
1 1 1 -2 1
s e 0 0 -1
2 0 0 > 0 0
1 3
(a) |0 1 0 (b) 0 -1 0 20 .
@ | 43
0 0 -1 0 01
PR ) TRUE OR FALSE |
- - 0 0 ‘
© 3 1 ol @ 1 (2) ; 2 State whether the following statements are True or
C — p— a—
2 2 False :
1
0 0 3 0 0 =1 1. Every identity matrix is a scalar matrix but every
i 1 P 5 scalar matrix need not be identity matrix.
19.If A"*=>| -2 -5 4| and |A|=3, then 1L a b+c
1 =2 1 2.IfA=|1 b c+a]|,then A is a non-singular
(adj A)=...... 1 e a+y
y 1 § =3 1 -2 1 matrix.
(a) 5~ 2 -5 4 (b) 4 -5 -2 3. If B is a square matrix and BT = — B, then B is called a
L =2 1 -2 4 1 skew-symmetric matrix.
© ; : _Z @ _; _§ Z 4. If AB exists, then BA may or may not exist.
o) | =8 = -
1 =9 1 ) ) 1 , 5. If AB and BA both exist, then AB =BA.
2 -3 8 0.\
20. If A= [ 4 1] , then adjoint of matrix A is /6. IfA=|0 7 0], then A is a lower triangular
1 3 1 -3 Wa &
(a) B (b) \4 5 matrix.
(© 1 3 ) =1L -3 X+y y+z z+x
g =2 —4 2 7. The matrix A=| 1 1 1 | is a singular
Answers z x Y
matrix.
1. (b) a non-singular matrix
3 8. If the order of A is 2 x 3, order of B is 3 x 2 and order
2. (a) x= —72, y=>5i,z= \/2 of C is 3 x 3, then C(A + BT) is not defined.
3. (a) 3x4 4. (b) diag(d,”, d,", dy", ..., d,") g [z‘ 0] i [i 2] e
5. (b) A, B are square matrices of the same order 3 —i 3 4+i
0 -1
-4 -5 9 =
6. (a) [—6 _7] 7. () A 8 (c)—¢ & [0 2+i]'
9. (a) null matrix 10, (a) [2 —1 4] 10. The diagonal matrices are symmetric.
= = 2 3
11 (b) x=2,y=~98 12. (b) 2 1. If A= [4 5], then A% —7A —2I is a null matrix.
2 4 5 1 31
13. (c) 1 1 14. (b) 5 =01 o 12. If A and B are two matrices, then
7 8
15. 16. (d) 3 17. 1 A
5. {e) [18 7] @ () (010 13. If A= *| and A? —5A +71=0, then o« =1.
0 01 -1 2
124 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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wxa=| > 4 B=|") 3| ana == o
' l-23)7 | & =1 6.1f A=| —7 4 5| is a symmetric matrix, then
3A — 2B + C =1, where I is the unit matrix of order 2, | c b 6)
-7 8 ! a+b+c=.........
then CT = [ ] i .
0 7 2 6 3 x . .
7. IfA= ,B= and AB is a null matrix,
15. If A and B are square matrices of the same order, then 39 Ly 2
(A +B)* =A%+ B? if and only if AB =BA. ; thenx=......... o Y=
- ' 3 =2
[1 —-1 2 2 1 8 IfA=[ ]andAlzkA—ZI,thenk= ......... .
16. kA= . 5[B=| 3 -1 ,then ABisa | g -2
) 0 2 3
singular matrix. 9. IfA=[132]and B=|2|, then AB=.........
2 22 ; 1
17. If A=|2 2 2|, then A~ ! does not exist. 'v -1
i 3
wd % 2 | 10. The value of [1 2][4] +[1234] (1) - T—
s (2 ?)[r 23 81 9 ! 0
"1 -2)J(2 3 1) -3 4 -1) |
! 11 If A, B, C are the matrices of orders 2 x 3,2 x 3,3 x 1
012 1 1 =17 ! respectively and (3A —B)C =X, then order of X is
19. If A=(1 2 3| and A“'=§ -8 6 2|, |
3 a1 5 —3 1 AN
} 4
thena=1,c=1 © 12, If the matrix A= [ 3 Z] satisfies the equation
2o AAT=25], th
20 fA=[3 4 5|, then A ! does not exist. i e 4% Y | :
46 8 . 13. If A and B are two square matrices of same order,
) T
pon N - . then (BA) =.........
11 1\2 4

1. True 2. False 3. True 4. True 5. False 14 A=\ 3 -2/ thenAy,=.........

6. False 7. True 8. True 9. False 10. True 10 —3

11. True 12. False 13. True 14. False 15. False 20 0

16. False 17. True 18. False 19. False 20. True. . 15. If Ais a square matrix such that A(adj A) = [ 0 20]'
then |A|=.........

FILL IN THE BLANKS |

Fill in the following blanks with an appropriate 16. B [ -: ;] is the adjoint of a matrix A and |A| =,
words/numbers : f then a=" ..it.... 3
1. If A =[ay] is a square matrix of even order such that ! 6 —5 1
”ij:iz —7% then Adsa ......... | 17. If the matrix | 4 2 —1| has no inverse, then
5 -3 2 7 | 14 -1 k
2. If A= 1 0 and B=| —3 1|, then k., .00 0 3
—~4 &9 2 =2 : 815
OA —3B= .., ! 18. The inverse of [ | 2] W
3. If A=[ay]3.2 such thata,—l-=1241, then A=......... 19, IfA=[z 2],B= [i] and A-!'X =B, then
4. If the order of matrix A is 3 x4 and AB, AB" both >
exist, then the order of B is ......... 65 11 0
5. If A and B are any two matrices, then AB exists if and 20, Jiho= [5 6] and B [ 011 ] <t
ORISAE oo eorias ATBTE i
2. MATRICES 125
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Answers 8.1 9. [11]
4 -27 10. [13] 11. 2x 1
1. skew-symmetric matrix 2. 1 -3
12, -3 13. AT-BT
-14 2
5 9 1. -7 15. 20
2 2 A
3./3 5 4. 4x4 LAY M A
7 11 112" =5 6
2 2 'y 13[3 ~1] L 14]
5. the number of columns of A = the number of rows 66 55
20. ;
of B. 2 55 66
6. 1 7. —6, —1
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DIFFERENTIATION

..............................................

# Important Formulae
3.1 Derivative of a Composite Function
3.2 Derivative of Inverse Function
3.3 Logarithmic Differentiation
3.4 Derivative of an Implicit Function
3.5 Derivative of a Paramelric Function
3.6 Second Order Derivative

#¥ Objective Section
Multiple Choice Questions
True or False
Fill in the Blanks

& IMPORTANT FORMULAE >

1. ¥ Tim [N =1
h—0 h
the derivative of f and it is denoted by f'(x).

exists, then this limit is called

Finding the derivative of a given function by using
the above definition is called finding its derivatives

from first principle.

lim fla+h)—f(a)
h—0 h
at x =q and is denoted by f'(a).

, if it exists, is called derivative of f

3. Derivatives of Standard Functions :

Functions Derivatives :—z or f'(x) |
| !
o nx" !
0
e 1
¥ =
4 2\/x
1 1
x XZ
a* a*-loga
e er
1
log x =

Ve d.O7
S dn9
. 159

In derivatives, if there is a function of x in place of x,
use the same formula and multiply the result by the

derivative of the function.

es (1) 2 (P =n[F@I 1 f ()

(2) % [@P] = @-Tog a-f'(x)

d 1 .
@) - Alog [F()]} y 75k f@).
. Rules of Differentiation :

’ dy du  dv
(l) Ify—ll + v, then d—x—a i‘a

¥ dy  du

(ii) If y = ku, then = kaz
dy do  du
(iii) If y = uv, then il A
du  dv

V——u
(iv) Ify=g,thcngg=£vi dx

+ (v #0)

. If y = f(u) is differentiable function of u and u = g(x) is

a differentiable function of x, then dy = d“y X d-u
dx du dx

. If y = f(x) is a differentiable function of x such that the

inverse function x = f ~ '(y) exists, then x is a differenti-

able function of y and o L # 0.

dy (@)’ dx
dx

3. DIFFERENTIATION 127
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7. If y=[f(x)]8(x), then it is convenient to find the
derivative of the logarithm of the function, and

d (g (x)-f'(0
z’i = [F)] [‘%I)(V) +¢'(x)-log f (x)]

[This formula cannot be used directly.]

8. When a given relation expresses y as an implicit
d
function of x and we want to find di/, then we

differentiate every term of the relation w.r.t ¥,
remembering that a term in y is first differentiated

w.r.t. y and then multiplied by ZZ

9. If x and y are differentiable functions of f, then

dy (dy ‘a'll dx\ dx
dx (dt)l.u" (dt)' Tl
(d_y
dx \ dx

d
10. The derivative of first order derivative, i.e. —
is called second order derivative and it is denoted by
2,

d
Eg or y, or f"(x) or y".

| INTRODUCTION
The concept of derivative of a function and the

method of obtaining the derivative of some functions
has been introduced in Std. XI. We have used this
concept in calculating the marginal cost, the marginal
demand of a commodity.

Let us recall the definition and the rules of differen-
tiation that you have studied.

Definition : If x and x + dx belong to the domain
of fand tim L F 2 = fE)
x =0 ox
is said to be differentiable or derivable at x and this
limit is called the derivative of f at x, which is denoted

by £(x) or 2 [/ ()]

Thus, f/(x) = linfE o8 —5x)
6x-+0 ox

exists, then the function f

Derivative at a point :
If fis a function and 4, a + h belong to the domain of

f, then the limit given by lim f(a_+h}3i(a)_, if it
h=0
exists, is called the derivative of f at x=a, and is

denoted by f'(a).

Thas, Fila)m lim L2t W =F(8)
ha0 h

Leibnitz Notation of Derivatives :

The ratio ég =Mx)—_f(x) is called in-
ox ox
crementry ratio and f'(x) = lim L(_L)—f(x)
5x—0 0x
.oy
= lim —=*
b0 OX

This limit is denoted by :—x(y) or simply as % . This
is Leibnitz notation for the derivative.

Thus, [—i!= lim ()1, if it exists.
dx Sx =0 ox

Note : The derivative of y = f(x) is also denoted
by y, or y'.

Derivatives of Standard Functions :
The derivatives of some standard functions are

given in tabular form.

Sr. dy ;
No. y or f(x) = fx)
k (constant) 0
xu nx 1
1 -1
i x ra
1
4, x —
v o
5. a(@>0a#1) a*loga
6 & ¢
1
i log x =

Rules of Differentiation :
If u and v are differentiable functions of x, k is a

constant and

: dy du dv
(i) y=u+wv, then EE—EE-*-E;
dy du do

(i) y=u—uv, then

dx  dx dx

du

dy
(iii) y =ku, thenaj—c—k >

128 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XIT (PART 1) (COMMERCE)
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dy dv  du
(iv) y =uv, thena ud—+ o
dy dw dv du
) y=uvw, thend—;c—uva*+uwd +vwa§
pdu_ v
(Vi)y=g,then%= & dx,(v#())-

(3.1: DERIVATIVE OF A COMPOSITE FUNCTION |

Consider, the function given as y = (3x* —2x+ 5)
This function cannot be expressed either as a sum or a

difference or product or quotient of function.

”

Now, put u =3x* —2x +5. Then y =u?. Thus, y is a
function of u where u is a function of x and in turn y
becomes a function of x. In this case, y is a function of a

function or a composite function.

We state (without proof) the rule for differentiating
such a function in the following theorem which is called
chain rule.

Theorem 1:
If y = f(u) is a differentiable function of # and u = g(x)

_y d_y du
is a differentiable function of x, then ;o e, o

Note : If y is a differentiable function of u,, u; is a
differentiable function of u; 4, 1=1,2,3, .., n—1and u,
is a differentiable function of x, then

dy dy duy du, du,

oy xmx;ju—ax... Xt
Result 1:If y=[f(x)]", where f(x) is a differentiable
functions of x, then d-— =n[f)1" ' f'().

Proof : y = [f(x)]"
Put u = f(x). Then y = u"

Ldy_d W) =nu""t=n[f@x)]"?

Result 2 : If y=1log [f(x)], where f(x) is differentiable

; 3 dy_ 1 .
function of x, then A~ e x f'(x).

Proof : y =log [f(x)]
Put u =f(x). Then y =log u

Ldy_d wde A
“du du (og u)= u _f(x)
du d .
and - = [f(9)] = (1)
5 d_xl dy du 1 i
“dx du dx f(x) X fA):
Note : We can prove the other formulae in the similar

way. They are given in the following table :

Sr. No. y :{
1. [f@)]" n[f(x) ]" T fi(x)
2\ Jf(x) (x
V) Jf(_ x f'(x)
1 — ;

3; fo) —[f(x)lz xf(X)
4. al/® a/%-log a x f'(x)

ef® e/ x f'(x)
6. log [f(x)] f( 3 X f'(x)

. l e

7. log, [ f(x)] F@)Tog 8 x f'(x)

| EXERCISE 3.1 | Textbook page 91

oo BY <
1. Find e if :

(1)y=\/x+1 @ y=Ya? +x*

(3) y=(5x" — 4x* —8x)°.

Solution :

(1) Given :y=\/x+}(

“du  du 1

d d Ietu—,\-+—T

d = =——[fx)] =f'(x)

dx dx The ~

ny=.\/u

dy dy du oot
L 2= =qf(x)]" 1 f(x). dy d 4+ 1 &

dx  du dx T Y e

*oa " du du(u ) 2u
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N . d_y dy du
_2\/};—2 i ‘ “dx  du dx
s~ ; —9(5x® — 4x? — 8x)3(15x2 — 8x — ).
anddu—d(x+l) |
dx  dx x ! . L dy .
p p 2. Find T if :
=—@)+——(x"") : .
dx dx i (1) y=log(logx) (2) y=1log(10x* +5x* —3x* +2)
i il 121_% - (3 y=log(ax*+bx + ).
* | Solution :
Ly _dydu 1 .(1 - 1) | (1) Given : y = log(log x)
dx du dx 1 x? {
2 .~r+JL ! Let u =log x
. - 1 f Theny=logu
2 !
)-8 wd
2( - x | du (log u)
f _}_ 1
(2) Given:y= Ya*+2* u  log x
. !
Letu=a*+x j andd (loga)
Then y = J/u .
) . dy dy du 1 1
% ;;( )—%u% ; “dx dudx log X x
3(u +x2) 3 § x log x
and% d—(a +x?%) (2) Given : y =log(10x* 4 5x* — 3x* + 2)
—042x=2x Let u=10x* 4 5x3 —3x2 4 2
. dl dy du Then y =log u
“dx du dx ) . d_-‘/_i(lo ”)—1
=1(a2+x2) 3.0y ! Cdu du BTy
3 ,
2x 2 ! . -1_ _
= ar(a2+x2) 3, ; 10x* + 5x° — 3x% + 2

! a11Clg*:=£c(10x‘+5:r‘—37:2+2)
(3) Given : y = (5x* —4x? — 8x)°

Let 4 =5x* —4x% —8x (x“) 4 5 (x’) 3 (x )+ d‘i @)
Then y = u’ 5
dy —d(u9) LA =10 x4x* +5x 3x2 -3 x2x +0
o ! =40x? + 15x* — 6x
. 3 . 8
=9(5x% — 4x% —8x) | . d_y dy s
and g fi.(sx3 —4x? — 8x) ) dx  du’dx
dx dx : ;
) = 3 2 _
- 51(x3) _ 41(;:2) _ Si(x) 100 +5¢" — 32 42 % (40x3 + 15x% — 6x)
d dx dx _3
=5x3x2—4x2x—8x1 _ 4(1x3+115x2—26x .
.; 10x* +52° — 322 + 2
=15x2 —8x—8 Sag
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(3) Given : y =log (ax? + bx +c)
Let u =ax*+bx+c
Then y =log u
dy d 1
£=d—u(log u)=_;
——
ax* +bx+¢

du d
anda’—a(ax+bx+c)

s diyo. @
—adx(x )+bdx(x)+dx(c)

=ax2x+bx1x0=2ax+b
Ly _dydu 1
“tdx dudx ax®+bx+c

. m.?.ax+b

Cax? +bx+c

3. Find gz if :

(1) y:eSx‘ 2x+4 @) y=a‘1+l°sx)
(3) y=5@+losd
Solution :
(1) Given : y =% ~2x+4
Letu=>5x% —2x+4

Then y =e*
s dy_ B o
. du_du(e)_e
= —2x+4
and dl}:rd (5x% —2x + 4)
dx dx
d, , d d
—de(l )—de(x)+dx(4)
=5x2x—2x1+0=10x—2
. dy_dy du
“dx du dx

=% ~ 2+ 5 (10x —2)

= (10x —2)& =2 +4,

(2) Given : y=a(' +log x)
Let u=1+logx
Then y = a“
dy d
d% = cTu(au) =a"log a

=a(1+logx)_log a

—— % (2ax + b)

www.saiphy.com

du d

=0+}=}
X x

. Sy _ oy dv
“dx du dx

’ 1
=R(l +Iogx),]og “;\,

(3) Given : y =5%+lop )

Let u =x +log x
Then y = 5*

=5(x+log x)_log 5

du d
and ¢ Z&(x +log x)

—t4s
X

. dy _dy du

“dx du dx

=5(x+lugx).1og 5.(1 +1>
x

~
{

L EXAMPLES FOR PRACTICE 3.1 )

1. Find ‘—;Z if :

1

(1) y=/2x* +5 @ y=(aap

(B) y=(x*+3x* —2x)5  (4) y=0Cx*—x? +4):

§

G)y= U(h‘+3+%) (6) y=&(3x* +8x—7)°.

2. Find Z—z it
(1) y=log(2x* +1) (2) y=log (4x? +3x — 1)
() y=log/x* +4 (4) y =log (log x?).

3. Find 4y if :

dx
(1) y=£,log(logx) (2) y=ex~21ogx
(3) y=e"’-e" (4) y=enx’+b1+c

(5) y =£,(logx+6).
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4. Find Vit :
dx
1
(1) y=10""-2"+1 @) y=7"*
(3) y=a*Tlo8x @) y=3v¥+2,
Answers
v 2x —4x
YO e Py

(3) 6(4x? 4 3x? — 2x)5(12x% + 6x — 2)

15 2 4 3 ;
(4) X (4x — 1)(3x* — x% +4)

(5) g(le +3+ ;)g-(/ix —;2)

(6) Z(sz + 8x — 7)§-(6x + 8).

4x 8x+3
2 ) 5 @ & +3r—1
X 1
® x*+4 @ 2x log x’

3. (1) Jl-c @ (2 +20¢  (B) &5 (5xt +1)

elog x+6

X

(4) (ax + b)e™ +tx+c  (5)

4. (1) (3x> —4x)-10" > +1.]og 10

2 1
@) (x - 1)-7"’J=-1c>g 7
Jr+z,
(3) (lil)-a""’g’-loga (4) w.
x 2./

( 3.2 : DERIVATIVE OF INVERSE FUNCTION )

We know that if a function f : A—B is one-one and
onto, then its inverse function f ! : B — A exists. If we
exhibit the function f by y=f(x), then its inverse function
f ' is exhibited by x = f~ !(y). We state (without proof)
the rule for finding the derivative of f ! in terms of the
derivative of f.

Theorem 2 :

If y=f(x) is a derivable function of x such that
the inverse function x =f~'(y) is defined, then x is
differentiable function of y and

dx 1 dy
d—y_m,whereﬁ¢0. OR
132

]

If y=f(x) and x=g(y), where g is the inverse of f,

ie. g=f! and if % and ;—; both exist and %#0,
dy 1
then d—x B de‘v) §

EXERCISE 3.2 | Textbook page 92 |

1. Find the rate of change of demand (x) of a commodity
with respect to price (y) if :
(1) y =12+ 10x + 25x
(2) y=18x +log(x —4)
(3) y=25x + log (1 +x2).
Solution :

(1) Given : y =12 4 10x + 25x?

Ldy d =2

. E—dx(l2+10x+23x )
d d S
_E(HHIOE(XHZSE(X)

=0410 x 1425 x 2x =10 + 50x
By derivative of inverse function,
1 1
dy_(d_y 10 +50x
dx
Hence, the rate of change of demand (x) with respect
to price (y)
1
Cdy  104-50x

(2) Given : y=18x+ log (x —4)

Ldy_d
.E—z‘_[le+log(x 4)]

d d
= 185‘(35) +a[log (x —4)]

d (x—4)

1
- 1 i
b +x—4z1x

— 18+ x (1-0)
x—4

1 18x—7241
= ot
_18x—-71
x—4
By derivative of inverse function
dx 1 x—4

dy~ (dy\ 18x—71
dx
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Hence, the rate of change of demand (x) with respect

to price (y)
_dx_ x—4
Cdy  18x—71

(3) Given : y = 25x + log (1 + x?)

L dy_d 2
o= 2125 +log (14 x%)]

il d 2
—25d%(x)+dx[log (14 x%)]

=25x 1+ i sz'd‘i(l +x?)
=25+ +1x2' x (0 +2x)
—254. 2x =25+25x277-+_-21(
14 x2 1+ x?
_25x*42x+25
T 142
By derivative of inverse function,
dx 1 142
dy (d_y) 25x% +2x + 25
dx
Hence, the rate of change of demand (x) with respect
to price (y)
dx 1+x2

~h TR mT

2. Find the marginal demand of a commodity where

demand is x and price is y and

- - _x+2
1 y=xe*+7 @y 2R
5x+9
Solution :

(1) Given:y=xe *+7
WD e
& dx_dx(xe +7)

d ol B
= e+ -0)

v d x .X_d
—xdx(e )+e dx(x)+0

d
=xxe "~dx(—x)+e £
=xe *(—1)+e*
1—x

=e"’(—x+1)=7

(2) Given:y=

By the derivative of inverse function,

L S
dy dy l—x
dx

Hence, marginal demand = L8 —
dy 1—x

x+2
x®+1

\ éy_fi,(zi%)
dx de\x?+1

(x? + 1)--d (x+2)—(x+2) ¢ (x*+1)
dx ix ,

(

N (22 +1)2
(x4 1)1 4 0) — (x +2)(2x + 0)
- (x% +1)?

_x?41-222 4y 1-—4x—2x?
o (Iz+l)2 o (x2+1)2

By the derivative of inverse function,

dx 1 @)

Iy= Eiy T 1—4x—x2
dx

Hence, marginal demand =Z—;

§ +17

T 1-dx—x*
oo 5249
(3) Given Y =510
. Y _.%?..(,?it,?_
"dx dx\2x—10

- (2x — 10)*
~(2x—10)(5 x 1+0) — (5x +9)(2 x 1—0)
A (2x — 10)?
~10x—-50—10x—18  —68

] (2x —10)? ~ (2x—10)?

By the derivative of inverse function,
dx 1 (2:(—10)2
dy (dy\ 68
dx
dx  —(2x—10)

Hence, marginal demand = e 68

3. DIFFERENTIATION

www.saiphy.com

d d
_-(2x - 10)@ (5X +9) - (5x+9)d;(2x - 10)

133



www.saiphy.com

B

'\ EXAMPLES FOR PRACTICE 3.2 j

1. Find the rate of change of demand (x) of a commodity

with respect to its price (y), if :
(1) y=15+17x + 35x*

() y=5+x*"*+2x

(3) y=29x +log (1 +x?)

(4) y=e> 345

2. Find the marginal demand of a commodity where

demand is x and price is y, if :

1) y=0(*-1)? @) y=3x-2
(3)V=72;j173 (4)y=§+xlogx.
Answers
1 1
L 17 + 70x @ xe *(2—x)+2
1+ x? 1
® ot @
- ;
2. (1) 21 (2) 3(x —2)°
(7x —13)? &
= B @ (1—x)+e(1+log x)’

[ 3.3 : LOGARITHMIC DIFFERENTIATION )

When we want to find the derivative of a function

which is expressed as :
(i) a product of a number of functions or
(ii) a quotient of functions or
(iii) of the form [f(x)]*,
then it is convenient to find the derivative of the logar-
ithm of the function. Hence, this method of finding the

derivative of a function is known as logarithmic differ-

entiation. Here we note that by chain rule,

4 _lay

d d

e Some basic laws of logarithms :

1. log,(mn) =log,m +log;n 2. log,(%) =log,m —log,n
log,m

3. log,m" = nlog, m 4. log,m = 10271

5. log,a=1, log,1=0 6. log,a* =x.

Remark : The logarithmic function to the base ‘e’ i.e.
log,x is called natural logarithm and the logarithmic
function to the base 10’ i.e. log,,x is called common

logarithm,

If the base of the logarithmic function is not given, then

it is considered as ‘¢’. i.e. log x means log, x.

EXERCISE 33 | Textbook page 94 |
1. Find %, if :
@ y=x"
Solution :
@ y=x"
. log y=log ¥ =x*-log x

@ y=x" () y=¢.

Differentiating both sides w.r.t. x, we get

LA

g‘dx T dx (= Tng )

- x’-r.%(log x) + (log x)-%(x")

1 d
a2 B W (a2x
=X xx+(logz)dx(x )
d

S A
A dx_y[x + (log x) dx(x )]

=x’2'[§:x + (log x)~d‘i (xz")jl .. (D
Let u=x%*
Then log u = log x** =2x log x
Differentiating both sides w.r.t. x, we get

1 du d
Tveh s
d d
o ZI:J. +-(1og ) + (log x)-d—x(x)]

=2[xx’l—c+(logx)x11

du

h a:Zu(l +log x)
d

.4 axy _g,2x
'dxl ) =2x**(1 +log x)
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", from (1),

d_y =xx2r|:,%x + (log x) x 2x%(1 +log x)]

dx
1
X lng i

= x**-log x[2(1 +log x) +

@) y=x"
" log y=log x* =¢*log x
Differentiating both sides w.r.t. x, we get

1dy

. T (e" log x)

_p L
=¥ th(l()gx)+(logx) dx(e)

=L+ (log 1)(E")

d— y[ +e‘logi1

=x e"[ +log \f]

B) y=¢"
" logy=log ¢~ =x*log e
" logy=x* voo [F3
Differentiating both sides w.r.t. x, we get

LY _ 4 ()
ydx dx

cdy d , d

-(x”)=e"'-d (x*) e (1)
x

log e =1]

Let u =x*

Then log u =log x* =x log x
Differentiating both sides w.r.t. x, we get
1 du

d
e =a(1 log x)
d d
= x-(—ﬁ; (log x) + (log x)-a-; (x)
1

=xx;+(logx)x1
du
e =u(l+log x)

d

% d—(x")— (1 +log x)
‘. from (1),

dy

2. Find%if:
1 x
@ y=(1+;) @) y=@x+5¢
@ y=s 3x—1

(2x +3)(5 —x)*"

Solution :

x
(1)y=(1+%>
) 1\ 1
; logy=10g<1+;) =xlog(1+;)

Differentiating both sides w.r.t. x, we get

;Zi :Y[ log(1+1)"
=xdix[log(l+}(>:| iiog<1+ )]dq x)
il 11:<1+1> [mg( I)J

14

1\ 1 1
@) y=(x+5F

", log y =log (2x + 5)" = x log (2x +5)
Differenﬁah'ng both sides w.r.t. x, we get

1 dy
};E —[xlog(2x+5)]
d d
=xa[log(2x+5)]+[log(2x+5)]'—(x)
1
Z 7 (21+5)+[Iog(2x+5)]x1
i 5><(2 1+40) + log (2x +5)
3 dy_
- G _/[2 +5+log(2x+5)]
. 2x ]
= (2x +5) |:log(2x+5)-+-2x+5
®) y= x 1

V @x +3)5 —x)?
1

B 1 3x—-1 3
8Y= 0g[(2x+3)(5 x)z]

=3%8| o=
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= % [log Bx — 1) —log(2x + 3) — log (5 — x)?]

1 1 2
=§log(3x—1)—glog(2x+3)~glog (5—x)

Differentiating both sides w.r.t. x, we get

1dy li[]

d
e d—x[log (2x +3)] —

il
(31—1)]—5

————— 2 [tog (6 )]

=3(3+_1)x(3x1—0)——‘x

3(5—x) xig—-H

oy 3 2 . 2 1

“ax Y|3Bx—1) 32x+3) " 36—x)

1,[ -1 3 2 2 ]
@2x+3)5—x)*[3x—1 2x+3 5—x|

3. Find Z—!x/, if :

(1) y=(log x)* + xlos*
() y=10"+ 10" +10'".
Solution :
(1) y=(log x4 x'o8*
Let u = (log x)* and v = x'%*
Theny=u+v
| jz 2’:+d3 e (D)
Take u = (log x)*
", log u=log(log x)* =x log(log x)
Differentiating both sides w.r.L. x, we get
1 du

(2) y=2"+a"

- [x log(log x)]

Also, v=x1%*%

", log v =log x'°8* = log x-log x = (log x)?
Differentiating both sides w.r.t. x, we get
ldv d

Sl S 2
vdx  dx (log x)

d
=2(log x)-zx(log x)

1
=210g1xx

: év_,,|21°,s x]
Cdx x |

=xlosx|i210Tgx:| (3)

From (1), (2) and (3), we get
; —(108 X)‘I: o 5 Hlog(log 1):|+x“’8’|:2 1‘;{5 "'].

I Note : Answer in the textbook is incorrect. |

(2) y=x"+a"

Let u=x"

Then log u = logx* =x-logx
Differentiating both sides w.r.t. x, we get
1 du

d
P a=a(x-logx)

d d
= x-d—x(logx) + (logx)-a(x)
1
=2 x;+(logx) x1

a ‘;—:=u(1+logx)=x’(l+logx) ... (1)

Now, y=u +a*
. dy du
BB

=x*(1+log x) +a*-log a . [By (1)]

wdx 3 @) y =10 + 10" + 101"
B t';r [log(log x)] + [log (log x)]~—(x) Let u=x*
) 1 Then log u =log x* = x log x
log ~ 0 (log x) + [log(log x)] « 1 Differentiating both sides w.r.t. x, we get
1 14 —(x log x)
=xxl‘c@x§+l°g“"g”) wax dx 08
~du 1 _.a ; d
, £=u[ﬁ+log(log x)] —xdx(log x) + (log x) dx(x)
1
= (log x)‘[ +log(10g x)] )] =xx;+(log x)x1
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& Z—Z=u(l +log x) =2%(1 +log x) SR 0
Now, y = 10% + 10°° + 101"

; ZZ d(10")+ 10+ (1010)

du 10 d
=10“- o L  (x10
=10“log 10 2 T 10 log 10 dx(x )+

107, i
10" -log 10 dx(lO’)

=10""log 10-x* (1 + log x) + 10°*:log 10 x 10’ +

10'"-log 10 x 10*-log 10 ... [By (1)]

3 %: 107 2% (log 10)(1 + log x) +

107°(107") log 10 + 10'"-10*- (log 10)%

[ ADDITIONAL SOLVED PROBLEMS-3 (A) ]

1 Fmd%ify=xx+ux+x“+a“.

Solution : y=x*+a*+x"+a’

Let u=2*

Then log u =log x* =x log x
Differentiating both sides w.r.t. x, we get

ldu

wdx  dx (x log¥) % Z{=}/L2—*il+logx’—log(x+l):|
—xd(]o x) + (lo x)-d(x) x* \* x x2
=¥ o8 & ¥ ix =( -) [2~ +log( )1
x+1 x+1 x+1
=xx1_+(]ogx)x1
du k EXAMPLES FOR PRACTICE 3.3 /
dx=u(1+logx)=x’(l + log x) o (1)
Now, y = u + a* + x* +a* 1 Find‘iyo if
' dx’
. dy du ,
R EO T+ W y=(+xF Q) y=@x—3F*
_ A o
=x*(1+log x) + a*-log a + a** 40 . [By (1)] @) y== @) y=2
i (5) y=(1+log x¥ (6) y=x"
Y — (1 +1og x) + a*log a +ax*~ 1. .
dx (7)y=( x )
x+1/"
3. DIFFERENTIATION 137

x2
2. Fmd 1fy (x-+-1)'

2 \*
Solution : y=(x'+rl)

x2
" log y=log<x+ 1)

A
=x log( +l>

=x[logx* —log (x +1)]

=x[2log x —log (x+1)]

= 2xlog x — x log (x +1)
Differentiating both sides w.r.t. x, we get

1dy
ydx

2— (xlogr)—%‘lxlog(x+l)]
=2[xdix (logx) + (log x) dix(x)] -
{x%[log(qul)] +log(x+1)-%(x)}

=2[x x:—c+(logx) X 1]—

[x Y | dd (x+1)+1log(x+1) 1]

x
—2+210gx—x7;i(1+0)—10g (x+1)
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dy f [@x+3)° [ 5 9 5
2. Find -7, if : ! _ _
" - \/(3x —1)35x —2) sz +3 2(3x—1) 2(x— Z)J‘

3 1 !
(1) y=(+57(2x-1)*(Bx—2)° | 3. (1) ¥(1+1log x) +ax* !

- m B (x-20° 3.4 1 log (1
(2)3/—\/2Tx (*+4) @) y= |G+ 1Pex+5) :f (2) 4x +(081)I|:10gx+ og(ogx):l

(B2~ 1)1+ @x+3)° (3) §%log 5+x(1 +log %)
x3

@) y=

®) v= | G 1Gx =3y
Gx—1(6x=2)" | 4 (1) ¥P.x(1 +2 log ) +2-(2F(1 +log x)

3. Find }ﬁ% if : @) 2+ log )+ (x+ 1)*[ o+ log (x + 1)1
(1) y=x*+x (2) y=x*+(log x) ! (3) ¥*(1 + log %) + (log x)xl:, 1 -+ log (log x)]
{ log x
() y=5+x* ! N Pt
d (4) x\/’i[, iz 0/—§r‘|+(\/§)"|: 15 298 A]
4. Find dZ’ if : &
2x
% e*[ 1 ] 142x [ log (142 }
1) y=2+ (x2F 2 y=x*+(x+1) ©) tlog A1+ )’r1+2x+°g(+ %)
(3) y =x*+ (log x)* @) y=xv* 4+ (JxF 4 .
(5) y =2 + (1 + 20%. | 3.4 : DERIVATIVE OF AN IMPLICIT
‘ FUNCTION

Answers
'l ' Suppose a function f is exhibited by
1. (1) 1+ x)‘[ﬁ +log (1+ x)] , y = f(x) =x* —3x + 2. Here the value y of the function f
| isexpressed entirely in terms of x. In this case we say that

(2) (2x_3)xx+4|:2(x +34)+Zx log (2x — 3)] !y is expressed explicitly as a function of x or y is an
| explicit function of x.
@) x&-ar E + (log x)(log 4)] © Quite often, we come across equations like

¥ +y}=3xy=0, x*+y*—9=0,
(4) 2¢"log 22 (1 + log %) LY did /
that do not give y explicitly in terms of x. However, each

(5) (1+ log x)* |:1 = llog E +log(1+1log x)] of these equations defines a relation between x and y.

By assigning a particular value to x, we can find the

|1 |
(6) x*x* ’; + (log x)(1 +log X)—| | corresponding value of y. For example, in the first
% . equation if x =0, then y = 0. In this case, we say that y is
(7) (x = 1) [ : = o log( i 1>j| | expressed implicitly as a function of x or y is an implicit
| function of x, which is expressed by the relation
3 1
2. (1) (x +5)%(2x — 1)*(3x — 2)° x | [l y)=0.
3 1 18 roeg () floy)=x>+y>—3xy=0
[2(x+5)+2(2x—1)+3x—2] () g(x y)=x*+y?—9=0
2 4 x 1 1 2% When a given relation expresses y as an implicit
() (2+®l o+ +— ] dy
22+x) 22-x) x*+4 function of x and we want to find -~ . Y then we differenti-
(3) \/ (x ; 2)* [ 3 s o ] | ate every term of the relation w.r.t. x, remembering
(+1@x+5) |26 =2) " 2(+1) 2x+5 that a term in y is first differentiated w.r.t. y and then
G2 —1)/1+2 6x x 3 gty dy
4) o [sz —3111 e ;jl multiplied by i
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For example : 2 zd_y i z] i 2 Z.i ]
5 ; ; 3x +[x Y dy(x) + xdx(y)+y dx(x) +
il For 5 VISR 2. )
rri Rk M R ) 52 ¥

Y dx
(‘/) +y-_() ", 3x?+x? y+/x21+1x2y—“—l+j x 1+
- Y 2y oW 2 dy
—x(2y)dx+y (1)—2’cydx+y. %y =0
2 A‘dy+2xydy+3/zy — 3x2 — 2xy — y*
EXERCISE 34 | Textbook page 95 |
d ” (x2+2xy+3y2)3y= — (3x% 4 2xy + y?)
1. Find 57, if : .
dx
. , Cdy <3x +2\y+y>
W Jx+Jy=Ja @ P+y*+4x’y=0 :5 Cdx x% + 2xy + 3y?
(3) x* +x%y +xy” +y* =81 ] \
. L dy
Solution : ; 2. Find dx’ if :
M) Jx+\y=/a L @ yftre=1 @ a=e*
Differentiating both sides w.r.t. x, we get , (3) xy =log (xy).
1 1 dy -0 ' Solution :
2\/_ 2 y y dx L) yE =1
1 dy _ 1_ Differentiating both sides w.r.t. x, we get
2y ydx 2/x : d () d
—(ye*) + - (xe¥) =0
_d_y__Z\/;__ y x dx
Tdx 2. /x x
v d dy d d
o (@) + Y (x) =
ydx(e‘)+e'dx+xdx(e)+e dx(x) 0
2 3 3 4 3 =0 s
Sty o y-e‘+e‘-sy+x-ey-jy+eyxl=0
Differentiating both sides w.r.t. x, we get ‘ % *
} dy
. ) AR
3?( +f;y2dy [X dy+yd(xl) =0 ) ain (e”‘+xe )d,\' &Y V‘}
dx dx 7d :
d &Y + ye*
d d ! =AY _( Y >
o 3x2+3yzdz+4x3dz+4yx3x2=0 dx & + xe¥
3 3v2dy+4;\‘dy — 327 — 1227y | @ W=ty
p { .. loga¥ =log e* ¥
. (a2 Ny B a2 }
. (By* +4x )dx = —3x%(1 +4y) . ylogx=(x—y)loge
L dy 32%(1+4y) ; S ylogx =x—y o[ loge=1]
dx 3y* +4x* S y+ylogx=x
; y(l+logx)=x
(3) x* +x%y +xy*+y>=81 .
Differentiating both sides w.r.t. x, we get f A TE logx
3. DIFFERENTIATION 139
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- a=as{riogs)
“dx dx\l+logx

(l +loga) (x) x— (1+logx)

(1 + logx)Z

(1+logx)-1—x(0+31—‘)
= (1 +logx)?

- tlogz—1
~ (1+logx)*

B logx
(1 +logx)?*

(3) xy =log (xy)
xy=log x+log y
Differentiating both sides w.r.L. x, we get

dy d 1 1ldy
oY Ei;'(x)_x+y dx

ey 1 1dy
'xdx+yXI_x+yd1
(_l)ﬂ_l_

y/dx  x
C(ry—1N\dy _1-xy —(y-—1)
' y Jdx x X
lay 1
ydx x
Y _ Y
% x

3. Solve the following :

(1) If x%y" = (x +y)*?, then show that o

Solution : x5.y" = (x + y)*?

" log (x*-y7) =log (x +y)*?

", log x* +log y" =log (x 4+ y)**

. 5log x+7logy=12log(x +y)
Differentiating both sides w.r.t. x, we get

.§Z@_12O @)
“xydx x4y

dy _y
-

[

y x+yldx x+y x
; |:7x+7y—12y‘|£iy_12x—5x—5y
: yx+y)  ldx x(x+y)
: [7x—5y]zg_7x—5y
ClyGo+y) A x(x+y)
L
ydx x
Ly
Tdx x
) If log(x+y) =log(xy) +a, then show
dy _ W,
dx  x*

Solution : log (x +y) =log (xy) +a
" log(x+y)=log x+log y +a
Differentiating both sides w.r.t. x, we get

d; 1 1dy
x+yﬁ(l+y)_x+y i\

| N\ (1 AN M
'x+y<1+dx)_x+ydx
o1 1 dy 1 1ldy
'x+1/+x+ydx_x+ydx

.< )41_
“\x+y yldx x x+y
.P xy]@ xty-—x

“xq-?) d x(x + y)ﬂ

. —x ldy _y
'[y&+dex x(x+y)

vdy _y
ydx X

Cdy_ Yy
Cdx X

2
2

(3) If "+ e¥ =e“*Y, then show that }Z = —e¥ %,

Solution : ¥ +e¥ =% 1Y

Differentiating both sides w.r.t. x, we get

; dy d
Yoo oY)
& +é oA e dx(x +y)

dy dy
. Y. _ x+y),
. +e e e (1 +dx)

i 9 Zd_y=£ 12 dy . e‘+ey.ﬂ=e(x+y)+e(x+y).d_y
x oydx x+y x+ydx ' dx dx
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d
c T ot W _ Gty
. [e¥—e ]dx e &
. dy

; (ey—é‘—ey)aze’+ey—e’ . [By (1)]

dy
exdx_
dy ¢ .
e e

( ADDITIONAL SOLVED PROBLEMS -3 (B) )

1. If\/ \/ =D; ﬁnd
Snlulmn:\/ \/—5

XY
SN
L Xty= 5\,/xy
Differentiating both sides w.r.t. x, we get

dy 5x dy 5y

dx Z/xydx 2\/xy
dy 5\/_dy :)\/3;

dx 2\,ydx 2Vx

( o\/x)dy 5\/y

2/y/dx 2 /x

NEOTRNEY.

2 /}; dx 2\/x

. dy 5vy 2v* N
tdx o 2 /x 2\/'y—5\/"x

(342 L

4

2, If log(%) k, then show that =~ dy -y,

dx x’
, . x —‘y
Solution : log( ) k
+yt

x*—y*

3. DIFFERENTIATION

Loat—yt=pxt 4 pyt
LYty =xtopxt
L A+pyt=0—piat
Lyt _1-p
xt T 14p

.._‘{=4 1—;"
“x N 1+4p

Differentiating both sides w.r.t. x, we get

diy\_
d—x(;)—"

.. (A constant)

Y
«Z\:_ydx()
.
X
dy
xa—yxl—o
dy _ L dy _y
Fax Y “dx x

Alternative Method :

P y4
log<x4 'y f) =k
" log (x* —y*) —log (x* +y*) =k
Differentiating both sides w.r.t. x, we get

_‘1 Y o Bl B
7y dx( g x4yt dx(x hi)=0

§ N ) L 1 3 311)_
'x“—y“<4x 4y dx) x“+y“(4r + 4y p =0

43 47 dy 4 4y dy

. xt ;y“_x4;y‘ﬁx—k"+y‘—x‘ -Fy”'dx

A (iy+ 4y dy A&
Yyt R ytdx -y X

1 1 \dy ./ 1 1
. af 3 : S .
- 4y < y“+x +y* )dx o (x“—y4 x‘+y“)

[x it £ 1 y _ 3,[x“+y“—x“+yj‘|
@ =yt +y®) Jdx (* —yH* + )

4y Y = ax' 2y

dy
. 4,,3 = 3,4
.Sxydx 8x y

141
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'\ EXAMPLES FOR PRACTICE 3.4

. L dy
1. Find E&,lf.

2 2 2
1) 3 +y3=ad

(2) x* +y* = 3axy
(B) ¥*+y* =3y (4) VX3 +y =2axy
(6) x*y?=x*—y?
(6) y =x*+3xy? + 3x%y
(7) ax* + 2hxy + by? +2gx +2fy + ¢ =0
(8) x*+y*+xy=10
9) y* —3y’x =x3 +3x%y
(10) x +y—x*y =15
2. Find %, if :
(1) y =x2e¥
(B =y (4) F+e¥=e"Y

@) WY =25V

(5) x¥=xy+25.
2 =3 dy _y
3. (1) If log (;;:?-) =g, show that -~ =2
(2) If X*y* = (x +y)* ¥, show that
5 2

(3) Ifxdy?=(x+ y)q show that d_y ‘Z

(@) If X™y" = (x +y)"*", show thatj Z

(5) If ¢* =Y, show that L/ 1 log s _21.
dx  (log x)
dy  (log y)?
Y = — L=
(6) If e¥ = y*, show that % iog § =1
(7) If xy=1+4+1o show that ¥ _yz
o BY: Tax T log y
Answers
3 3ay —2x (z %)
1. (1) -(¥>’ @) fy——— (8) S
x —3ax —ax

(’ 3.5 : DERIVATIVE OF A PARAMETRIC

_(ay2
@) _<ax+hy+g) ®) (3x*+y)

hx +by +f 2y +x

X2 +2xy+y L Sy =1

9) . (10) T
y(@2+2xy) x log2—y
2@ x(1 —xy) @ xlog(2x)
()J(J\’ logy —y) 4)e" Y—¢*
x(y logx —x) &Y

(5) XY —xy* =25y
x(xy + 25) logx —x*’

FUNCTION /

4 /

If x and y are expressed as functions of the same

variable ¢, say x = f(t) and y = g (t), then these equations

are said to represent parametric functions.

The variable f is called a parameter.
We state (without proof) the theorem for finding the

derivative of parametric functions.

Theorem 3 :
If x = f(t) and y = g () are differentiable functions of ¢
such that y is a function of x, then y is differentiable

function of x and

dy (dy\ [(dx\ . dx
(E_(dt),.< ) 7 Tia

Note : If x = f(t) and y = g(t) are differentiable func-

tions of ¢, then

dx _ ., ;) -
-l and df_‘g ®

| EXERCISE35 = Textbook page 97

8a? 'cl/ —3x2
4) - 3 — 8axly [ Hint : Square both sides| 1. Find ;_Z’ if -
®) x(1-y%) © = 3(x* +y* + 2xy) (1) x=at?, y=2at (2) x=2at’, y=at*
y(1+x?) 6xy +3x% —1 @) x=e, y=edt+9),
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Solution : ; sl
olution =2(H")-log2~£(u+}l)
(1) x=at? y=2at
Differentiating x and y w.r.t. t, we get =2<u+‘1‘)' L2 <1 B %)
%:a%(ﬂ):axﬂ:ht
Z(H’l‘)-logl(l } )
g
andd-y=2ad(t)=2ax1=2a ? dy=(,dy/d“,.)= - %
dt dt ! dx  (dx/du) 2(u+1)(1——1)
L dy_(dy/d)_2a 1 Wlba ™
“dx (dx/dt) 2at t ' ( ,)
' 2\ ".log2
(2) Refer to the solution of Q. 1 (1). B Z(u +1>
Ans. 2, ¥
; =ylog2
3) x :ear, y=e(4f+5) 2\/;{
Differentiating x and y w.r.t. f, we get “
dx d d b @ x=/1+u? y=log(l+u?)

U B AN
K L i

Differentiating x and y w.r.t. 1, we get
=e¥x3x1=3*

) A d, — 1 d ;
! —=—(/1+u?)=—3 — (1 +u?)
dy_ d (41 +5)) _ (41 +5) d ! du du N f +u2 du
and:twt—a[e ]=e Ez(4t+5) ;
(41 +5) (4t +5) i l x (0 +2u) L
— o4+ - 4 + ! AA——— U) = s
=e X (4x1+0)=4e 2\/1'4‘—”2 V1+u?
o G _(dyld) gl B . CE A
dx (dx/dt) 3¢° , a i\ Wi, og u
4 gnis-a_4 s ) 1 4
=—¢ * =—¢8 b ! o A W S 2
3 3 ' _1+u2du(1+u)
/ 2u
! = s 0 2 =
2. Find %, ¢ | T <O 2=1 0
dx ]
: ! 2u
2 1 ! R
“”‘z(“+1>,y=2("+") ey ()
¢ ! = dx_(dx/du)_< u )
@) x=/1+u? y=log(+u?). . V144
Solution : ' 2u \/l+u2 2
o 1 3 e uC Arw
(1)x=(u+h),y=2(“" ()
Differentiating x and y w.r.t. u, we get, | 2. (3) Differentiate 5 with respect to log x.
dx d 1\2 1\ d 1 i Solution : Let 4 =5* and v =log x.
—m—| Ut~ ) m2| Ut—= |o— U+~ }
du du( u) ( u) du( u) du
Then we want to find ——.
dv
1
=2 u4- 1——) X L.
( u)( u? . Differentiating u and v w.r.t. x, we get
dy_d[ (wi‘)] | odi A
andﬂ_du 2 | dx_dx(s)_s log 5

3. DIFFERENTIATION
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dv d 1
anda=a (log x)=)—c
. du (du/dx) 5*-logh

Cdv (dv/dx) (1)
X

=x-5%log 5.

3. Solve the following :
1 1
) If x=a(1 - l)' y= a(l 4 f)' then show that

dy
dx 1

Solution :x=a(1 —«:), y=a(l + :)

Differentiating x and y w.r.t. t, we get

dx d 1 ol &
a}‘-“az(l‘t)—“["“‘l" I=p
dy d 1\ sy @

. dy_(dy/dt)_(_f%>

S Bl e T
EE
4t 1—¢?
2) Ifx= 1+ 8 = 3<iTt5)' then show that
dy 9
dx 4y
Solution :

A 1-¢
rye Yo 1ee

Differentiating x and y w.r.t. {, we get

B
dt  dt 1+12)‘

_(L+£)4)—4t(0+21)
a (1+#)?

o A d 2
(1412 dtw)—‘“ ‘—”(1+t )

1+ t3)>

4+4t* —8t* 44t
A4+42)%  (14#2)?

4(1—t?) ldy d
= —Z = (tlogt
(1+t2)* y dt dt( o )
144 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)

dy .d[(1-#
andﬁ_?’ﬁ(lﬂz)

ra+e da-m-a-m-Latmn

1 +2)?

(1 + 2)?

-
Nl FR)2

— 12t
) dy_(dy/dt)_[fﬁ“ﬁii]
Cdx (dx/dt) [4(1—£)
(1 +t’)2]

4t

—9x -9 (1+t2) _. =3t

Ty ‘TI”’Fﬁj_ﬁF
1+ 42

From (1) and (2)

(3) If x =t-log t, y =, then show that

Solution : x=t-log ¢

Differentiating w.r.t. t, we get

"'—Zf—2t'1l —2t +2¢

(1+1%)?

(14 £2)(0 —2¢) — (1 — #)(0 +2¢)

|

dx d
d d
= td—t(log t) + (log t)'df (t)
1
=tx?+(logt)xl=l+logt.
Also, y=t'

.. log y=log t'=tlog t.

Differentiating both sides w.r.t. f, we get

www.saiphy.com
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d d
= t-d—t(log t) + (log t)'a (t)
1
=¥ ?+(log )x1

% ~y=/(1 +log t)

L dy  (dy/dt) y(l+logt)

“dx o (dx/dt) 1+log t

% dx—y:O

| ADDITIONAL SOLVED PROBLEMS-3(C) |

i 1
1. Find dx' if x= (t+1> Y= a( +'), where a >0,

a#0.
- (4.1
Snluli(m:x=(f—+—%),y=akt f)

Differentiating x and y w.r.t. f, we get

de_ ¢ t+1>a—a e+ DY 1R L

dt dt N t dt t
1\, 1
=a(t+;) 1(1—f2)

a(H')-log a~(1 —t—lz)

Diffcrontiating # and v w.r.t. x, we get

du

24
— (7’) 7%log 7

dv d d (log 7
ddH_:i;(Iog’?)_a}(log x)

= 4 1
=(log 7) = (log x)

d
T (log x)

=(log 7):(—1)(log x) *
_ —log 7 1_
(k)g A)" x(log x)?
) du_(du/dx)_ 7%:log 7
“dv (dv/dx) [ —log 7 ]
[x(log x)z-l

—log 7

= —x-7%(log x)%.

(K EXAMPLES FOR PRACTICE 3.5 )

1. Find %, if :

(1) x=35t% y="70t
(2) x=4+25t2, y=16t3

Sy Y= g\-’v;
(4) x=1log(1+1t?), y=log t.

B) x=e*

2. Find ézat t=3, if x =at?, y =2at.

dx
7 7t dy_26-1
3/ I x= A= 1_+_p,thenshowthat 3P
2t 1-# X
I x=—, s { a2
4. If x T =TI showthad ¢

. dy _(dy/at) . ‘
Cdx (dx/dt) 1\-1/7 1 5. Ifx:a(t~l),y:a<t+l>, show that dy:.x.
“("L}') ’(1—,":) t t dx vy
. 2bt 1-1 du —b*
fipmis] _ ot (11 du_
a( t >-log a 6. If u T v a(l +t‘)’ show that S g
TS I Y Y
(H—‘) 7. Ifx=tlogt,y=t',showthatﬁ:
2. Differentiate 7* with respect to log,7. 8. Differentiate :
2 . 3
Solution : Let u =7% v =log,7. (1) x* —2 with respect to x°.
TH find 2 (2) 5% with respect to logsx.
. tto fi —_
e e % (3) log t with respect to log (1 + t2).
6/Navneet Mathematics and Statistics Digest : Std. XII-Part 1 (Commerce) i

www.saiphy.com



www.saiphy.com

Answers
1 24t e/t 1+ 1
1. (1) 7 (2) % (3) \/ (4) g 2. 3
2 ” " 1+¢
8. (1) 3% (2) x5 (log 5) (3) TO

| 3.6: SECOND ORDER DERIVATIVE )

If y=f(x) is a derivable function of x, then we have
% = f'(x). This is called the first order derivative of y w.r.t.

xand is also denoted by y, ory'. Itis clear that f'(x) is also

a function of x. If it is again differentiable, then its

derivative
—(f'(x)) is called the second order derivative
2

dy)
dx(dx
a%y

of y w.r.t. x and is denoted by FP or f"(x) or y, or y".

Thus, the second order derivative is the derivative of the
first order derivative.

In general, the nth order derivative of y w.rt. x is

denoted by ¥ or fO(x).

’ EXERCISE 3.6 I Textbook page 98

2

1. Find &y

i if ¢
(1) y=\/;' (2 y=+" @) y=x".
Solution :
1) y=

Differentiating w.r.t. x, we get

dy
dx  dx (\/ )= 2\[
Differentiating again w.r.t. x, we get

dy da/ 1\ ( ‘)
dx?  dx ﬁ) EE

146

1]
]
!
]
1]

(2 y=x*
Differentiating w.r.t. x, we get

dyd

5
dx dx(x )i

Differentiating again w.r.t. x, we get

dly d(5x“) 5" 4)
dx?

=5 x 4x3 =20x3.

@) y=x"
Differentiating w.r.t. x, we get

d_/d

= 8
dx dx =

(ox])=

Differentiating again w.r.t. x, we get

dzy d d
dx? (— %)= —7Hx

=(=7)(—8)x °=56x"°

(=)

2

2. Find Ez, ifs

M) yae& @ y=e% |@Q) y=£"8%
Solution :
@ y=¢

Differentiating w.r.t. x, we get

dy _
X ()

Differentiating again w.r.t. x, we get

dy_d

dx? dx () =g"

2) y=e®1D
Differentiating w.r.t. x, we get

dy _d o oepryy_ exin, 4
Tea by ax =D

=@ tD 5 (2 x 1 + 0) = 26> +1)

Differentiating again w.r.t. x, we get

d.‘/ d x+1)] =9 d (2x +1)

dx? dxlze ] dx[e ]
=2e(2"+”'%(2x+1)=28(2”“)><(2x1+0)
=4e(2x+l)_
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(3) y=el8*=x
Differentiating w.r.t. x, we get

dy d
o™ o

Differentiating again w.r.t. x, we get

dy d

o

| EXAMPLES FOR PRACTICE 3.6 J

o[ dosr =«]

2

1. Find ZTZ,if:
1 1
My=x* @Qy=5 ) y=—=
x X /x

(4) y=3x*+1.

2,
2. Find ZTZ' if :

(1) y=e* (2) y=e"® (3) y=Ilog x*
(4) y= 32x (5) y= 7Gx+ 1)
:\rﬂv_ers

7

LOe @5 @Lx @

2, (1) 256  (2) 903 (3) —%

(4) 4-3%-(log 3)*  (5) 2570+ V.(log 7).

\ MISCELLANEOUS EXERCISE -3 )

(Textbook pages 99 to 101)

(I) Choose the correct alternative :
3 2 9 dy

1. If y=(5x*—4x*—8x)’, then ==.........
dx

(a) 9(5x% —4x? — 8x)8(15x% — 8x — 8)
(b) 9(5x® —4x? —8x)°(15x> — 8x — 8)
(c) 9(5x® — 4x% — 8x)3(5x* — 8x — 8)
(d) 9(5x3 — 4x2 —8x)°(5x% — 8x — 8)

Jgme L ym

1
Ify=\/x+;,thend—y= .........
(a x%'—1 (b) 1—x2
2x2 /x? +1 % /a2 +1
x2-1 1—x2

€ —Fr—= @) —F—F—
2. /x/x* +1 2% /2 /2 +1

dy
— logx -
. If y =8, then iR

clog x 1

1
(a)-x— (b)x ()0 (d)2

. If y=2x2 422 + 42, then ..
dx

(a) x (b) 4x (c)2x (d) —2x

dy

. If y=5"%%, then 2 =.........

dx
(a) 5%-x*(5 +log 5) (b) 5%-x*(5 4 log 5)
(c) 5%x*(5+xlog5) (d) 5%x°(5+xlog5)

e
; I.fy=]og(P), then %: .........

@ ®2 @0F @

L If ax? + 2hxy + by? =0, then%= .........

(ax + hy) — (ax + hy)
@ Gxvry ) oty
(©) (ax — hy) « (2ax + by)

(hx + by) (hx + 3by)

dy y
45 = (n+1) - p—
A xtyt = (x4 y) and o then m

(a)8 (b)4 (c)5 (d)20

ette! e—e™! dy

2 2

(a)‘Ty (b)g (c>‘7"— (d);

. If x =2at?, y =4at, then Z—Z: .........

1 1 1

(c) - (d)

(a) (b) a3 ¢ 47

 2a?

3. DIFFERENTIATION
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Answers

d%y
5. Ify=x'10g X, then W= .........
1. (a) 9(5x® — 4x® — 8x)3(15x* — 8x — 8)

dZ
D 6. 1f y = [log ()2, the'nd—x‘z= .........
20 /x/x? +1 ; 1 dy
dl/ 1 d 1 ) 7 Ifx='_l/+“‘, then "17‘2 .........
[Hint : =~ =**-'~(x+v-) ! y o
dx 1 dx X ! d
2 [x+ f 8.Ify=¢"‘,thenx-a§= .........
/x 1 x? =1 dy
v t
m—| ] - )= ——— |, 1 9, Ifx=tlogt y=¢, then-==.........
2\/x2+1( 2/ m/x/+1 ! ity dx
R 10, 1y = G+ /2 17, then /1) P =....
4. (b) 4x | Answers
5. (¢) 5x*(5 +xlog5) 1L -1
x—2 ; [Hint: 3x%y +3xy? =0 .. 3xy(x+y)=0
* ‘ Txty=0 ./ y=-—x .‘.T=—1.l
: ¢ X 2 e
[Hint : y=log o =log ¢' =log x I 2.y B.x
=x—2logx v [ log e=1] N\ L\ ;
i [Hint:x=tlog t=log t' =logy
. dy 2 x—=2 !
OF “aLaraara bl
{ o = dx s dx_y
y
7. (b) — (ax + hy) ) 1
’ (hx + by) PS5
8. (a) 8 ! 2(1—log x)
dy y { R\
[Hint : If xP-3 = (x + yP’ 79, then 2 =7 x
=X ! Hint:y=(ogx? . ¥ —2logx-2(
. m+1=4+5=9 . m=8] prlat s o5 = g =2logxg log )
9. (d) : ; =2 logx><1=2 logx
Y ! x x
. _dx_l # t dy_l ' ' (iy= i(l‘*ﬁ)
[Ihnt.‘—i-t»—i(e—e )'E_E(e +e ") | anddxz zdx .
2 / 5
; ?y=(dy/dt)=(e'+e '>." (e‘—c ')=;c_ _ x—dv(log %) — (log x).,‘! (x)
dx (dx/dt) 2 { 2 v -2 dx dx
b}
x
1 ! xxl—(lo x)x1
10. (c) - | = I
t { =2 %) :
(I1) Fill in the blanks : 2(1—1log x)
" | R
1. If 3x2y 4 3xy* =0, = Wl f
B3y oy thet dx | Note : Answer in the textbook is incorrect. |
) 2
Ay i ! y
P (m 4+ n) lz___ ) 7.
2. Ifx"y"=(x+y) ,thendx - | y2 -1
! . dx d 1 1 -1
= ! ]“ll)(:»*:—a( +7)=1—~~—='4-~»
3. If 0=1log(xy) + a, then @y_ -y ! dy dy y ¥ vy
A% sanems i 2
, o B E Y
4. Ifx=tlogtand y =+, thenZ—Z: ......... i (;—;) y -1
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S.axy 9.y

10. my
[IIinl:y:(x+\/Fjl)"'
- I WL
I m(x+/x* —1) dx(,x+\,z 1)

=mx+/x>=1)""" 1+ 2

1+

=m(x+/x2 -1 ;,1 XZA‘J
L 2/x%=1

(o q 14+x
=m(x + / x2 — l)m 1; . ]
A L \/x’ -1
. dy m(x+ /A =1)m my

Cdx N4 X2 —1 .\/"xz -1
—_—
VL SR LHZ =my.]

(I11) State whether each of the following is True or
False :
1. If f' is the derivative of f, then the derivative of the

inverse of f is the inverse of f'.

2. The derivative of log,x, where a is constant is ————.
x-log a

3. The derivative of f(x)
x-a N,

=a*, where a is constant is

4. The derivative of polynomial is polynomial.

W

d—(lO‘):x-lO‘".
dx

H.Iu—l

6. If y=log x, thend—y

dy

P | —

7. If y=¢?, then I 2e.

8. The derivative of a* is a*-log a.

9. The derivative of x™y" = (x +y)"*" is ;

Answers
1. False 2. True 3. False 4. True 5. False
6. True 7. False 8. True 9. False.

(IV) Solve the following :
1. If y = (6x® — 3x% — 9x)'°, find 3—3

Solution : Given : y = (6x? — 3x% —9x)10

3. DIFFERENTIATION

S e 7 ST
| 2 /-1 " I)J}

Let u = 6x% —3x% — 9x
Then y = u'®

L dy
“du  du
=10(6x* — 3x% — 9x)°
du d

L S BT PN
and - dx(bx

(u“’) 10u®

—3x% —9x)

—6——(\*3) 3 (Az)— ()

=6x3¥>—3x2x—9x1
=18x2—6x—9

By _ TP
Cdx du dx

=10(6x2 — 3x2 —93) «(18x2% — 6x —9).

2. Ify=

Solution : Given : y = /(3x* + 8x + 5)*

Letu=3x2+8x+5

Then y = 5/—“— 5
Ldy d %4 "3 1
'dll_El:(u )_5

4 1
=5(3x1+8x+5) 2

du d 3 3
andd—x—a(?ﬁx +8x +5)
diy » d d
—3d—x(x )+83’(x)+d—x(5)
=3x2x+8x140=6x+8
, dy _dydu
“dx  du dx

4 1
=5(3x2+8x+5) 5.(6x + 8).

3. If y =[log(log(log W12, find %

= [log(log(log x))]?

Solution : y

< ZZ ‘[log(log(log x))]?

=2[log(log(log ‘r))] [log(log log x))]

=2log[log (log x)] X1 [log(log x)]

1
og (log x)

149
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_ 2log[log (log x)] 1
~ log(log x) “log x dx(l 8 %)

_ 2log[log (log x)] » 1 1

log (log x) log x  x

~ 2log[log (log x)]
~ x-log x-log(log x)’

4. Find the rate of change of demand (x) of a commod-
ity with respect to its price (y) if y = 25 + 30x —x?,

Solution : y =25+ 30x —x32

- d(25+30x—\')
dx

2 (25) +30-- (x) - (a’)

=0+30x1-2x
=30 -2«

Hence, the rate of change of demand (x) w.r.t. price (y)

_dx_ 1 1
Cdy (dy\ 30-2x
dx

5. Find the rate of change of demand (x) of a commod-

7 : . . ; 5x+7
ity with respect to its price (y) if y = 1.6
Solution : y = 25;—+17s
. dy g Sx 5x +7 )
“dx  dx -13
(2x— 13) (Sx +7)—(5x + 7) (2x —~13)
h (2x —13)?
(21\ ~13)-(5x140)—(x+7)(2x1-0)
(2x—13)*
10x—65—-10x—14  —79
T @-13) T @x-13)

Hence, rate of change of demand (x) w.r.t. price (y)

a1 (x—13)

_dy_(gu_jy N 79
dx

150

6. Find g;, if y=x"

Solution : y =x*

" log y=log x*=x log x
Differentiating both sides w.r.t. x, we get
ldy d

ydx b —(x log x)

d d
=x-Jx (log x) + (log 1)~~d} (x)
il
=x x =+ (log x) x 1
x
dy
o =y(1+log x)

=x*(1 + log x).

a8 oo
7.Pmd;&,1fy—2“”.

Solution : Given : y =2

Let u =x*
Then y = 2%
LY ouy_ou,
! Ez;_du(z )=2%log 2
=2“‘~]og 2 . (1)
Now, u =x*
". log u =log x* =x log x
Differentiating both sides w.r.t. x, we get
1 du
Ty ~(x log x)
d d
= xa(log x) + (log x)-a;_(x)
1
= x}+(logx) x 1
du
2 Ec=u(1+logx)=x’(1+logx) . (2)
. dy _dy du
“dx  du dx

=2"log 2-2* (1 +log x)
=2".x*(log 2)(1 + log x).

. [By (1) and (2)]

i [ Bx—4°
e N RS TR 1)
Solution : Refer to the solution of Q. 2 (3) of Exercise 3.3.
(3x —4)3 9 2 1
(x+1*(x+2) [23x—4) x+1 2(x+2) [

8. Fmd dy

Ans.
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9. Find %, if y=x"+7x 1"

Solution : y =x* + (7x — 1)
Let u=x* and v = (7x — 1)*
Theny=u+v

Ldy du do

St wen (1)
Take u =x*

. log u=log x*=x logx

Differentiating both sides w.r.t. x, we get

ldu 4
l—l-a—&(x log x)

i

=xdx

(log x) + (log x)- ‘i, (x)

=xx];_+(]ogx)x1

% %=u(1+logx)=x"(l+logx) ipl)

Also, o= (7x —1)*
. log v=1log (7x — 1) =x log(7x — 1)
Differentiating both sides w.r.t. x, we get

ldv d
e [x log (7x —1)]

=x£\;[log (7x —1)] + [log (7x — 1)]-‘%6(;:)
1 d
=xX -7m-a;(7x —1)+[log(7x —1)] x 1

x
C7x—1

% d—v=v[~l+log(7x— 1)]

x (7 x1—0)+log(7x — 1)

dx 7x—1
X 7x "
= (7x—1) |:7x-_1 +Iog(7,\—1)J o))

From (1), (2) and (3), we get

dy 7x

E—x‘(l +log x)+(7x—1Y[ﬁ+l<)g(7x—l)].
3 2 2, ging W

10. If y =x" + 3xy* 4 3x°*y, find £y

Solution : y =x3 + 3xy? + 3x%y

Differentiating both sides w.r.t. x, we get

3. DIFFERENTIATION

Y_a0 A, 28
ot +3[xdx(y)+y dx(x) +
dy d
259 4 o 2
3[3( dx+ydx(x )]
Y _ g2 oY L 2.9
dx—3x +3[1x2ydx+y x1|+3|x dx+yx2x

Y5 4y . a2 1 ays
.dx—3x +6xydx+3y +3x dx+6xy

d
3 (1—6xy—3x‘)dz=3x2+3y2+6xy
. dy _3x% + 3y +bxy
Cdx o 1—6xy —3x?
—3(x%+y* +2xy)

6xy +3x% — 1

dy

3 2 - 5 —
11 If x* +y* +xy =7, find i

Solution : x3 +y2 +xy=7

Differentiating both sides w.r.t. x, we get

dy dy d
2 Rt ARVt AR A pgheh, FAM
3x* +2y dx+xdx+ydx(x) 0

d; d
3x2+2yd—z+x£+yx]=0

. dy _ 2
.(2y+x)dx— 3x?—y

L dy_ —~(y+3x7)
Tdx 2y+x

dy
8.8 .2 A
12, If x°y* =x* —y°, find —~.

Solution ; x*y3 =x2 —y?
Differentiating both sides w.r.t. x, we get

Y

d d d
%1 3 3, 3) — 9 oy
X dx(y )ty dx(x I3 2% zydx

dy

dy
. 3 2 2 3 7 e . A
. x¥x 3y dx+y x 3x* =2x 2ydx

LGy + 2y):—z =2x —3x%y?

Ly + 3x’y)gz =x(2—3x%)

Cdy x(2 —3xy?)
Tdx y(2+3x%)

151
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5 dy vy !
Y gy 16 it S 4 i Ry - !_
13. If x7-y° = (x + y)'%, then show that i ; dt ea) & (St)
Solution : Refer to the solution of Q. 3 (1) of Exercise 3.4. =% x 3 =3¢
d and Eg =— (e e«f'-%(v/[i)
14. If x*y" = (x + y)**?, then show that .
dx «x } \/-‘
) (4
Solution : x*y¥ = (x +-y)* +* =ev! x;\/t —
" log (x*- ") =log (x + y)y +? } P
) ev
. log x“ +log ¥ =log (x +y)* *? Ly (dy/ dt) <2V/;>
" alogx+blogy=(a+b)log(x+y) I dx (dxfat) 3e™
Differentiating both sides w.r.t. x, we get _ 1 el /=30,
ax- +bx1d'/ (a+b) x d-(r+ ) W
ydx x+y oY
v Hap Ao (1 + d_y) | 17. Differentiate log (1 + x?) with respect to a®.
x ydx x+y dx !
Solution : Let u =log (1 4+ x?) and v = a*
L L L
Y ydx x+y x-+y dx / Thenwewanttoﬁndg—z.
. _a+b\dy a+b a !
: x+y)dx o ty x | Differentiating « and v w.r.t. x, we get
Ay L du_d 1 4
; [ x+by ay — by:|dy ax + bx —ax — ay ; d_zti_[IOg(1+x1)]= AT L 1+22)
ylx+y) dx ax +y) ) ax dx T4x% dx
: [bx—ay}dy bx —ay | - 1 2x(0+2x)=12x2
yee+y) ldx  x(x+y) ! +x +x
ldy 1 | W L ANN 15
Lo1ay 1 : = = g a
“ydx x . dx dx
Ldy_y : ( 2 )
Cdx L du (du/dy) \1+2%) 2
A\ 4 A | dv (dv/dx) @ -loga (1+x%)-a* loga
dy - :
. Find dx’ if x =5t%, y =10t
18. Differentiate ¢“**% with resepct to 10%,
Solution : x = 5{2, y = 10¢
— y Solution : Let u =% *5 and v =10%
Differentiating x and y w.r.t. f, we get
., du
& .4 Then we want to find s
d't =5dt(t2)=5 x 2t =10t
| Differentiating u and v w.r.t. x, we get
d d |
and d{—loa(r)ﬂo“:w " d_“=_‘{[e(4x+5)]=e(4x+s)._d_(4x+5)
| odx dx dx
. dy _(dy/dt) 10 1 ' — M5 45) o (4 x 1 4 0) = 4@ +9
“dx (dx/df) 10t t i d p
v
=—(10%) = 10%. — (4x
) and & dx(u ) =10"%log 10 = (4x)
. Y . 7 {
16. Find -, if x =%, y = eV ; =10 (log 10) x 4 = 4-10*log 10
: ! (4x +5) (4x+3)
Solution : x=¢", e=e\ ' ‘ @ (du /dl) de S y
dv (dv/dx) 4-10%- -log 10 10%-log 10
Differentiating x and y w.r.t. t, we get
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d2
19. Find Eﬁ’, if y =log x.
Solution : y=log x
Differenh'ating w.r.t x, we get

dyd

7 (log x) =—

Differentiating again w.r.t. x, we get
dy_4 (1) |
v dx\x) x*¥

20. Find ;—{, if y = 2at, x = at’.

Solution : x = at?, y=2at
Differentiating x and y w.r.L. {, we get
dx_d, o d.;
=g =gt

=q X2t =2at wf (1)

and iiit —(2at) 2a —(t)

=2ax1=2
Cdy (dy/d) 2a 1

“dx (dx/dt) 2at t

=ef(2x +2 +x2 +2x)
=& (x? +4x +2).

d*y 80

22, If x? 210, h A o S
x*+6xy +y 0, then show that i Gt P

Solution : x? + 6xy +y*=10 .. (1)

Differentiating both sides w.r.t. x, we get

2x+6[x—y (x)]+2vdj
‘. 2x+6xdy+6y><l+2y =

; ay_
! (6x+2y)d;— —2x — 6y

. dy —2(x+'%y) <x+’%y) @
“dx T 20x+y) 3x+y '

, dz_y_ d<x+3y)

Cdx? T dx\3x+y

d
(3x + y)-d—x(x +3y) — (x + 3y)-a(3x +y)
- (Bx +y)?

[(3x+y)<1 +3§x) (x+3y)<3+d.‘/>]
\ (3x +y)*

dy d (l) d (1) dt
g E—| = )iy 1 3(x +3y)
2 o — (3% _
dx* dx\t) dt\t)dx (3x+y)2|: (3x+y){1 e }+
1 1 1Nl
= —_—— — I —— Prem— 3
27 Jix 2 " ot «++ [By (] (x+3y)<3—;+ y)] ... [By 2)]
i@ x+Y
1 3x+y—3x—9y))
1 =0 —@xty)| —F7—= )+
YT (3x+y)’[ ( y)< 3x+y
-3
(x+3y)<9x+'3y g y)]
d./ if 2% 3A+y R
21. Find o2 Ly=xe. ) -»~|:8y+(x+3-y)(8x')]
Solution : y = x2-¢* (@Bx+y)* Sx+y
Differentiating w.r.t. x, we get -1 [8y(3x+y)+(x+3y)8x ]
o (3x +y)? (3x+y)
aY.
dx  dx Z‘J)““L("x)‘”} ‘("2) _ 24xy +8y* + 8x* + 24xy
3x +y)?
= x2¢¥ 4 ¢ x 2x = &*(x? + 2%) G +y)
% 7 7 ; , 8x% 4 48xy + 8y* _ 8(x* + 6xy + y*)
leferenhahng again w.r.t. x, we get =G+t Grty’
2 y Yy
Y
€ (x? + 2x) 8(10
! ! - (3x(+;)3 . [By (1]
=E'-i(x2+2x)+(x‘+2x)-i(€*) dy 80
dx dx TGt T .
dx*  (Bx+y)?
=e"(2x +2) + (x? + 2x)-¢*
3. DIFFERENTIATION 153
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23. If ax* + 2hxy + by* =0, then show that

Solution : ax? + 2hxy + by? =0
oax? + hxy + hyy + by =0
" x(ax + hy) + y(hx + by) =0
" x(ax + hy) = —y(hx + by)

Loaxthy
" hx4by

_y
X

Differentiating (1) w.r.t. x, we get

ax 2x+2h[.rdy+y-;i(x)]+b X 2y

dx

2ax+2hxd—z+2hy X 1+2by‘1y

d dx

. Qe+ 269) Y = —20x—
.(2hA+2by)dx— 2ax — 2hy

Ly —20xthy) ax_thy)
“dx 2(x+by)  \hx+by
. Ay Yy
“dx x
dy_d(y
Cdx _dx(x
dy d
VY
Y\_
x(x> yxl1
o o
Y-y _0
T oxt x?
d*y
ACTIVITIES

1. y = (6x* — 5x% + 2x + 3)?, find

Solution : Given: y= (6x* —5x% +2x + 3)°

Let u=[6x“—5x"‘++3]

% y=uE]

. dy
55 E—S

u-l

154
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.

dy _
dx
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0

2

d*y

dx?

=0.

)

o @)

... By (1)]

dy_y
dx  «x

Textbook pages 101 and 102

|

du :
and - = 24>~ 15[x* | +2

By chain rule,

dy_ dy
dx dx
Cdy_
. o =5(6x* — 5+ 2x + 3fx (24x® —15x? +[2])
2. Find the rate of change of demand (x) of a commod-
ity with respect to its price (y),
if y = 30 + 25x + x?,
Solution : Let y = 30 + 25x + x2

Differentiating w.r.t. x, we get
. dy
[0+ [B ]
Ay :
g 25 4 2x
By derivation of the inverse function
TN\ 4
dy dy dx
Rate of change of demand with respect to price

1

[25]+[2¢]

dy
-2 ify= (log x) .
dx Hy=x +10*
Solution : y:x(|°5’)+10‘

Let u=x'"8% p=10*

3. Find

Theny=u+v

dv
dx

. dy du
- dx_dx+

Now, u = x'8 ¥

Taking log on both sides, we get
log u =log x'°8*

log u = (log x)(log x)

log u = (log x)*

Differentiating w.r.t. x, we get

1 du

; £y 4
; ;a_z(logz)xa

NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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. du 1
: x—u[Zlog.\'x;]

dx
du l: 1 1

L o——=x%8%2llog x | X = wast (2)
»

Now, v =10*

Differentiating w.r.t. x, we get

' ::=1ox log 10 .. )

Substituting equation (2) and (3) in equation (1),

we get

Zz_xlugz[z log x x 1]+ 10*log 10.

4. Find ZZ, if yF = ety

Solution : Given : y*=¢**¥

Taking log on both side, we get

" log(y)f =log(e)* *¥
x-[logy]=[x+y]loge

" xlogy= x+.)-1

e x~logy=x+

Differentiating w.r.t. x, we get

aly]

1 dy
x;{vfd»x— + log y 1—+a}

i MY Y
.xydx+logy—1+dx
. xdy dy_

“ydx dx log y

d
% di(y 1)=—Iogy
. dy_(1]-1og NG

iy x—y

5. Find g:l:, if x=el,y=e",

Solution : Given : x =¢, y=e\”
Now, y = ev!

Differentiating w.r.t. t, we get

Yo L o ()

Now, x =¢'

Differentiating w.r.t. f, we get
; AR =
s

Now, 4y = (y ! i
dx  |(dx / dt)

ev'?

N
—

dy eVt

a—x"—z\/t e;

| ACTIVITIES FOR PRACTICE

1. Find ° V, if y= (\/; )

Solution : Given : y = (\/’;‘-{- —)-
Jx

Lctu=\/3_c+|£|

Then y = ulJ

B Z—Z=5uD

 STA N A
de 2yx 2 | 2[ ]

) d_y dy du

“dx  du dx

2. Find dljl if Y= alog(l-«»log x)

dx
Solution : Given : y = '8¢ +182
o dy [alogtl log 0]
Cdx dx

[log(l +log x)]

_alog(l+logx) ’:!
=alog(l+logx),|:]x : 1 3 él:l
1+log x dx

1 1
— plog(l +log x), e 7 i
5 [~ 1+log x s D

qlos(l+log x), l:]
[Ca+log )

3. DIFFERENTIATION
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1 ]
3. Find d—I{,ify=7x+". ) x—+log(logx

dx

DD

1
Solution : Given : y = 7t % Zx_v= UI:EF" log (log x)]
Let —x+1
el R = (log x)"'[Ij +log (log x)J
Then y =70 - From (1), (2) and (3),
Ldy_d | 1
b d-x(7[:]) =70)log 7 | a%=|:le2' + (log x)’[[i]+ log (log x)].
y4l :
= *log 7 i
P ( 1) | 5. If x\/§+y\/g_/=a\/a, then find dz
and —=—| x + -
dx dx x "~ ! :
Solution : x\/x+y\/y=a\/a
=1_é L a04y0=40
Differentiating both sides w.r.t. x, we get
dy 4y du
dx  du dx O [ d_y =
1 OO WO -]
X+;. l )
= -log7-(1——~>. I\ . dy
m e [%- a0
i O\
4. Find a%, if y = e™ + (log x)*. L dx \/i

Solution: y=e

Let u =¢* and v = (log x)*

Theny=u+v

Ldy _du dv

Cdx dx | dx

Now, u =¥

4 (log x)*

6. If x = /1+u% y=1log(1+u?), find ‘;—Z

Solation : x = /1 +u? y=log(1 +u?)
§ Differentiating x and y w.r.t. u, we get
A ¥ d

du d (\f )—EX,E':I

i ]
=] | [ ] L] J1+u2

boand @ =% Tlog (1442
[ ]e O and - = [log (1 + u?)]
Also, v = (log x)* 1 d
1+ du |:]
", log v =1log(log x)* =x log (log x)
| 1 ]
Differentiating both sides w.r.t. x, we get =1 uz",:] ey
I.d_?_i[ Jog (log x)] '1 (D)
vau dx' oBLOBX boLdy_(y/dw)  \1+u?) 2
Cdx o (dx/du) B
g 2 ( L] ) L]
=x-o[ [+loglogx)- | | 1+ u
- iz) =
xx o toatog <[] @ gD
156 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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W N\
7. Fmd = 2, if y=x"logx. P OBJECTIVE SECTION )
Solution : y= x3 logx MULTIPLE CHOICE QUESTIONS |
. ‘1._/ (r’ logx) Select and write the correct answer from the given
dx - dx | alternatives in each of the following questions :
il d
g d}(logx)ﬁ—(logx)-‘a‘:} T Ify=x+\/x2+l, then%= .........
=x3-[:]+ (log x) !j , (@) 1 b) —~
=]+ g ' Vx +1 V3 +1
Cdy d ! x+/x+1 rOPEE
L=l (J+[ Jog (c) T (d) WS
d —
=x"d;‘[[:]+[_]log x)]+(|:]+[jlos X)x | g If y = g0oB 7 +8) thenj—'zz .........
d !
d} (xz) (a) ollog x +8) (b) e(log o
(log x +8)
=x2x|;]+ 1+ 3 log x)- i ¢ .pllog x +8)
—+(1+3log)_| A\ = (@) xee
:|:|x+(l+3logx)|:| ! dy
) — plogehx oge7x 77 _
=xq:]+|:|logx). 3. Ifu=¢ +elgf",dx .........

(@12 (b)5 ()7 (d) 12

8. Find sz, if x =2at?, y = at*. ; JENEHD  fabNBEC icncta
o4 If f(x)—(}—cg) (—) (F) , then f'(x) is

! : 2 4 x°
Solution : x = 2at*, y =at®.
equal to

Differentiating x and y w.r.t. £, we get
(@) 0 (b) 1 (c)x7bFc (d) xte

2_
dt dtZt) [ ]

1 1 1 dy
5. If y = (1 +x*)(1 + x2)(1 — x*), then oI

(a1 (b) =1 (c)x (d) \/i*

x+\[ dy
=|:] . 6 Ify= /x+1 TG = reenes
. dy _(dy/db) _ [] =[] (a) 1 b) 1
Cdx (dx/db) |:| i . V»"x 2\/’x
dt 5{
% d'!‘z dX(D)AdtD "‘; i \A-‘:;‘l*‘(x*’\/‘f) "
1Jle’i "= ing v =
T 1 ! (Vx+1)? 2./x
Zdx\ ‘
(d) B e+e "\ dy
: | 7. Ify—]og(m), o I
=[ Jx—= . By )] | 4 2
1 L] L @ aes O
0 L Oamem @
3. DIFFERENTIATION 157
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8 dy :‘ _ dy _
8. Ify_F’E_ ......... . 17.Ifxy—1+logy,thendx— .........
x —1 X i )
@ "+ o) 5 (log —§) b @l oL
x x x log y log y
xsx—l 8* yz —y
(C) “5;7‘ (d) ;’Q 10g8 (C) log y (d) Iog y
- dy .
9. If y=/x log x% -~ is ' .
v dx | 18, If & =, then Zi is
(a) 22 logx® (b) 1 (2 +log x) ! x—y Xty
2% log x i ! (2) x log x ®) x log x
(c —(;283 (d) 2\,,-/x log x { o Xy (d) x
g { x log x log y
10. Ify=x2+1andu=\/li+xri,thengg= ......... .
. ) 19. I x=4t,y=7, ai is
(a) - (b) - ‘
u X 1 1 1
Vo &Y (a) t (b) 2 (c) g (d) 4
(c) 2/1+x? @ Y 12'“’—
dy 120, If x¥ =" -‘-’thend—y=
11. If y =log e* *'°8%, then rropa e : &4 dx Yy
! 1+x log x
1 ' B —_—
(a0 ()1 (c)e (d) 7 (a) 1+log x () (1+log x)?
; 1—log x 1—x
12. Ify=x\-"r’;, Z—‘Z: ......... (c) 1+log x @ 1+log x
@) 2 +log x (b) 2% [2+log x Answers
2\/; \l/; x+\/'x2+1 ellog x+8)
(c) 'x\.-'§[2+10§l] (d) XV-I—I:1+ o,g x—‘ i 1d(c) xzi-l-l 2. (b) 7
2/x 2./x ! N
p I 3. (a) 12 4. (a) 0
Y.
13. If x¥¥ =3*"Y, then -~ is ! =
f dx | A0 =1 6. (b) Zir
=1 x log 3—y i
@ 3=y ® " log 3x. ) ~4 i 8
8 7. (0) ey 8 (b) o (log 8- )
! —e x x
log 3 QY log 3x ‘
( ) ‘x1’ ( ) ‘}_‘y’ o 1 - =
9. (b) —= (2 +log x) 10. (¢) 2\/1+x
S+ Jy=20,% ! V¥
14, If \/x+/y=20, - is 2 y
N g 1. (@) 12. (¢) x\/"[2+105 *}
- 7 1 . ‘ X Bl
(a) \/y’ (b) —\/; (c) \/; (d) ; i Filog 35y y
/ | 13. (b) > §).v 3 14. (b) _\/x
15. If x® = (x +y)**?, then ‘Ty is j ;
£ | 15.(6) 2 16. (b) —1
(a) \[y ®L ©F @ \/" < _y r
x Ty y | a7, () =% 18. () -7
& log y x log x
16. If 25 +2Y=2**¥ then > atx=y=11is ] 1 log x
ds ! A - N D L
x ;: 19. (c) 7 20. (b) A +log o7

(@0 () -1 ()1 (d)2
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TRUE OR FALSE

State whether the following statements are True or

False :

1.

10.

11.

12.

11.

. If y = (log x)?, then
If y =x*, then Y ext*

; %, el .

. If x = 2at, y =2at?, then

= plog % ¢ 4y
. If y=e"%%, then e

LI Xyt =(x+y)"land

2
. If y =™, then sz = 5¢%,

. If ye* + xe¥ =7, then

. False

. True

1 dy 3

If y=———, then ===
N 3x+7

dx  2Bx+7)P*

dy
— 32 73
. If y = 3%, then % 3% log 3.

dy 2 log x
dx  x
1

dy _1

2t

dx

. 0

dy
— pllog 5 +log x) -
L Ify=eé , then 3 S

i3l=z, then n=7.
dx x

. If y =48x + log (x + 3), then rate of change of demand

3 . 48x + 145
(x) w.r.t. price (y) is X6
If y = 107, then Z—Z =10 log 10.

dy 3ay—2x
dx 2y —3ax’

If x? +y* =3axy, then

. ay _Y
If log(xy) = xy, then i

dy_ez+1e'
dx e 4 xe¥’

s g : .3
. The derivative of x* with respect to x*+ 2 is o

Answers

2. False 3. True 4. False 5. False

7. True 8. False 9. False 10. False

True 12. False 13. False 14. False 15. True.

| FILL IN THE BLANKS

Fill in the following blanks with an appropriate

words/numbers :

1.

10.

11.

12.

13.

14.

15.

10.

13.

. Ify=x+/a* +x% then

L Ifxy=(x+y)" and

The rate of change of demand (x) with respect to
price (y), if y =20+ 15x + %, i$ ......... :

. If y = log 3x, then :Z = vveenes

dy
. If y =log,a, then G = e

dy

T e

L Ify = /(1 —x)(1+x), then (1— xl)j—z v

4 Y thenn=....
dx «x
dy

2 2 2

. Ex3+y3 =03 then—==.........
Kfx}+yi=a hen. -~

dy
. If log(xy) =1, then gy e

The derivative of log(log x) w.r.t. log x is .........

1

+ ¢ d*
Ify:_e"“' then;;%: .........

If y=29x+log(l +x2), then rate of change of
demand (x) with respect to price (y) is ......... %

If y =x*+4 then Yo
- dx
If xy* = (x + y)* %, then Zg S

- dy _
Ifxy—1+logy,thendx— ......... 5

Answers
1 (r\-"f" 1
-t 2, —= 3. -
15+ 2x 2/ x
—log a X +a/a% +x2
bW — &Y \/ = —X
x(log x)* ? V/;ﬁ_ »2 6 =ay
1
3
2 8. — (y> 9, Y
x X
1 1+ x?
— 11. e~ * 12, —i——
log x € 29 + 2x + 29x*
2
4x3 +47log 4 14. Y  C——
X log v
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# Important Formulae
4.1
4.2
4.3
4.4

Meaning of Derivative
Increasing and Decreasing Functions
Maxima and Minima
Applications of Derivative in Economics
¥ Objective Section

Multiple Choice Questions

True or False

Fill in the Blanks

1. Let y =f(x) by any curve and P(a, f(a)) be any point

\ IMPORTANT FORMULAE

on it, then the slope of the tangent to the curve at the
point P is f'(a). It is also called gradient of the curve
at the point P.

Hence, equation of tangent at P is

y—fa)=f"(@a)(x —a).

2. Slope of normal at P(a, f(a)) is f’%})' if f'(a) # 0 and
equation of normal at P is y — f(a) =f"—(_al) (x —a).

3. A function fis said to be
(i) increasing in (a, b) if f'(x) > 0 for all xe(a, b)
(i1) decreasing in (a, b) if f'(x) < O for all x€(a, b).
tici o N
4. Elasticity of demand n = D &

5. R,,,=P(1 - %):RA<1 - '1;>, where R,, is the marginal

revenue, R, is the average revenue and 5 is the
elasticity of demand.
6. For a person with income x, consumption expenditure
E, and saving S,
(i) x=E.+S
(i) MPC+MPS =1
(iti) APC+APS=1.

160

APPLICATIONS OF DERIVATIVES

. lel
. 174

sud 87
... 188
w189

7. A function f is said to have
(i) maximum at x =, if f'(c) =0 and f"(c) <0
(ii) minimum at x =¢, if f'(c)=0 and f"(c) >0
[Note : If f"(c) = 0, then second derivative test fails. In
such a case, we have to apply the first derivative test. |
First Derivative Test :
A function f is said to have
(i) maximum at x =c if
(a) f'(c)=0 (b) f'(c—h) >0 and
(c)fc+h) <0
(ii) minimum at x = ¢ if
(a) f'(c)=0 (b)f(c—h)<0and
(c)fle+h) >0

where h is a very small positive number.

| INTRODUCTION

We have used the concept of differentiation to
study the marginal demand, i.e. rate of change of
demand with respect to price and marginal cost, i.e.
rate of change of cost with respect to the number of
articles in Std. XI. Now we will study geometrical and
physical significance of derivative and some more

applications of derivatives to the concepts in
Economics, viz. elasticity of demand, marginal
propensity to consume, marginal propensity to save,
etc. Let us learn a few more mathematical concepts.

NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XIT (PART 1) (COMMERCE)
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C 4.1 : MEANING OF DERIVATIVE

Geometrical meaning of derivative (Tangent and

Normal at a point to a curve) :

l'heorem :

Prove that the slope of the tangent to a curve y = f(x),

at the point x = a on it is f'(a).

Proof : Y

Q (a+h:
f(a+h))

X' /I‘ ol » C" X

Let P be the point x = on the curve y = f(x).
[ This means the x-coordinate of P is a.]
Then P is (a, f(a)).
Take a point Q(a +h, f(a+h)) on the curve.
Then slope of secant PQ

fla+h)—f@) fla+h)—f(a)
a+h—a h

Now, as Q — P along the curve, the limiting position of
the secant PQ is called the tangent of the curve at the
point P. i.e. at the point x = a and the slope of the tangent

at P is called the gradient of the curve at the point P.

Now, as Q — P along the curve, h —0

.. gradient of the curve at P = slope of the tangent PT

= lim (slope of secant PQ)

QP
w g JER =10

h 0

Thus, f'(a) represents the slope of the tangent to the curve
y=f(x) at the point (g, f(a)). [i.e. the point x =@ on the

curve. |

Remarks :

1. If this tangent has inclination 6, then its slope is tan 6.

d d
Emes, =f'(ﬂ) - (di)x =q - (L-fil )(a f(a)

2. The above tangent passes through the point (a, f(a))
and its slope is f'(a). Hence, by the slope-point form,
the equation of the tangent to the curve y = f(x) at the

point x =a on it, is

y—fa)=f"(a)(x —a).

=f'(a)

3. Let line PG be perpendicular to the tangent PT

through its point of contact P. Then this line PG is
called the normal to the curve y = f(x) at the point P.
We also say that P is the foot of the normal PG.
Obviously, the slope of the normal is f'—(—al) if f'(a) # 0

and it passes through P(a, f(a)). Hence, its equation is
-1
Yy —f(a) =f;(a) (x —a).
If f'(@) = 0, then the tangent is parallel to X-axis and

hence the normal is parallel to Y-axis. In that case the

equation of the normal is x =a.

EXERCISE 4.1 | Textbook page 105

. Find the equations of tangent and normal to the

following curves at the given point on it :
() y=3x*—x+1at(1,3)

(ii) 2x* +3y*=5at (1, 1)

(i) x? +y?*+xy=3at (1, 1.

Solution :

G) y=3x—x+1

Ay _

d 2
0 d—x(3x —x+l)

=3x2x—1+0=6x—1

(), —sw-1-s
ax Jat (1, 3)

=slope of the tangent at (1, 3)
. the equation of the tangent at (1, 3) is
y—3=5@—1)
S Y—3#= ¥ —b
Sobx =y —2=0.
The slope of the normal at (1, 3)
-1 1

LT
dx Jae 1, 3)

.. the equation of the normal at (1, 3) is
y—3=-— ;(x -1)

Loy —=15=—x+1

. X+5y—16=0
Hence, the equations of the tangent and normal are
5x —y —2=0 and x + 5y — 16 =0 respectively.

4. APPLICATIONS OF DERIVATIVES 161
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(i) 2> +3y*=5
Differentiating both sides w.r.t. x, we get

2x2x+3x2y§1’=

dy Cdy 2
6“"@— = dx o 3y
’dy) _-21)_ 2

dx Juq,y  3(1) 3

=slope of the tangent at (1, 1)
", the equation of the tangent at (1, 1) is

2
y-l=— (x—1)
By —3=—2x+2
. 2x+3y—5=0.
The slope of normal at (1, 1)
-1 -1 3

[EEN
dx Jar 1, 1) 3

. the equation of the normal at (1, 1) is

3
y—l:i(x—l)
W 2y—2=3x-3
L3 x—=2y—1=0

Hence, the equations of the tangent and normal are
2x + 3y —5=0 and 3x —2y — 1 =0 respectively.

(i) x*+y?+xy=3
Differentiating both sides w.r.t. x, we get

dy dy

2x+2ydx+x~~

+yd (x)=0

dy dy

8 2x+2yd~x+xdx+y><1=0

: ay _ .

) dy_A—Zx—y__(2x+y)
“dy x4+2y  \x+2y

e i
" \dx Jar 1, 1) 1+2(1) 38

=slope of the tangent at (1, 1)
.". the equation of the tangent at (1, 1) is
y—1=—-1(x—1)
LYy=1l=—=x+1 Lxty=2
The slope of the normal at (1, 1) = F =
<ax at(l, 1)

=——=1

162

1]

" the equation of the normal at (1, 1) is
y—1=1(x—1)

LyY—l=x-1 Lx—y=0
Hence, the equations of tangent and normal are

x+y =2 and x —y =0 respectively.

2. Find the equations of the tangent and normal to the
curve y = x? +5 where the tangent is parallel to the
line 4x —y +1=0.

Solution : Let P(x,, y,) be the point on the curve

y=x*+5 where the tangent is parallel to the line

dx —y+1=0.

Differentiating y=x?+5 w.rt x, we get

dy
% d—(x +5)=2x+0=2x

, (“_y) - O
" \dx Jat (e, ) '

= slope of the tangent at (x,, y,)
Let m, =2x,
The slope of the line 4x —y+1=0is
m, =:—‘;=4
Since, the tangent at P(x;,y,) is parallel to the line
dx—y+1=0m;,=m,

¥ x4 \\ ;=2
Since, (x,, ;) lies on the curve y =x?+5, y, =x,2 +5
gy =@F +5=9 e [ 2 =21

", the coordinates of the point are (2, 9) and the slope of
the tangent=m, =m, =4.

. the equation of the tangent at (2, 9) is
y—9=4(x-2)

T Yy—9=4x-8

LAx—y+1=0
Slope of the normal = =

m, 4

" the equation of the normal at (2, 9) is
— 4%(x —2)

L 4y—36=—x+2

" x+4y—38=0
Hence, the equations of tangent and normal are
4x —y+1=0 and x + 4y — 38 = 0 respectively.

&

[ Note : Answer to the equation of tangent in the textbook is

incorrect. |
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3. Find the equations of the tangent and normal to the
curve y = 3x* — 3x — 5 where the tangent is parallel to
the line 3x —y +1=0.

Solution : Let P(x,, y,) be the point on the curve

y=23x%—3x —5 where the tangent is parallel to the line

x—y+1=0.

Differentiating y = 3x* — 3x — 5 w.r.t. x, we get
ay _d .,

d,’,\’ = dx (3x 3x — 5)

=3x2x—3x1-0=6x—3

-
v at(x, ) =6x, —3

= slope of the tangent at (x,, y,)
Let my =6x, -3
The slope of the line 3x —y+1=0
-3
=—=
Since, the tangent at P(x,, y,) is parallel to the line |

=M, 3

x—y+1=0,my=m,
S 6x, —3=3 S, 6x; =6
Since, (xy, ¥;) lies on the curve y =3x? —3x —5,

Loxy=1

Y1 =3x,"—3x; —5, where x, =1
=3(1)*-3(1)-5=3-3-5= =5
.". the coordinates of the point are (1, —5) and the slope

of the tangent=m, =m, =3.
", the equation of the tangent at (1, —5) is
y—(=5)=3(x-1)

S y+5=3x-3 S 3x—y—8=0.
1 1
Slope of the normal = ST ¢

*. the equation of the normal at (1, —5) is
i |
y—(-5)= —g(x—l) ]

Vo Y+ 15=—x+1 L x+3y+14=0
Hence, the equations of tangent and normal are
3x —y—8=0and x + 3y + 14 =0 respectively.

!

1. Find the points on the curve y =" — 2x* — x, where
the tangents are parallel to 3x —y +1=0.

Solution : Let the required point on the curve

y=x>—2x2—x be P(x,, y,).

Differentiating y = x* — 2x? — x w.r.t. x, we get

ZZ=%(x3 —2x% —x)
=3x2—2x2x—1=3x2—4x—1

4. APPLICATIONS OF DERIVATIVES

", slope of the tangent at (x,, y,)

dy)
B =32 —4x, —1
(dx at (xy, yy) X !

Since, this tangent is parallel to 3x —y+1=0 whose
slope is }? =3,

slope of the tangent = 3.

S 8% 2—dx, —1=3

| Bx 2 —dx, —4=0

Jo 8%y — 6%y +2x, —4=0
S8y (xy —2) +2(x, —2)=0
Y (x, —2)(3x, +2)=0
xy—2=0 or 3x;+2=0

2
or x1=—,-3

Since, (x,, y,) lies on y =x3 —2x? —x,

Lxyg=2

Yi=x"-2x2-x,
When x, =2, y, =(2)*-2(2)*—2=8-8—-2= -2

2 2\° 24 2
whenx,= -5 vi=(-) ~2(-3) -(-3)

LR Qe u
T2 N\B 27
Hence, the required points are

2 14
(2, —2) and ( '—5, —2—7“)

2. If the line y =4x —5 touches the curve y’=ax+b
at the point (2, 3), show that 7a + 2b =0.

Solution : y?> =ax*+b

Differentiating both sides w.r.t. x, we get

dy

2y =ax3x 40
; Ay _degd
Cdx 2y
dy 3a(2)?
do [ =— =—— =0
(dx )n ey 23) -

= slope of the tangent at (2, 3)
Since the line y =4x —5 touches the curve at the point
(2, 3), slope of the tangent at (2, 3) is 4.
o 2=4 a=2
Since, (2, 3) lies on the curve y? =ax® 4 b,

B2 =a2)?+0b L. 9=8a+b
. 9=8Q2)+b rp=2]
Sob=-7
. 7a+2b=702)+2(—7)=0.
163
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EXAMPLES FOR PRACTICE 4.1 j'

10.

164

. Find the equations of tangent and normal to the

following curves at the given points on it :
() y=x*+4x+1lat(-1, —2)

(ii) y=x* —4x+3 at (4, 3)

(iii) y =x* —2x% +4 at the point x =2

y x o
(iv) y= i the origin

(v) y*=4ax at (a, —2a).

. Prove that the tangents to the curve y=x> —-5x+6

at the points (2, 0) and (3, 0) are at right angles.

. Find the points on the curve y =2x%—3x% 4 3x —2

at which the tangent lines are parallel to the line
x—y+7=0.

. Find the equations of the normals to the curve

3x% —y? =8, which are parallel to the line x + 3y =4.

. Find the equations of tangent and normal to the

curve y =6 —x? where the normal is parallel to the

line x —4y +3=0.

. Find the coordinates of the point on the curve

y =6x —x?, the tangent at which is parallel to the line
y= —4x.

. Find the coordinates of the points on the curve

y=x+ ;1c' the tangent at which is parallel to X-axis.

. Find the coordinates of the point on the curve

4
i where the tangent is parallel to the line

y=2x.

. If the line x +y =0 touches the curve y*=ax®+b

at (1, —1), find a and b.

The tangent to the curve y = x +; at (a, b) is parallel

to X-axis. Find a and b.
Answers
() 2x—y=0,x+2y+5=0
(ii) 4x —y =13, x + 4y =16
(ili) 4x —y=4, x +4y =18
(iv) x—y=0,x+y=0
(v) x+y+a=0,x—y=3a

]

10.

-

® N U o W

. (0, —=2) and (1, 0)
. x+3y—8=0,x+3y+8=0
. Adx+y—10=0,x—4y+6=0

(5, 5)

. (1,2)and (=1, —2)
. (2,0)and (-2, 0)

4.2 : INCREASING AND DECREASING 1
FUNCTIONS )

The increasing and decreasing functions are always

defined in terms of increasing x.

(1)

Increasing Function : Consider, the function f
whose graph is shown below. Let P be the point x = a
on this graph. Then P is (a, f(a)). We observe that
while passing through this point from left to right, the

P
;\\

i
A

0, !
A} "
a-6 M1 *g44 X

ol

graph of the function is rising, i.e. the values of the
function are increasing. In this case we say that f is an
increasing function at P, i.e. at x =a.

Now, consider a small neighbourhood (a4,
a+6) about a. If we take any two points x, x, in this
neighbourhood such that x, < x,, then f(x,) < f(x;).
Hence, we have the following definition :

Definition : A function f is said to be increasing at
x =a, if there exists some neighbourhood (a — 6, a + J) of
‘a’ such that for any two points x,, x, in this neighbour-
hood with x, < x,, we have f(x,) < f(x,).

f is said to be strictly increasing at x = a, if for any
two points x;, x, in this neighbourhood with x; < x,,

we have f(x;) < f(x,).
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Remark : The tangent to the curve at P makes an acute
angle 0 with the positive X-axis. We know that tangent of
an acute angle is positive. Hence, tanf > 0. But
tan 0 = f'(a). Hence we can say that if f'(a) > 0, then the
function f is increasing at x = a.

(2) Decreasing Function : Consider, the function f whose
graph is shown below. As before, we can say that the
function f is decreasing at x =a and have the follow-
ing definition :

Y

Definition : A function f is said to be decreasing at
x = a, if there exists some neighbourhood (a — 8, a + ) of
‘a’ such that for any two points xy, x, in this neighbour-

hood with x, < x,, we have, f(x,) = f(x,).

f is said to be strictly decreasing at x = a, if for any
two points x,, x, in this neighbourhood with x; < x,,

we have, f(x,) > f(x,).

Remarlk : The tangent to the curve at P makes an obtuse
angle 0 with the positive X-axis. Since the tangent of an
obtuse angle is negative, tan0 < 0. But tan0=f"(a).
Hence, we can say that, if f'(7) <0, then the function f is

decreasing at x=a.

From the above observations, we have the following

result :

Let a function f be differentiable at the point P (x, y).
Then
(i) f is increasing at P if f'(x) > 0.
(ii) f is decreasing at P if f'(x) < 0.

| EXERCISE42 | Textbook page 106 |

1. Test whether the following functions are increasing
and decreasing :
(i) f(x)=x>—6x?+12x—16, xeR

4. APPLICATIONS OF DERIVATIVES

(i) f(x)=x—;,xeR,x;é 0

(iii) f(x) =;—3, xeR, x # 0.

Solution :
() f(x)=x%—6x"+12x —16

) =di (x® — 6x? + 12x — 16)
=3x*—6x2x+12x1-0
=3x% —12x + 12
=3(x*—4x+4)
=3(x—2)?>0forall xeR, x #2

S fi(x) >0 for all xeR — {2}

.'. fis increasing for all xeR — {2}.

L 1
(i) f(x)=x —3

2 pe=a- N (5]

=1+$>0fora11xeR,x¢0

. f'(x) > 0 for all xeR, where x # 0

.. fis increasing for all x > R, where x # 0.

(i) f(x)=;—3

f’(x)=£(g—3)=7(—%)—o

- _;<OforallxeR,x#0

. f'(x) <0 for all xeR, where x # 0.

.. fis decreasing for all xR, where x #0.

2. Find the values of x, such that f(x) is increasing
function :
(i) fG) =22 —15x7 + 36x + 1
(i) f(x) =x*+2x~5
(iii) f() =2x> — 15x% — 144x — 7.
Solution :

@) f(x) = 2x> —15x% + 36x + 1
o oty = A (53 _ 152
& f (;\)—dx(2x 1522 4 36x + 1)

=2x3x*—15x2x+36 x 1+0
= 6x2 —30x + 36 = 6(x* —5x + 6)
fis increasing, if f'(x) > 0
ie. if 6(x* —5x+6)>0

165
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ie. if x> —5x+6>0

ie ifx2?—5x> —6

i.e.ifx2—5x+zz5> _6+24£
ie. if (x _§)2 =
2 4
i.e.ifx—5>- or x—5< o
272 2 2

ie.ifx>3 or x<2

ie if xe(—o0,2) (3, »)

.. fis increasing, if xe(— oo, 2)(J(3, o).

(ii) f(x)=x*+2x—5
f(x)=c%c(x2+2x—5)
=2x4+2x1—-0=2x+2
f is increasing, if f'(x) > 0
ieif2x+2>0
ie if2x > —2

ie.ifx> —1,ie.xe(—1, )

.. fisincreasing, if x > —1, i.e. xe(—1, ).

i) f(x)=2x>—15x2 — 144x —7

w . e
o f)=o-(2x* 1522 — 144x—7)

=2x3x2—-15x2x—144 x 1—0
=6x* —30x — 144 = 6(x? — 5x — 24)

fis increasing if, f'(x) >0
ie. if 6(x*—5x—24) >0
ie if x2—5x—24>0

i.e. if x> —5x > 24

ie. ifx2—5x+%5>24+2—5

4
i.e. if (x —5->2 > 1}1
2 4
i.e.ifx—5>11 or x—§< -
272 2
ieifx>8 or x< -3

ie if xe(— o0, —=3)(8, w)

www.saiphy.com

", fis increasing, if xe(— o0, —3)|J(8, o).

3. Find the values of x such that f(x) is decreasing

function :

() f(x) =2x*—15x> —144x — 7
Gi) f)=x*—2x>+1
(iii) f(x) =2x> —15x* — 84x — 7.

Solution :

() f(x)=2x>—15x>—144x —7

S f) =d%(2x3 —15x% —144x —7)

=2x3x*—15x2x—144 x1—0

= 6x% — 30x — 144 = 6(x*> — 5x — 24)

fis decreasing, if f'(x) <0
ie. if 6(x* —5x —24)<0
ie if x*—5x—24<0

ie. if x* —5x <24

ol 25 121
1.e.1fx2—5x+4< 1
ie. if (x—§)z < 1t
2 4
ie. if —IJ»< —§<E
2 2 2
1e.if—E+5 —§+§<11+§
2 2 282 2 2

ie. if —3<x<8

.. fis decreasing, if —3 <x <8.

Gi) f(x)=x*—2x"+1

R (9] =%(x“ —2x34+1)

=4x% —2 x 3x2 4+ 0 =4x% — 61>

fis decreasing, if f'(x) <0
ie. if 4x® —6x? <0

ie. if x*(4x—6) <0

ie if4xr—6<0

ieifx<§ie w<x<§
.e. 5 1. 5

.. fis decreasing, if —o <x < z

(iid) f(x) =2x>—15x* —84x —7

Oty e Led _ 1547 — Ba—
5 f) = 2 = 15— 84x—7)

=2x3x*—15x2x—84x1—-0

s [PE.2%500]

=6x? —30x — 84 = 6(x? — 5x — 14)

fis decreasing, if f'(x) < 0
ie. if 6(x* —5x—14)< 0
ie ifx2—5x—14<0
ie. if x2—5x <14

25

25
ie. if 2 —5x +— < 14 +—
ie. if x x+4< +4
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i (x-Z) <2
Le. 1| x 5 P

'eif—2<x—§ 2

ie. 5 5<3

ie. if —2+5<x §+§<?+§
2 2 2 2 22

ie if —2<x<7
", fis decreasing, if —2 <x <7,

| ADDITIONAL SOLVED PROBLEMS-4(B) |

1. Show that f(x) = 3x + (;) is

—

, 1) and

)

(i) an increasing function in the interval (

3
1
9’

(ﬂli—‘

(ii) a decreasing function in the interval (

Solution : f(x) =3x + (%)

L 1d
S =3 @) +5 -7
1
23 =
3x?
Now, f is increasing, if f'(x) >0 and is decreasing,

if f'(x) < 0.

1
=3><1+§(—1)A

(i) Let xe(%, 1). Then % <x<l1

1 1
A (LI,
.3-3< 3X2< 3

. f'(x) >0 for all xe <1, l)

0 <f(x) <§

1
*. fis increasing in the interval (5/ 1).

oo 11 1 1
(ii) Letxe<9 3) Then9<x<3

i 1
e e L 27>—
27<3x <3 >3x2>3

% —27<—3?<—3

! 3—27<3—l <3-3
d 3x>
24 <f(x)<0

. ’ | 1 1
. f'(x) <0 for allxe(9,3>

1:1
*. fis decreasing in the interval (E)r ;5).

2

2. Show that the function f(x) = 1 is a decreasing

11
function in the interval (4, 2).

2
fﬁ()lulinn:f(x)=4'x +1-=4x+;.‘
'f‘(\r)—i(4x+1 =4x1+4(—1)x?
CO T dx x)
1 4x*—1
=4_F x?
1 1
2~ = )
4(r ) 4(”2)(" z)
L e — 5

1\l 1 1
Letxe(4,2) Then4<1 <§

1 1
% x+§>0 and x——§<0

- 1y, L1 2
.<x+2)<x 2)<Oandx >0

era)os) 4

11
i (5 ) @ ' p -
.f(v)<tf0r111xe(4 2)

*. fis decreasing in the interval (Z, ;)

( EXAMPLES FOR PRACTICE 4.2 j

1. Test whether the following functions are increasing
or decreasing :
(i) fx) =x* —3x* +3x — 100
(ii) f(x)=2—3x +3x? — x>
2. Find the values of x such that f(x) is increasing
function :
(i) f(x)=x>—3x%—9x+25

4. APPLICATIONS OF DERIVATIVES 167
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(i) f(x)=x3—6x2+12x+10
(iii) f(x)=x3—9x?+27x +7
(iv) f(x) =2 —6x* —15x +1

(v) fx)=2x>—15x* +36x +5
1

(vi) f(x)=2x+2x

3. Find the values of x such that f(x) is decreasing
function :
(i) f(x)=3x*—15x+9
(i) f(x)=x%—6x% —15x + 12
(i) flx) =2x*—9x> +12x +2

y 2
(iv) f(x)=8x +5c'

4. Show that the function f(x) =x>+6x? —36x +7 is a

decreasing function in the interval (-6, 2).

wr

: 2x—3 r
. Show that the function f(x)—?J—_H,for x5k —5 s

increasing.
18
6. Show that f(x) =2x + oy 18
1
(i) an increasing function in the interval (5, 1 ), and
.. . o B . 11

(ii) a decreasing function in the interval (1, 5)

7. Show that the function

flx)=x*—6x>+15x + 7 is always increasing.

8. Show that f(x) = 3x* — 4x — x* is decreasing for all real

values of x.
Answers

1. (i) increasing for all xe R — {1}

(i1) decreasing for all xeR — {1}

2. (i) (—oo, —1)Y@B, ) (i) R—{2}
(iii) R—{3} (iv) (=0, =1 (5, o)
(V) (_ 0, Z)U(3l w)

(vi) (—oa, —%)U(%, oo).

3. (i)x<5-

3 (ii)) —1<x<5

(iv) —»1-<x<}.

(iii) 1<x <2 5 5

( 43 : MAXIMA AND MINIMA )
Y
TN
v
o ¢ X

f has a local maximum at x = ¢

Absolute maximum
Also a local maximum

Local maximum

{
| ]
E Absolute minimum Local i
] Also a local minimum |
\ minimum :

Consider, the graph of the function f shown above. At
x=c the function y =f(x) has a maximum value. If we
move away from ¢ to either side, the curve falls and the
function value gets smaller. However, if we sketch more
of the curve we might find that the function takes larger
values elsewhere also. We would then know that f(c) was
not the absolute maximum of the function. It would still
be relative or local maximum.

Now, we define local and absolute Maxima and
Minima of a function f.

(A) Maxima : Consider, the graph of the function f
shown below. The function f takes the maximum value
at x=g¢, i.e. f(c) is the maximum value of f. Here we
observe that for any x, in a small neighbourhood
(c—8, c+6)of ¢, flx) <f(c).

b4

/ P\

0,
{
¢

/(_) -k
¢-0

We also see that in this neighbourhood, f increases

0

|
|
|
|
|
|
|
|
|
|
|
|
|
!
+

(4

Xl
3 X
c+0

from the left up to ¢ and decreases to the right of c.

Hence, we have the following definition :
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Definition : A function f is said to have a local maxi-
mum at x = ¢, if in some neighbourhood (¢ — 6, ¢ + 8) of ¢, the
function f increases from the left upto c and decreases to the
right of c.

Remarks :

1. The tangent to this graph at x =c is parallel to the
X-axis. Hence, the slope of this tangent which is f'(c) is
equal to 0.

2. If ¢ h is a point in this neighbourhood and to the left
of ¢, then f is increasing at x =c — h. Hence, f'(c — h) > 0.

3. If c+h is a point in this neighbourhood and to the
right of ¢, then f is decreasing at x =c + h. Hence,
fllc+h)<0.

From these remarks, we can say that a function f
has a local maximum at x=c, if f'(¢)=0; f'(c—h) >0
and f'(c+h)<0 coe (@Y
This is the first derivative test for maximum.

4. Also we observe that at every point x€(c — 6, ¢), i.e. to
the left of ¢, f'(x) >0, f'(c)=0 and at every point
xe(c, c+0), i.e. to the right of ¢, f'(x) <0. Thus the
first derivative function f' is decreasing at x=c.
Therefore, the derivative of f' at ¢, which is f”(c) is
negative, i.e. f"(c) <0. Hence, we have the following
second derivative test for maximum : A function f
has a local maximum at x=c, if f'(c)=0, and f"(c)<0.

(B) Minima : Consider, the graph of the function f
shown below. The funclion f takes minimum value at
x=¢, i.e. f(c) is the minimum value of f. Here we observe
that for any x, in a small neighbourhood (c—4, ¢+6) of ¢,
FO)=fe).

We also see that in this neighbourhood, f decreases
from the left up to ¢ and increases to the right of c.
Hence, we have the following :

Y

Q R

! P H

E b, *Q’:
0 c-h € cgh X
S 7 %

Definition : A function f is said to have a local minimum
at x =c, if in some neighbourhood (c —6, c+ ) of ¢, the
function decreases from the left up to ¢ and increases to the
right of c.

4, APPLICATIONS OF DERIVATIVES

Remarks :

1. The tangent to this graph at x =c is parallel to the
X-axis. Hence the slope of this tangent which is f'(c) is
equal to 0.

2. If ¢ —h is a point in this neighbourhood and to the left of

¢, then f is decreasing at x=c¢ — h. Hence f'(c —h) <0.

3. If ¢+ h is a point in this neighbourhood and to the

right of ¢, then f is increasing at x =c+h. Hence
fle+h)>0.

From these remarks, we can say that a function f has

a local minimum at x =c, if f'(c)=0; f'(c—h) <0 and

flc+h)=>0. «wii(2)

This is the first derivative test for minimum.

4. Also we observe that at every point xe(c — 9§, ¢), i.e. to

the left of ¢, f'(x)<0, f'(c)=0 and at every point

: xe(c, ¢+ ), i.e. to the right of ¢, f'(x) > 0. Thus the first

derivative function f' is increasing at x = c. Therefore,

the derivative of f' at ¢, which is f"(c) is positive,
ie. f"(c)>0.

Hence, we have the following second derivative test

for minimum : A function f has a local minimum at x =c,
if f'(c)=0and f"(c) > 0.

Note that maxima is the plural of maximum and
minima is the plural of minimum. Maximum and mini-

mum values are termed as extremum values.

Procedure for Finding Maxima or Minima :
1. Second Derivative Test :
(1) Find f'(x) and f"(x).
(2) Find the roots of the equation f'(x) =0.
(3) If ¢ is a root of this equation, find f"(c).
(i) If f"(c) <0, then f has a maximum at x =c.

(it) If f"(c) >0, then f has a minimum at x =c.

(4) Use the same procedure for the other roots of
f'(x)=0, as in (3).

2. First Derivative Test :
(1) Find f'(x).
(2) Find the roots of the equation f'(x) =0.
(3) If ¢ is a root of this equation, find f'(c —h) and
f'(c+h), where h is a very small positive real

number.

169
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than the first derivative test. However, the second deriva-
tive test fails, if f"(c) = 0. In such a case, we have to apply

the first derivative test.

1. Determine the maximum and minimum values of

170

(i) If f(e—h)>0 and f'(c+h)<0, then f has
a maximum at x =c.

(ii) If f'(c—h) <0and f'(c+h)>0, then f has a
minimum at x =¢.

(4) Use the same procedure for the other roots of
f'(x) =0, as in (3).

Remark : We observe that out of the above two

procedures, the second derivative test is easier to apply

If the first derivative test also fails, then x = ¢ is neither

point of local maximum nor point of local minimum. It is

called as point of inflexion.

EXERCISE 43 | Textbook page 109

the following functions :
) fx) =2x*—21x* +36x — 20

(ii) f(x) =x-log x

i) F0) = + ?

Solution :

(i) f(x)=2x>—21x* 4 36x —20
SR = % (2x® —21x? + 36x —20)

=2x%x3x2—21x2x+36x1—0
=6x* —42x + 36

and f"(x) = ddx (6x* — 42x + 36)

=6x2x—42x1+0=12x—42
f'(x)=0 gives 6x* —42x 436 =0.
L x2—7x4+6=0 S (x=1)(x—6)=0
. the roots of f'(x) =0 are x, =1 and x, = 6. !
Forx=1, f"(1)=12(1)-42= -30 <0
.. by the second derivative test, f has maximum
at x =1 and maximum value of fat x =1
=f(1)=2(1)* —21(1)* + 36(1) — 20
=2-214+36—-20= -3
For x =6, f"(6) =12(6) —42=30 > 0

.. by the second derivative test, f has minimum
at x = 6 and minimum value of fat x=6
=f(6) =2(6)* —21(6)* + 36(6) — 20
=432 —-756 +216 —20= — 128
Hence, the function f has maximum value —3

at x =1 and minimum value — 128 at x = 6.
(ii) f(x)=x-logx

, ST

= (x)-E;.(x logx)

d d
:x-a(logx) +logx-[—i~x»(x)
=x x;‘+(logx) x1=1+logx

. d 1 1
and f (X)—d—x(] +Iogx)—0+;__;

Now, f'(x)=0, if 1 +logx =0

ie.if logx= —1= —loge

ie. if logx =log (e~ ‘)_—_1035 ie. 'fo=%
_11
(1/e)

.. by the second derivative test,

When x=%, f'x)= =e>0

. % . 1
fis minimum at x=—.
e

1
Minimum value of fat x = y:

1

LT 6 |\ W
—elog(e)—elog(e )

‘(—1)loge

™ |-

o[ loge=1]

1
e
and

; g 1
Hence, the function f has minimum at B

3 - 1
minimum value is — -,
e

(i) f(x)=x*+ lx—6

B _E_ 2 |1§
"'f(x)_dx<x x)
16

=2r416(~1x 2 =2—

and f"(x) = d‘i(b - )1:)

=2x1-16(—2)x" 3=2+¥
x
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Lad=8 L x=2

32
Forx=2, f"2)=2+5=6>0

(2)
.". by the second derivative test, f has minimum at
x =2 and minimum value of fat x =2

=f(2)=(2)2+12£=4+8=‘12

Hence, the function f has minimum at x'=2 and

minimum value is 12,

2. Divide the number 20 into two parts such that their
product is maximum.

Solution : Let the first part of 20 be x.

Then the second part is 20 — x.

.'. their product = x(20 — x)

=20x —x% =f(x) ... (Say)

L
3 f(x)—dx(ZOx x?)
=20x1—-2x=20—-2x
") =4 (20 —
andf(x)—dx(ZO 2x)

=0—-2x1=-2
The root of the equation f'(x) =0
ie.20-2x=0is x =10
and f"(10)= —2 <0
.. by the second derivative test, fis maximum at x = 10.

Hence, the required parts of 20 are 10 and 10.

3. A metal wire of 36 cm long is bent to form a
rectangle. Find its dimensions where its area is
maximum.

Solution : Let x cm and y cm be the length and breadth of

the rectangle.

Then its perimeter is 2(x + y) = 36

L x+y=18 Soy=18—x
Area of the rectangle =xy = x(18 —x)
Let f(x) = x(18 — x) = 18x — x?

Then f'(x) = ;x (18x —x?)

=18x1—-2x=18 —2x

4. APPLICATIONS OF DERIVATIVES

Now, f(x) =0, if 18 —2x =0

ie ifx=9

and f"(9)= —-2<0

.". by the second derivative test, f has maximum value at
x=9

Whenx=9, y=18-9=9

Hence, the rectangle is a square of side 9 cm.

4. The total cost of producing x units is ¥ (x* - 60x + 50)
and the price is ¥(180 — x) per unit, For what units is
the profit maximum?

Solution : Let the number of units sold be x.

Then profit =S.P. — C.P.

S P(x) = (180 — x)x — (x2 4 60x + 50)

=180x — x? — x* — 60x — 50

;. P(x) =120x — 2x2 — 50

o B(x)= d (120x — 2x? —50)
dx
=120x1—-2%x2x —0=120—4x
and P"(x) = 4 (120 — 4x)
dx

=0—4x1=—4
P'(x)=0if 120 —4x=0
ie. if x=30
and P"(30)= —4 <0
.". by the second derivative test, P(x) is maximum when
x =30,
Hence, the number of units sold for maximum profit
is 30.

| ADDITIONAL SOLVED PROBLEMS-4(C) |

1. If sum of two numbers is 6, then find the maximum
value of the product of square of first number and
the other number.

Solution : Let the two numbers be x and y.

Thenx+y=6 S Yy=6—x

. the product of square of first number and the other
number = xy

=x%(6 —x) = 6x% — x>
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Let f(x) =6x> —x3
r T d 2 3
Then f (x)—a(6x —x%)
=6 % 2x — 3x? = 12x — 3x?
and f"(x) =£—c(12x—3x2)

=12%1-3 x2x=12—6x

f'(x)=0 gives 12x — 3x? =0

o 3x(4—x)=0

" x=0 or x=4
f(0)=12-6x0=12 > 0

.. fhas a minimum value at x = 0.
Also, f"(4)=12—6(4)= —12 < 0

.. f has a maximum value at x = 4.
Whenx=4, y=6—-4=2

*. maximum value of x?y = (4)*(2) = 32.
Hence, the required numbers are 4, 2 and maximum
value of the product =32.

2. Divide 16 into two parts such that sum of square of
first part and ten times of the second part is
minimum.

Solution : Let one part of 16 be x.

Then the other part is 16 — x.

", the sum of square of first part and ten times of the

second part=x? +10(16 — x) =x? — 10x + 160

Let f(x) =x* —10x + 160

Thenf'(x)=%(x2—10x+1eo)

=2x—-10x14+0=2x—-10
g

and f (1)—dx(2x 10)
=2x1—-0=2

f'(x) =0 gives 2x — 10 =0

', Xmb

and f"(5)=2 > 0

.". by the second derivative test, f is minimum at x = 5.

Hence, the parts of 16 are 5 and 11.

3. If x curtains are ordered, the price p per curtain is

1296 8
given as p= (Sx LA B > Find the number

of curtains Mrs. Joshi should order for the most

economical deal.

172

Solution : Let Mrs. Joshi order x curtains.

Then the total price for x curtains

= 4258 0,
=px= 2 %
29
=3x2+»1—6—8

1296
Let f(x) =3x? + . -8

O k(s 1296
"f(x)_dx(Ser = 8)

; 29
=3 x 2x 4 (1296)( — 1)x 2—()=(>x—1)(26
s i 1296
and f (x)—dx(éx— P )
9
=6x1—(1296)(—2)x *=6 +2i32

} 9
| f'(x)=0 gives 6x — lff =0

S 6x—1296=0
b x3=216 LXxm6
g. andf"(e)=6+2(%=e+1z=1s >0

.. by the second derevative test, f is minimum at x =6.
Hence, Mrs. Joshi should order 6 curtains for the most

! economical deal.

4. x tons of output is produced by a firm at total cost
3
C=X% (2% —4x* +43x+ 71 ) For what level of out-

put is the marginal cost minimum? Also, find
marginal cost at that output.

Solution : The cost function is given as

3
! C=2%—4x2+43x+71

", marginal cost =C =
3 = M = —
dx

d (2x} 5

=Zx3x2—4x2x+43xl+0

'\ Cpy=2x%—8x +43

, 4Cy_ d 0
=2x2x—8x140=4x—-8
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a*Cy d
=4x1+0=4
%:0 gives 4x —8=0
L 4x =8 Lx=2

2
and(d CM> =4>0
Atx-2

dx*

. by the second derivative test, Cp; is minimum

when x =2,

The marginal cost at x =2 is
2(2)* - 8(2) + 43 =816+ 43 =35

Hence, the marginal cost is minimum for x=2 and
Cy =35.

/ -

-

1. Examine the following functions for maxima and
minima :
(i) fx)=x—5x*+8x —4
(ii) f(x)=x>—9x*+15x +3
(iii) f(x)=4x>—18x% +24x +35
(iv) f(x)=x®—6x2+9x—2
(v) flx)=2x*—9x*+12x +5
(vi) f(x)=3x*—9x*—27x +15
(vii) f(x)=x*—32x

2
(vitl) f(x)=x+ 75
2. Discuss the extreme values of the function

(i) f(x)=xe* (i) f(x)=x%"

. Show that f(x) = lggz_x’ x # 0 is maximum at x =e¢.

»

4. Divide 70 into two parts, so that the sum of their
squares is minimum.

5. Divide 12 into two parts, so that the product of the
square of one part and the fourth power of the other
is maximum.

[Hint : f(x) =x*12 —x)2]

6. Find two positive numbers x and y, such that
x+y =60 and xy? is maximum.

7. Arod 72 metres long is bent to form a rectangle. Find

its dimensions, if its area is maximum.

4. APPLICATIONS OF DERIVATIVES

EXAMPLES FOR PRACTICE 4.3 )

8. A manufacturer can sell x items at a price of
% (280 —x) each. The cost of producing x items is
T (x* +40x +35). Find the number of items to be sold

so that the manufacturer can make maximum profit.

9. The total cost of producing x items per day is

2
L g (1 + 35x +25> and price per item at which they

may be sold is ¥ (SO - ;) Find the daily output to

maximize the profit.

10. The revenue R on selling x items is given by

R =153 —135x% + 360x + 102. Find x for which the

revenue is maximum.

11. For producing x units of a product, revenue

function is R(x)=40x —x* and cost function is
C (x) = 30 + 4x2. Find x so that

(i) revenue is maximum  (ii) cost is minimum.

12. In a firm, the cost function for output x is given as

3

& =% —20x% +70x. Find the output for which

(i) marginal cost (C,,) is minimum.

(ii) average cost (C,) is minimum.

Answers
1.
| Max. at Max. value | Min. at Min. value
: 4 4
(i1) 1 10 5 -22
(iii) 1 45 2 43
Gv) | 1 2 3 -
(v) 1 10 2 9
(wvi) = -1 30 3 —66
(viiy | - = 2 —48
(viii) | -5 ~10 5 10
i s % 1
2. (i) min. at x = — 1 and minimum value = — .
(ii) min. at x =0, minimum value =0
4
max. at x = — 2, maximum value = 2
4. 35 and 35 5. 8and 4
173
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6. x=45and y =15

. square of side 18 metres
8. 60

11. (i) x=20

9. 10 10. x=2

(i) x =0.

12. (i) C,, is minimum for x =20

(

(ii) C, is minimum for x = 30.

4.4 : APPLICATIONS OF DERIVATIVE
IN ECONOMICS

;

We have studied the following functions in Std. XI.

1. Demand function D = f(P)

Marginal Demand (MD)=D,, = [;II::

2. Supply function § = g (P)

Marginal Supply (MS) = :.L;—ls;

3. Total cost function C = f(x), where x is the number of

articles produced.
dc

Marginal Cost (MC)=C,, = 7

Average Cost (AC)=Cy = %

4. Total revenue R = P-D, where P is the price and D is

the demand.
R PD
Average Revenue =R, = | N P

Total profit=n=R —C.
Note : 7 is just a symbol for total profit. It should not

be mistaken for the constant value 2; ~ 3.141.

(1) Elasticity of Demand :

174

If Demand (D) of a commodity is a function of its
Price (P), then Elasticity of Demand with respect to
price is given by

P dD
"=~5'ap
Remarks :
(i) Demand is decreasing function of price
dD

... dp
Also, price P and the demand D are always

<0

positive.

> 1-—P~@>0
M= "Dpap

]

(ii) If # =0, the demand D is constant function of
price P.

. dD _
.. dp .
In this case demand is perfectly inelastic.

0

(iii) If 0 < n < 1, the demand is relatively inelastic.
(iv) If# =1, the demand is exactly proportional to the
price and demand is said to unitary elastic.

(v) If n > 1, the demand is relatively elastic.
Relation between marginal revenue (R

m)e average

revenue (R,) and elasticity of demand (n) :

R,,,=dR

dD’ Where R=P:D

d
" Ry=—5(P-D)

dpP
~P+D-o=
D dP
P dD
But"= —B'E
1 D dP
XG55 . @)
From (1) and (2), we get
1
~~PA5)
1
Rm:RA(l_E) e [ RA=P]

Marginal Propensity :

Marginal propensity to consume :
The consumption expenditure (E.) of any person
depends on x, where x is his income.

i.e. E, =f(x)

Marginal propensity to consume (MPC) = é’%

Average propensity to consume (APC) = %

Marginal propensity to save :

If S is the saving of a person with income x, then
ds

Marginal propensity to save (MPS) = T

£

Average propensity to save (APS) = =
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Note : Income = Expenditure 4 Saving
ie.x=E.,+S

S| MPC +MPS =1

Also, x=E, +8

X X

S | APC+ APS=1

EXERCISE 4.4 Textbook pages 112 and 113
1. The demand function of a commodity at price P is
given as D =40 — T Check whether it is increasing

or decreasing function.

2
Solution : D=40_2
8
. dD d 5P
e ﬁ—ﬁ(‘w—§>
5 -5
—O—éxl—*»g <0

Hence, the given function is decreasing function.

2. The price P for demand D is given as
P =183 +120D —3D? find D for which price is

increasing.

Solution : P =183+ 120D —3D?

. dP_d 5

% dD—dD(183+120D—3D )
=0+4+120x1-3 x 2D
=120 — 6D

If price P is increasing, then Zg >0
S 120—6D > 0

S 120 > 6D

S D20

Hence, the price is increasing when D < 20.

3. The total cost function for production of x articles is
given as C =100 + 600x — 3x2. Find the values of x for

which total cost is decreasing.

4. APPLICATIONS OF DERIVATIVES

1]

The cost function is given as
C =100 + 600x — 3x?
% dd—f = % (100 + 600x — 3x?)
=04+600x%x1—3 x2x
=600 — 6x

Solution :

If the total cost is decreasing, then ‘:TS <0

S 600—6x < 0

L. 600 < 6x

x> 100

Hence, the total cost is decreasing for x > 100.

4. The manufacturing company produces x items at the
total cost of ¥ (180 + 4x). The demand function for
this product is P = (240 — x). Find x for which

(i) revenue is increasing
(ii) profit is increasing.

Solution :

(i) Let R be the total revenue.
Then R = P-x = (240 — x)x

.. R=240x —x?
. dR _d 4
i dx—dx(240x—x )

=240 x 1 —2x =240 —2x
R is increasing, if % >0
ie if240-2x > 0
ie. if 240 > 2x
i.e if x <120
Hence, the revenue is increasing, if x < 120.
(ii) Profitm=R~C
oo =(240x — x?) — (180 + 4x)
=240x — x* — 180 — 4x
=236x —x* — 180

. dn__ci d W
>y dx(236x x* —180)

=286x1—-2x—0=236—-2x

d
Profit is increasing, if d: >0

i.e if 236 -2x > 0
i.e. if 236 > 2x
ie. if x < 118

Hence, the profit is increasing, if x < 118.
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5. For manufacturing x units, labour cost is 150 — 54x " . ... dC,
(i) C, is increasing, if o = 0

and processing cost is x?. Price of each unit is | d

L 5
p =10800 — 4x>. Find the values of x for which Le. 1300 —3x" >0
ie. if 300 > 3x?

ie. if x> < 100
ie ifx <10 s [ 0]

Hence, the average cost is increasing, if x < 10.

(i) total cost is decreasing
(ii) revenue is increasing.
Solution :
(i) Total cost C = labour cost + processing cost
. C=150 —54x + x*

ic_d |
" e = (150 —5dx + ) | Qe if300-3x* <0

i.e. if 300 < 3x*
ie. if x* > 100

(ii) C4 is decreasing, if ddi” <0

=0—-54x1+4+2x=—54+2x

d
The total cost is decreasing, if ds <0 ie. if x> 10 v [ x>0
fe if —54+2x <0 .1 Hence, the avefagf cost is decreasing, if x > 10.
i.e. if 2x 4
S =9 7. (i) Find the marginal revenue, if the average revenue
ie. if x < 27

is 45 and elasticity of demand is 5.

Hence, the total cost is decreasing, if x < 27. k. Solution : Given R, =45\Ad # =5

Now, Ry =Ra( 1 |

(ii) The total revenue R is given as 7l

R =p-x = (10800 — 4x? ! / /
P s ! =45k1—1)=45k§)=36
.. R=10800x —4x> i 5 5
d , Hence, the marginal revenue = 36.
. AR _ 4 (10800 — x%) { s
dx dx j
=10800 x 1 —4 x 3x2 =10800 — 12x2 (ii) Find the price, if the marginal revenue is 28 and

elasticity of demand is 3.

o :\ Vi dR
The revenue is increasing, if —— > 0 ;
dx Solution : Given R,,=28 and n=3

i.e. if 10800 —12x2 > 0 \ 1
i.e. if 10800 > 12x2 Now, R,,,=RA<1 "ﬁ)

ie. if x2 < 900 | :

e |\ zs:x,,(l—l):?zz,,
ie if x < 30 we [0 20l N\ 3/ 3
Hence, the revenue is increasing, if x < 30. Ry = 28 x3 £

6. The total cost of manufacturing x articles is Hence, the price = 42.

C =47x 4 300x* — x*. Find x, for which average cost is o . ) .

o 7 X o : (iii) Find the elasticity of demand, if the marginal
(i) increasing (ii) decreasing. : | _ =

revenue is 50 and price is ¥ 75.

Solution : The total cost is given as ” d g W, 2
o ti : 2 - 75
C = 47x +300x? — x* e T 1 and R4 =75
", average cost is given by Now, R,,,=RA<1—ﬁ)
C  47x+300x2 —x* !
i
4 x - 5o=75(1—1> L B R
; { n n 75 3
. Cp=47 +300x — x* | y 5 d
dC d | S m=l—=a =3
T = (47 +300x — x%) L nT 373 4
dx  dx /

Hence, the elasticity of demand = 3.
=0+300 x 1 —3x2 =300 — 3x*
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8 1¢ the demand fimclon D =:%§, find thie: alastis

city of demand at p =4.
Solution : The demand function is

_p+6
D_p—3
: dﬂ_t_'<v+6)
“dp dp\p-3
(r—3) - (p+6)—(p+6) (p—3)
_VP dpp y dp P*
(p—3)*
=(p—3)(1+0)—(P+6)(1—0)
(p—3)*
p=d=p=6_ =9
-3¢ (-3¢
Elasticity of demand is given by
—p dD
P
D dp
s A Wi
—(p+6)x(p—3)z
p—3
s
(p+6)p—3)
When p =4, then
. 9(4) 36 3.6,

@+6)4—3) 10x1_
Hence, the elasticity of demand at p =4 is 3.6.
2p+3

9. Find the price for the demand function D :5}:'

when elasticity of demand is i—:

Solution : The demand function is

2p+3
3p—1

X dD_d<2p+3>
“dp dp\3p-—1

D=

d d ,
. (Bp— l)dp (2p+3)—@2p+ S)dp(Bp -1)
B Gp—-1)?

CBp-1)2x1+0)—2p+3)3x1-0)
N Gp—1)7

_bp—2—6p—9
- @p-1p

=11
- Bp-1)?

7/Navneet Mathematics and Statistics Digest : Std. XII-Part 1 (Commerce)

Elasticity of demand is given by

80
D dp
—— B —-11
“<2p+3> (3p—1)2
3p—1
- 11p - 11p
C@p+3)@p—1) 6p*+7p—3
11
va]—1—4,then
n_ 1y
14 6p*+7p—3
.. 66p* +77p ~33 =154p
.. 66p*—77p—33=0
I, 6pE—=Tp—3=0
o @p=3)@Bp+1)=0
1L 2p—=3=0 w [ p=0]
b 4 \\3
.p—z.

10. If the demand function is D =50 — 3p — p% Find the
elasticity of demand at (i) p=5 (i) p=2.
Comment on the result.

Solution : The demand function is D =50 — 3p — p?

s ER YA
“dp dp
=0-3x1-2p=-3-2p

(50 —3p —p?)

Elasticity of demand is given by
p dD

=5 dp

. =P
(50 —3p —p?
_ p@B+2p)

50 —3p —p?
(i) When p =5, then

~ 53+2x5)  5x13

=50 -3(5)— (5 50—15-25
_&
10

)—x(~3~2p)

=6.5.

Since, 1 > 1, the demand is elastic.
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(ii) When p =2, then

_ 2B42x2)  2x7
T=50—32)— (22 50—6—4
_u_7
40 20°

Since, 0 <y <1, the demand is inelastic.

2
11. For the demand function D=100—p2 , find the

elasticity of demand at (i) p=10 (i) p=6 and

comment on the results.

Solution : The demand function is
p=100-"
N 2
ab _ 2 {100 ”2)
dp d 2
=0-— 1 X2p=—p

Elasticity of demand is given by
_—pdD

=D @
—P

(i) When p =10, then

_ (10 100
g
100 (10)* 710050
2
)
_loo_,

-
Since, n > 1, the demand is elastic.

(ii)) When p =6, then

fm 6} 36

= 2100 — 18

,100_(6) 100 — 18
2

_36_18

82 41

Since, 0 < n < 1, the demand is inelastic.

12. A manufacturing company produces x items at a
total cost of X (40 + 2x). Their price is given as
p =120 —x. Find the value of x for which

(i) revenue is increasing

178

(ii) profit is increasing.
(iii) Also find elasticity of demand for price 80.
Solution :
(i) The total revenue R is given by
R=px=(120 —x)x
. R=120x—x?
. 4R _d
Cdx  dx
=120x 1 —-2x=120—2x

(120x — x?)

: ; dl
If the revenue is increasing, then - >0

dx
! 1202 > 0
120 > 2% L x<60

Hence, the revenue is increasing when x < 60.

(ii) Profitn=R—C
= (120x — x2) — (40 + 2x)
=120x —x? —40 — 2x
. m=118x—x?—40

L dn_d 5
\ E—dx(HSx x? —40)

; =118 x1—-2x—0=118—2x

d
If the profit is increasing, then Eg >0

' 5 118-2¢ > 0
: o118 > 2 L x<59

Hence, the profit is increasing when x < 59.

(iii) p=120—x T x=120—p
Ldx 4
# d—p—dp(l20—p)
=0-1= -1
Elasticity of demand is given by
s .
"
| St & B .50
g “T3=p " 120-p
When p = 80, then
. )
"“120-80 40"

13. Find MPC, MPS, APC and APS, if the expenditure
E, of a person with income I is given as
E, = (0.0003)I? + (0.075)I, when I =1000.
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Solution : E,= (0.0003)I% + (0.075)I
dE._
dl
=(0.0003)(2I) + (0.075)(1)
= (0.0006)I + 0.075
When I = 1000, then
MPC = (0.0006)(1000) + 0.075
=0.6 4+ 0.075 = 0.675.
. MPC +MPS =1
C. 0675+ MPS=1
. MPS =1-0.675=0.325
E, _ (0.0003)1* + (0.075)1
1 1
= (0.0003)I + (0.075)
When I = 1000, then
APC = (0.0003)(1000) + 0.075
=0.34+0.075=0.375
"* APC+APS =1 ;
. 0375+ APS =1
.. APS=1—-0.375=0.625
Hence, MPC = 0.675, MPS = 0.325
APC =0.375, APS =0.625.

=
J

MPC = :I [(0.0003)1% + (0.075)1]

Now, APC =

P

'/\ EXAMPLES FOR PRACTICE 4.4

1. The total cost function C is given by C =x* — 14x + 8§,
where x is the output. Find the output for which the
total cost is increasing,.

2. Total cost (C) to manufacture x items is given by
C = 150x — 2x* + 100. Find x for which the total cost
is decreasing.

3. The daily production cost “C’ to manufacture ‘x’
2
items of a commodity is given by C =200 + 12x + ; :

Find x for which the average cost is decreasing.

[Hint : Average cost:AC:S.] {
4. The cost C of producing x articles is given as
C =x*—16x*+47x. For what values of x will the
average cost be decreasing?
5. Find the value of x at which the cost function given
by C(x)=2x*+3x?—12x+7 is neither increasing

nor decreasing.

4. APPLICATIONS OF DERIVATIVES

R

10.

11.

12,

13.

14,

15.

16.

[Hint: C is neither increasing nor decreasing,

. dC
lfﬂ—o.!

. The daily production cost to manufacture ‘x’ items is

)
given by C =50+ 14x +%. Find x for which the

average cost decreases.

The total revenue R =720x —3x?, where x is the
number of items sold. Find x for which total revenue

R is increasing.

. The manufacturing cost of “x’ items is C =110 + 2x.

If p is the price and x is the demand, p is given by
p=200—x. For what values of x, the profit will
increase ?

[Hint : Profit (P) =R —C, where R=p=x].

. If for a commodity, demand function is given by

D =2000 — 10p — p?, determine elasticity of demand
when price (p) is 10 units.

2
The demand function for a commodity is D =_————.

3+5p
Find elasticity of demand when price is 10 units.
At what price, price elasticity of demand for a
commodity would be (1/2), if the demand function
10

is given by D=m?

The demand function is D=,/100 —p*. Find the
elasticity of demand when the price is 5.

The demand function is D =2pp_+25

city of demand when price is 8.

. Find the elasti-

Demand function x, for a certain commodity is given
as x =200 — 4p, where p is unit price. Find
(i) elasticity of demand as a function of p.
(ii) elasticity of demand when p = 10. Interpret your
result.
(iii) the price p for which elasticity of demand is

equal to one.

Find the elasticity of demand if the marginal revenue

is 40 and the price is 50.

Find the marginal revenue if the average revenue is
30 and the elasticity of demand is 2.
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17. Find MPC, MPS, APC and APS if the expenditure
E, of a person with income I is given as
E,= (0.0001)I? + (0.016)I, when I = 4000.

18. The expenditure E, of a person with income I is given
by E, = (0.000035)I* + (0.045)I. Find marginal propen-
sity to consume (MPC) and average propensity to
consume (APC), when I = 5000.

19. The consumption expenditure E, of a person with the
income x, is given by E,=0.0006x* + 0.003x. Find
MPC, MPS, APC and APS when the income x = 200.

20. Find MPC, MPS, APC and APS, if the expenditure E,
of a person with income [ is given as : '
E, = (0.00002)I* + (0.008)I, when I = 8000.

Answers

1.%>7 2.x>5 3.0<x<20 4, x<8

5.x=1 6.0<x<10 7.x<120 8.x<99 9.11=é
1 4
10. =094 11.p=4 12.r1=§ 13.}]=§

STROR =50’;_P, p <50

(ii) 0.25, inelastic

(iii) 25
15. n=5 16. R, =15
17. MPC=0.816, MPS=0.184, APC=0.416, APS=0.584
18. MPC =0.395, APC =0.22
19. MPC = 0.243, MPS =0.757, APC =0.123, APS = 0.877
20. MPC =0.328, MPS =0.672, APC = 0.168, APS =0.832.

" MISCELLANEOUS EXERCISE -4 )

(Textbook pages 113 and 114)

(1) Choose the correct alternative :

1. The equation of tangent to the curve
y=x*>+4x+1at(—1, —2)is
(a) 2x—y =0 (b) 2x+y—5=0
(c)2x—y—1=0 (d) x+y—1=0

2. The equation of tangent to the curve x* + y* = 5, where
the tangent is parallel to the line 2x —y +1=0 are
(a) 2x—y+5=0;2x—y—5=0
(b) 2x+y+5=0,2x+y—5=0
(c) x—2y+5=0;x—2y—5=0
(d) x+2y+5 x+2y—5=0

3. If elasticity of demand # =1, then demand is
(a) constant (b) inelastic

(c) unitary elastic  (d) elastic

4. If 0 < n < 1, then the demand is
(a) constant (b) inelastic

(c) unitary elastic ~ (d) elastic

5. The function f(x) =x* — 3x% 4 3x — 100, xeR is
(a) increasing for all xeR, x # 1
(b) decreasing
(c) neither increasing nor decreasing

(d) decreasing for all xeR, x # 1
6. If f(x) =3x%~9x* — 27x + 15, then

(a) fhas maximum value 66

(b) fhas minimum value 30

(c) fhas maxima at x= —1
(d) fhas minima at x= —1
Answers

1. (a) 2x—y=0
2. (@) 2x—y+5=0;2x—y—5=0
3. (c) unitary elastic
4. (b) inelastic
5. (a) increasing for all xeR, x # 1
6. (c) fhas maxima at x= —1.

(1) Fill in the blanks :

1. The slope of tangent at any point (a, b) is called

[ 1. P

3. If f(x) =Z—3, xeR, x # 0, then f"(x) is .........

4. A rod of 108 m length is bent to form a rectngle. If area

at the rectangle is maximum, then its dimensions

5. If f(x) = x-log x, then its maximum value is .........
Answers
1. gradient 2. 6x —6=6(x—1) 3. 14x ?

4. 27 and 27 5. —%.
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(I11) State whether each of the following is True or
False :

1. The equation of tangent to the curve y=4x¢* at
(—1, _74) is ye+4=0,

2, x + 10y + 21 =0 is the equation of normal to the curve
y=3x%+4x —5 at (1, 2).

3. An absolute maximum must occur at a critical point or

at an end point.

L

The function f(x) = x-e*4 ¥ is increasing on ( _21, l).

Answers

1. True 2. False 3. True
4. True.

[Hint :f(x):xe‘"“ ¥) =yt ¥

SO=r i) e Pl

=x- ’z-dix(x—xz)+e‘ LS|

=xe& P x(1—2%)4+& "
=& ¥ (x—202+1)

2 1 1
s X (N2
2¢* (,\ 2x 2>

t.. 1) ALL
2""16) 27 16

| fix)= —2¢ *‘[(x—i)z—%} (D)

Il
|
N
%
1
x
1
D AT
poy
o
|
I
=
+

. 1\* 9
o (x—-4) —]E<0 e (2)
Also, 2¢ % >0 for xe(—A

—2&-F <0 7. (3)
From (2) and (3),

5 1\ 9
e
L fi(x) >0 . [By (1)]

Hence, function f(x) is increasing on ( —;—, l) ’

4. APPLICATIONS OF DERIVATIVES

(IV) Solve the following :
1. Find the equations of tangent and normal to the

following curves :

(i) xy=c* at (ct, ;), where f is a parameter.

(i) y=x"+ 4x at the point whose ordinate is — 3.
1 1
(iii) x = ¢ y==t— . at t=2.

(iv) y=x"—x*—1 at the point whose abscissa
is —2.
Solution :
() xy=c?
Differentiating both sides w.r.t. x, we get

dy

x--—-+y~—(\)—
. -
.xd—x+yx1RO
! dx T odx x
:
‘ : (d_y WAL I
“ \dx at(d,;)— et | 8

= slope of the tangent at (ct, ;)
; c
{ .. the equation of the tangent at <cf, ;) is

(s 1

Sty —clb= —x+ct

xRy —2t=0
The slope of the normal at (ct, i)

- -1 2

U@L

d

c
', the equation of the normat at (ct, t) is

y—§=t2(x—ct)

% ty—c=t3x—ct“
—ty—c(t*—1)=0

181
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Hence, equations of tangent and normal are
x+t2y—2ct=0and *x —fy —c(t*+1)=0
respectively.

(ii) Let P(x,, y,) be the point on the curve

y=x*+4x, where y, = —3

Y=ty

Xt 44x, = -3

Lox i+ 4x, +3=0

ey +3)xy+1)=0

L Xxy=-=3 or x;=-—1

.". coordinates of the points are (—3, —3) and
(-1, —=3).

Differentiating y = x* + 4x w.r.t. x, we get

dy_i 2 =

a}—dx(.\‘ +4X)—2x+4

(@) =2(—8) +4= -2
dx Jat (—3, —3)

1}

=slope of the tangent at (—3, —3)

". equation of the tangent at (—3, —3) is
y—(=3)=—2[x—(=3)]
S.y4+3=-—-2x—6

So2x+y+9=0

The slope of the normal at (—3, —3)
R

(dy) =2 D
dax Jat (-3, —3)

*. the equation of the normal at (—3, —3) is

Jlx— (=3

y—(-3)=

o 2y+6=x+3
. x—2y—-3=0

(‘iy) =3 (-1 e
dx Jat (-1, —3)

=slope of the tangent at (—1, —3)

. the equation of the tangent at (—1, —3) is
y—(=3)=2[x—(-1)]

5 oy+3=2r42

So2=y—=1=0

1]
H
1}
H

=r 2
kdx at (-1, —3)

The equation of the normal at (—1, —3) is

Whent=2,x=%andy=2—i=

1
Now,x=?,y=t——

_dy (dy/ar)
dx (dx/dt)

The slope of the normal at (—1, —3)

-1 1

1
y—(=3)= —5lx—(~D]

S 2y+6=—x—1

Cx+2y+7=0

Hence, the equations of tangent and normal at

(i) (=3, —3)are2x+y+9=0and x—2y—3=0
(i) (=1, =3)are2x—y—1=0and x+2y+7=0

1

N w

Hence, the point P at which we want to find the

3
equations of tangent and normal is G, 2)

1
t

Differentiating x and y w.r.t. f, we get

dr_d(1y_ 1
dt dt\t) £

dy df, 1 1 1 #+1
a“dara(t‘f)—l‘(‘ﬁ)—l+z‘z‘— 7

241
fa

=4 =—(2+1)

(-#)

<d—y) =—@4+1)=-5
at t=2

dx

=slope of the tangent at t =2

" the equation of the tangent at (%, g) is

3 1
y‘z—‘s(*“i)

¥ y~z= —5x +

5
2

W hx+y—4=0
The slope of the normal at t =2

. . .

@ee
dx Jat t=2
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.. the equation of the normal at (%, ;) is

8 f. 1
¥=3=5\* 2

, 15 1
o Sy—i—x—i
. x=5y+7=0

Hence, the equations of tangent and normal are

5x +y —4 =0 and x — 5y + 7 =0 respectively.

(iv) y=x*—x*—1

. dy_ d
“dx dx

=3x? —2x —0=3x% —2x

(x*=x2-1)

(dy) =3(—22-2(~2)=16
dx Jatz= -2

= slope of the tangent at x = —2
Whenx= —2,y=(—-2)3~(—=2)*—1=—13
.". the point P is (—2, —13)
.. the equation of the tangent at (—2, —13) is
y—(=13)=16[x—(-2)]
Soy+13=16x+32
5 16x—y+19=0
The slope of the normal at x = —2
-1 -1

C
dx Jat x= -2

", the equation of the normal at (—2, —13) is

1
y—(~13)= —[x—(~2)]

', 16y +208= —x—2
X+ 16y+210=0

Hence, equations of tangent and normal are

16x —y +19 =0 and x + 16y + 210 = 0 respectively.

2. Find the equation of the normal to the curve

Y =/x—3 which is perpendicular to the line
6x +3y —4=0.

Solution : Let P(x,, y,) be the foot of the required normal

to the curve y = \/x —3.

Differentiating y = \/x — 3 w.r.t. x, we get

dy d 1 d
d—x—a(\/ ) 2\!!,1—_ a(X—S)
N S U
2,/x—3 2,/x—3

Qi
VA atyy 2/, -3
= slope of the tangent at P(x,, y,)
. slope of the normal at P(x,, y,)
-1

(@)
dx Jat (x,, y.)

The slope of the line 6x + 3y —4 =0 is

-6
m=g =

=m, = -2 /% —3

-2

6x+3y—4=0,my-m,=~1ie m =—
M,
I\ — =1 1
3 —2\/x,—3=_—2=§
' 8 x _3——_1 ‘X —4__9_
. 1 _16 .o 1_16

Since, (x,, ¥,) lies on the curve y = \,-"x -3

LYi=+/%-3

i 49 1
RS LTt

49 1 49
. the coordinates of the point P are (—~ —) or <~

W

16" 4 16
; 1 1
and the slopes of the normal is m; = — — = _.
m, 2

49 1
*. the equation of the normal at < iz' -4> is

_1_1(x_49)
Y¥=3172\" 16

_ 1 49
.21/—5—-." 1—6
(0L x =2y 16—0

S 16y =32y —41=0

and the equation of the normal at (%z, = ;11) is

(3-8

4. APPLICATIONS OF DERIVATIVES
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Since, the normal at P(x,, y,) is perpendicular to the line

3
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~. x—2y—f—Z=0, ie. 16x—32y —57=0

Hence, the equation of the normals are 16x — 32y — 41 =0
and 16x — 32y — 57 =0.

| Note : Answer in the textbook is incorrect. )

N

X —

3. Show that the function f(x)=’?, x# —1 is
increasing,
Solution f(x):z%?
o o d
- '(x)—f’(x;2>‘<1H).d"(x—z)—(x"z)'ax(“”
o= ()= A

_(x+1)-(1-0)=(x—2)-(1+0)
B (x+1)?
x+1—x+2 3
(x+12  (x+1)?

Cx#E -1 Lx+1#0

e 1
T (x+1)2

cof(x) >0, forall xeR, x # —1

S (x+1)2>0 0

Hence, the function f is increasing for all xeR, where

x# —1.

4. Show that the function f(x) =; +10, x # 0
is decreasing.

Solution : f(x) =§ +10

&30e) =‘i(f - 10> = 3( -xlz) +0

oo f'(x) <0 forall xeR, x #0
Hence, the function f is decreasing for all xeR, where
x #0.

5. If x + y = 3, show that the maximum value of x?y is 4.
Solution : x +y =3 Joy=3—x
L X%y =x*(3 —x)=3x>—x°

Let f(x) =3x% —x3
' — i w2 __aed
Then f'(x) = 5= (Bx? —x%)
=3 x 2x — 3x% = 6x — 3x?
and f"(x) = £ (6x — 3x*)
: dx

=6x1—-3x2x=6—6x
Now, f(x) =0 gives 6x — 3x* =0
SoB3x(2—x)=0
x=0 or x=2
f(0)=6—-0=6>0
.. fhas minimum value at x =0
Also, f'(2)=6—12= —6<0
.. fhas maximum value at x =2
Whenx=2, y=3-2=1

", maximum value of x%y = (2)%(1) =4.

6. Examine the function f for maxima and minima,
where f(x) = x* — 9x? + 24x.
Solution : f(x) =x3 —9x? + 24x
Luflof) = d—i(x3 —9x? + 24x)
=302 —9x2x+24x1=3x>—18x+24
d
and f"(x) = = (3x%—18x +24)

=3x2x—18x1+0=6x—18

I f'(x) =0 gives 3x* — 18x +24 =0

Lxt—6x+8=0" . (x—2)(x—4)=0
", the roots of f'(x) =0 are x, =2 and x, = 4.
(a) f(2)=6(2) -18= —6 < 0
.". by the second derivative test, f has maximum at x =2
and maximum value of f at x =2
=f(2) = 2)* - 9(2)* +24(2)
=8—-36+48 =20

(b) f"(4)=6(4)—-18=6 > 0

.". by the second derivative test, f has minimum at x = 4
and minimum value of f at x =4

=f(4) = (4)* - 9(4)* + 24(4)

=64 —144 + 96 =16.
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ACTIVITIES @ Textbook pages 114 and 115

1. Find the equation of tangent to the curve
JE—y=1atP@, 4.

Solution : Given equation of curve is

\/{x = ‘\/y =1

Differentiating w.r.t. x, we get

11
EV N
. dy:l Al,
N N

1dy 1

RN

L8 _NY

-
dx  /x

, d_.v_) =3
' (dx P(9,4)__2

. 3
". slope of tangent is 3

dy
ax 0

". equation of the tangent at P(9, 4) is

§(x—9)

y—A=i3

L2y —4)=3(x—-9)

" 2y—[8]=[3x]-27

" 3x—2y+8+[—27]|=0
L 3x—2y—19=0.

2. A rod of 108 metres long is bent to form rectangle.
Find its dimensions if the area of rectangle is

maximum.

Solution : Let x be the length and y be breadth of the

rectangle.
S 2x 42y =108
L X+ty=
o y=54—
Now, area of the rectangle = xy

f(x)=51~c—
% f’(x)=—2x
o fr=[=2]

For extream values, f'(x) =0
S 54—2x=0
N3
-2
-
Q7= —2<0
", area is maximum when x =27, y =27

", the dimensions of rectangle are 27 m x 27 m.

3. Find the value of x for which the function
f(x) =2x —9x% + 12x + 2 is decreasing.
Solution : Given f(x) =2x® —9x2 + 12x +2

. fe=[6) — [T8x]+[12]
L@ =66 -1)([x—2])

Now, f'(x) <0
So6(x—1Dkx—-2)<0

Since, ab < 0<=a<0andb>0o0ra>0and b <0
Casel:(x—1)<0and x—2>0

b x<andx>

which is contradiction.

Casell : x—1>0andx—2<0

s x>andx<
1<<2

. f(x)is decreasing if and only if xe (1, 2).

1]

’ ACTIVITIES FOR PRACTICE

1. Find the equation of the tangent to the curve
3x% +2y? =5 at (1, 1).

Solution : 3x% + 2y* =5

Differentiating both sides w.r.t. x, we get

6x+|:|%=0

d
[:]d—z= — 6x

4. APPLICATIONS OF DERIVATIVES
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dy —3x

g

-3

. (dy) - 3('1)
\arhon™ ]
= slope of the tangent at (1, 1)
", the equation of the tangent at (1, 1) is

y—1= I:](l—l)

S Jw-1=[ Jx-1)
===

|:|x+|:|y—5=0.

2. Find the equation of the normal to the curve xy =a

at the point (\/a, /a).

Solution : xy=a

Differentiating both sides w.r.t. x, we get

d d
xd—z+y-£|:]=0
d
de+yE|=o
2-1

Ly L]
Tdx «x

". slope of normal at (\/"/d, \/'1;)

—1 =¥ _

@
dx at (\/a, \/a)

r~ £
", the equation of the normal at (\/a, \/a) is

Vo= a)

x—=y=0.

3. The rectangle has area of 50 cm?. Find its dimensions

for least perimeter.

Solution : Letx cm and y cm be the length and breadth of

a rectangle.

Then its area is xy =50.",

y=

50

[]

Perimeter of the rectangle =2(x +y)

www.saiphy.com

Let f(x) =2(x +5i0])
50

)

and'f"(x)=2<0—D)=%

0

Then f'(x) = 2<1 -

50
Now, f'(x) =0, if 1 — —— =
[]
i.e. if x? =,___|
ie. if x =+ |:]

But x is not negative.

200
x:D andf”L__]z— >0
]

*. by the second derivative test, fis minimum at x = |:]

Whel‘lx:Dy [:, D
% x=[|cm,y=[:lcm

Hence, the rectangle is a square of side D cm.

1
4. Find the values of x for which f(x) =x +:—r is

decreasing,.

Solution : f(x)=x +)—l{

v oy 8 1
: f(x)—a(x+)—c)

]

L]

! fis decreasing, if f'(x) <0

i.e. if1— <t <0

[]

ie ifl< 14

L]
ieif[ |<1
ieif —1<[ |<1

", fis decreasing if xe D

5. If Mr. Rane orders x chairs at the

price

2( ” 50 ) =(2x? —12x —192) per chair. How many chairs
= o o —

[:I should he order so that the cost of deal is minimum?
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Solution : Let Mr. Rane order x chairs.

Then the total price of x chairs !
=p-x=(2x%—12x —192)x

=2x3 —12x% — 192«

Let f(x) =2x* — 12x2 — 192x ;

S i) = . (2x — 12x* —192x)
’ dx

=2[ |-12[ ]-192x1
= - Jx—192
andf”(x):[_|x2x—|_]x1—0

=\_lx—|_l 6.

fe)=0gives, [ Jx*~[ Jx—192=0

soxd=[ k=[ ]=0

S P+ P=0

% x=|:| vl X 0]

and @) =[_J®~[_]=[]>0 N\

. fis minimum when x =8
Hence, Mr Rane should order 8 chairs for minimum cost

of deal. }

&/

' OBJECTIVE SECTION

| MULTIPLE CHOICE QUESTIONS

Select and write the correct answer from the given

alternatives in each of the following questions : P9

1. If normal to the curve y = f(x) is parallel to X-axis,
then

dy dy
(@) 5 =0 (b) 7 =1

10.

dx dx

2. The equation of tangent to the curve y =3x% —x +1
at (1, 3) is
(a) Sx—y=2 (b) x+5y=16
(c) 5x—y+2=0 (d) bx=y

11.

3. Equation of tangent to the curve 2x? 4 3y? —~5=0

. The slope of tangent to the curve x=

y Y=t—

-

att=21is

@s ® -5 © -3 @

g1l =

. The tangents to the curve y =2x*—2 at the points

x=+2are

(a) parallel

(b) mutually perpendicular

(c) increasing but not perpendicular

(d) same

If the tangent to the curve x* = px + y at the origin is
perpendicular to 6x+3y—11=0, then the value
of pis

@; ®2 © -2 @ —

The equation of normal to the curve y"(2a —x)=x3

at the point (2, —a) is
(@) x—2y=3a (b) x+2y+3a=0
() x—2y+3a=0 (d) x+2y=23a

. If the tangent to the curve y=x(x —1) at the point

(a, b) is parallel to the Y-axis, then

1 1 1 1
(a)a=5,b=z (b)u=5,b=—z
1 1

NG (o i

(X3 =%¥~1 2 4

The value of x for which f(x) = 2x* — 15x? + 36x + 5 is
decreasing are

(a) x<2orx>3 (b) 2<x<3

(c) x<2andx>3 (d)2and3

flx)=x— \,"';\' is increasing in
1 1
@ (- 5) ® (3 )
(©) (o 1-) (d) R*
‘4
The values of x for which f(x) = 2x + le is increasing

are

(a)x<—lorx>1 (b)x<%andx>1

at (1, 1) is 2 2
(a) 2x—3y—5=0 (b) 2x+3y—5=0 1 5 1
2 - = 1
(c) 2x+3y+5=0 (d) 3x+2y+5=0 (&) @5g onae] (g
4, APPLICATIONS OF DERIVATIVES 187
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13.

14.

16.

17.

18.

19,

20.
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The function f(x) =x* —3x? + 3x — 100, xeR is Answers
(a) increasing dx
(b) decreasing L (c) dj}zo 2 () B =g
(c) increasing and decreasing 3. (b) 2x+3y—5=0 4, (b) -5
(d) neither increasing nor decreasing B..(%) paallel 6. (d) _%
fx)=8x* — 60x* + 144x 4 27 is decreasing function 1 1
in 7. (@) x —2y=23a 8. (b)a=2,I:u=—4
(@) [-3, —2] (b) [2, 3] [ ) 5 10! (b) (1
5 <x< ¥ , 0
Atx = —1, the function f(x) = 2x* — 3x* — 12x + 12 is 11. (a) x < —% or x > ; 12. (a) increasing
(8) maximum 13. (b) [2, 3] 14. (a) maximum
(b) minimum 3
(¢) neither maximum nor minimum 15. (b) (0, ¢) 16. (d) 2
(d) increasing 15 15 31
. 17. (a) 2 ’ 2 18. (b) ’2, 5
Gif () = 08 X i increasing in 1
X i 19. (d) a=2,b= -5 20. (a) 18 m, 18 m.
(a) (1, 26) ®) (0, ¢) |
(©) @ 2) @ G 2e> % TRUE OR FALSE |
State whether the following statements are True or
Function f(x)=x*—3x+4 has minimum value at .
. False :
AR 1. The gradient of the curve y = x> —2x? + 4 at the point
@0 ® -2 @1 @, | =284
2. The function f(x) will have maximum at x = cif f(x) is
If the sum of two numbers is 15 and the sum of their increasing for x < ¢ and f(x) is decreasing for x > c.
squares is minimum, the numbers are 3. A function f has minimum at x =4, if f'(a) =0 and
@35 5 ®105 @87 @114 (sl
4. f(x) =x —\/x is increasing in (o, 1)
Two numbers x and y such that x +y =2 and x*-y is
R B 5. If the demand function is D =f(P), then marginal
d
) 1.8 31 6 4 demand = z
@33 ®; ©L1 @%; | ap
| 6. The function f(x) = x* 4+ 5x* — 1 is decreasing in the
The function y=a log x + bx*+x has its extreme 10
values at x = — 1 and x =2, then interval < & . 3 )
() a=2, b=1 (b) a= —2, b=1— 7. The function f(x) = x* —6x* + 9x —2 has maximum
2 2 atx= —1.
(c) a=2,b=—1 (d)a=2,b=—;_ 8. Atx= —1, the function f(x) = 2x® — 3x* — 12x + 12 is
maximum.
A rod 72 metres long is bent to form a rectangle. Its 9. If f(x)=x*+ax+b has a minimum at x=3 and
dimensions, when its area is maximum, are minimum value is 5, then a= —6, b= — 14,
(a) 18 m, 18 m  (b) 20 m, 16 m | (d 4 P dD
. Elastici e,
()24m 12m  (d) 30 m, 6m 10. Elasticity of demand n =775
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Answers

1. False 2. True 3. False 4. False 5. True
6. False 7. False 8. True 9. False 10. False

FILL IN THE BLANKS ’

Fill in the following blanks with an appropriate
words/numbers :
1. The slope of the normal to the curve y=f(x) at
P(a, f(a)) is .ovveen

2. A function f has maximum at x =a if f'(a) =0 and

3. If the slope of the tangent to the curve y = bri;x at the

point (1, 1) is 2, then the value of b is .........
4. The function f(x) = x* 4 6x? — 36x + 7 is decreasing if

. The function f(x) = 2x* — 9x% 4 12x + 5 has minimum

. If the total cost function C=f(x), where x is the

number of items produced, then

marginal cost = .........

. If the total cost function C=f(x), where x is the

number of items produced, then

average cost = .........

10. If 0 < p < 1, then demand is .........
Answers
1 71{'((1);&() 2. X\ 8.20rs 4 —6<x<2
) i 3. 3 . 3
5 x>1 6. 2 7. minimum
8. d—(; 9. —C 10. relatively inelastic.
dx X =
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INTEGRATION

Page
# Important Formulae ... 190
5.1 Definition of Integral or Primitive or Antiderivative of a Function o191
5.2 Method of Change of Variable or Method of Substitution .. 194
5.3 Integrals of the type Ly dx, where a, b, ¢, deR ... 199
ce*+d
5.4 Some Standard Results ae: 201
54.1 Integrals of the form Jé%—% dx, where degree P(x) = degree Q(x) w201
1 1
542 Integrals of the form J‘m dx and J‘m dx oA
5.4.3 Integrals reducible to the form J-; dx and f—zl— A 202
Jax? +bx +c ax® +bx +c
px+q px+q
5.4.4 Integrals of the form J. o dx and J \/_—m dx 207
5.5 Integration by Parts 209
5.6 Integration by Method of Partial Fractions .. 214
#* Objective Section
Multiple Choice Questions 228
True or False ons 230
Fill in the Blanks w291
< IMPORTANT FORMULAE - . fax s dx= B 1B,
L [ [fx) +g@)]dx = | f(x)dx + [ g(x)dx | \1g '[a”"‘f u:”" e
2. _f kf(x)dx=k| f(x)dx, where k is a constant ' k7 o’g a
! - dd
3. Ifjf(x)dx=g(x)+c, then ! 12, '[L’"‘ =‘—*+C
1 )
ff(ax+b)dx=;g(a;+b)+c,a#0 1. J‘ gt —log u+x‘+c
! a 2a %
4 J nd x" 1 ( ]) 1 1 X—a
. | x"dx =- +¢,(n# — ! —dr=
n+1 | 14.j % 2alog g +c
5. [1ldx=x+c¢
I (@ 4Byt ! 15, 2dx—log’x+,/a +2%|+c
Nge _ WX+ 0) _ ) 24 x
6. j(ax+b) dx = A1) +¢ n#-1)

a*
X [ —
7. |a dx—log _te (a#1)

16.f e dx—log|1+\/x —a*|+c

= ol 2
8 [#de=etic 17. | /x® +a?dx= \/x +at+2 log|x+ /x*+a*|+c
1 :
9. j;dx=10g|x|+c | 18. j /x —a’dx—— /x —uz—%log’x-l» /x? —a 2’+c
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£ 4 o e
19. ,[f(x) dx =log |f(x)| + ¢

n+1
'[fgi] i te (n#—1)

20, J [T (x) dx =
F& oo o=
21. j\,f’:f(x) dx =2./f(x) +c

22, fuvdx=u [vdx — J(jg Ivdx) dx

The order in which # and v are to be chosen, is
according to the serial order of the letters of the
word LAE,

L : Logarithmic,

A: Algebraic and

E : Exponential functions.

23, [e*[f(x)+f'(x)]dx =e"-f(x)+c

24. Integration by Partial Fractions :
M dx, where

Q)

(i) P(x) and Q(x) are polynomials in x

Integral of the type

(ii) degree P(x) < degree Q(x)

(iii) no common polynomial factors in P(x) and Q(x).
Case (i) : If the denominator Q(x) consists of distinct
linear factors
ie. ) = PR .

Q) (ayx+0by)(a,x+b,) ... (ax+b,)
then we need to find the constants A, A,, A,, ..., A, such
that
P(x) A, A,

—N — “er S

Qx) ax+b, azx+b2+ ax+b,

Case (ii) : If the denominator has repeated linear factor,

ie. Q(x)=(x—a)kx—a)(x—a,) ... (x—a,), then we

assume

P(x) A, A, A,

=L = g

Qx) x—a+(x—a)2 Jr(x—a)"+
B B B
A L+
X—a, Xx—a, x—a,

where A,, A,, ..., A, B,, B,, ..., B, are constants.

Remark : If degree P(x) > degree Q(x), then divide
P(x) by Q(x) till the degree of remainder f(x) is less than
Q(x).

g((xf)) = ;‘(x) + é((::‘f))' where ’.(x) is the quoﬁent,
| INTRODUCTION

In Chapter 3, we have studied about the derivative
of a function and different methods to obtain it. We
shall now study antidifferentiation, i.e. finding anti-
derivatives of a function.

Consider the following examples :

0) 2 62 =25

by 4 1
(ii) o (log x) = v
Here we say that
(i) antiderivative of 2x is x%
(ii) antiderivative of % is log x, x > 0.

The process of finding an antiderivative is called

integration.

5.1 : DEFINITION OF INTEGRAL OR ™\
PRIMITIVE OR ANTIDERIVATIVE
\ OF A FUNCTION

N /

Definition : If f and g are two functions such that
;j& [g (x)] =f(x), then the function g is called an anti-

derivative or a primitive or an indefinite integral of the
function f and we write this as :

J fx) dx = g (x)

and read it as : ‘integral of f (x) w.r.t. x is g (x).”
Observe that,

d
Case (iii) : If the denominator Q(x) has non-repeated = (x*)=2x S de=x2
quadratic factors then corresponding to each quadratic .
factor ax*+bx+c, we assume the partial fraction c;_x (x* +4)=2x S 2xdx=x*+4

B
, zAx o5 , where A and B are constants. d
ax® +bx +c d—x(x2—7)=2x S f2xde=x2-7
5. INTEGRATION 191

www.saiphy.com



www.saiphy.com

This shows that antiderivative of 2x is not unique. Each
of these integrals differs from any of the rest by a
constant. Hence, we can write [ 2xdx = x* + c wherecis a

constant, which can be any real number.
In general, if :; [g (x)] =f(x), then

| f(x)dx = g (x) + ¢, where c is an arbitrary constant. It is

called the constant of integration.

Note : In If(x)dx,f(x) is an integrand and x is a variable

of integration.

Integrals of some standard functions :

Since, integration is the reverse process of differenti-
ation, an integral of a function can be obtained by
inverting the formula of the derivatives. From the
formulae of the derivatives, we can obtain directly the
corresponding formulae for integrals as shown below :

dx"!
o= =x", -1
dx(-n+1) o

n+1l

Sofx dx=n+1

+c,n#—1
d 1
2. E(logx)—;,x>0
1
J—Cdx=logx+c,x>0
3 i((”‘)—e" | Jerdx=e*+c
. dx 4 - . —

d X x
4, a(a )=a"loga,a>0a#l

x

" fa¥dx = g +c,a>0a#1

loga
Rules of Integration :

If f(x) and g (x) are integrable functions of x, then
1; j' [f(x) + g ()] dx = _ff(x)dx + j. g (x)dx
2. j [fx) — g (x)] dx = f_f(x)dx - _f g (x)dx
3. f k f(x)dx =kj.f(x) dx, where k is a constant.

Remark < If fy, f,, ..., f, are real integrable function of x
and ky, k, ..., k, are constants, then
[T fi) + ko) + oo + Ky () ] i

=k, [ fi@)dx+ky [ f, @) dx + .. +k, | £, (x) dx.
Result : If j.f(x) dx = o (x) + ¢, then

j_f(ax+b)dx=%¢(ax+b)+c,a;éO

192

This result tells us that if x is replaced by ax+b in
integrals of standard function, then in standard formulae

we replace x by ax +b and divide the obtained answer

by a.
For example :
o (ax 4+ byt! )
(1) [(ax + bydx = s TR +c ifn#—1
1 . loglax+b) .
2) f‘;+~5 dx = +¢, if (ax +b) > 0.

+b
3) j'e“”dx=c"7 +c

b
@ e e

k-loga ¥

. Note : In the integrals of standard functions, we have
seen that; can be integrated only if x > 0, because logx

i is not defined when x < 0.

Now, we find integral of ;l_c when x < 0.

If x is negative then —x is positive.

LN . -1 N\ L
..J;dx—J'(_x)dx— J._xdx

_ —log (—x)
———

+c=log(—x)+c

j;dx=logx+c, ifx>0

=log(—x)+cifx <0
We can combine both these results into a single result,
namely,

jidx=10g|x|+c

Henceforth, we shall use the above formula to integrate

1 g ;
! v even if x takes negative value.

. 1
' J'ax+5dx

‘7 EXERCISE 5_.1 I L Te;tbool: page 1197

1 ¢ +b
=% Ii:--+-—I+c.

P -2
1. Evaluate : J e dx.
S5x—4—/bx—2
-2
dx

Solution : J\——i—;i—

5 =4 —/5x~2

_ -2 ><V-Sx—4+\,/5x—2dx
Jox—4—./5x—2 . /Sx—4+./5x—2

NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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(- 2(,/5x —4+ /5% —2) ”
‘J (5x — 4) — (5x —2)

= [ (Bx—4+/5x—2)dx

1 V)
= [ (/Bx—4)dx + [ (/5x —2)* dx

3 3
(5x—4)* 1 (5x—2)* 1
= = X=+c

RO

2 3 3
:E[(Sx—ll)" + (5x —2)2] +c.

2
2. Evaluate : J(1+A'+§i)dx.

x2
Solution : J.(l + X4 E)dx

=[1dx + [ xdx + —2]] [ x*dx
2 3

X
=X+E+ﬁx§+c

2 3

=r et te
=x+gtete

3 Ja
3" —2./x

3. Evaluate : J dx.

E
Solution : ,[M dx

X

- f (?"'3 . 2&""'17) i
x x
- f <3x2 » i) dx
VX

1
=3jx2dx—2_[x 2 dx
. 1
X x?
BT (il R Ll
()-2 3
2

=x'—4/x+c¢
v ;

4. Evaluate : [ (3x? — 5)%dx.
Solution : ( (3x% —5)%dx = j(9x“ —30x? +25) dx
=9 [x*dx —30 [x%dx 4251 dx

x5 3
=9(§> —30<§) +25x +¢

9 5
=%—10:(5+25x+c.

1
5. Evaluate : jx e l)dx

Solution : _[x(x}—l)dl = er_(;x_fl)p dx

1 1
=J(m‘;)d*

1 1
=dex—f§dx
=log |x—1|—log |x|+¢

x—1
X

=log

e

6. If f'(x) =x*>+5 and f(0) = —1, then find the value

of f(x).
Solution : By the definition of integral

| )= [ de =] (2 +5) d

=[x%dx+51 dx

+5x+c¢

w|

Now, f(0) = —1 gives

| f0)=040+c=—1

8 c=—W

x3
.. from (1), f(x) = = +5x—1.

w (1)

7. If f'(x) =4x*—~3x? +2x+k, f(0)= —1 and f(1) =4,

find f(x).
Solution : By the definition of integral

|0 =) = (457 302 264 d

=4 [x¥dx—3 (x> dx+2 [xde+k[1dx

x ' x2
= —3 - - © »
4(4) (3)+2(2>+k\'+c
Sof@)=xt=x*+xtthkx+c

Now, f(0) =1 gives

L f0)=0—0+40+40+c=1 S, cml

S from (1), fx)=x* —x3+x¥ +kx + 1

Further f(1) = 4 gives

P f)=1-141+k+1=4 . k=2

. from (2), f(x)=x*—x*+x*+2x + 1.

5. INTEGRATION
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2

8. If ') ="? —kx+1,£(0) =2 and f(3) =5, find f(x).

Solution : By the definition of integral
. )
f(X)=jf'(x)dx=J (E ——kx+1> dx

=;jx2dx—kj'xdx+j1 dx

- x§ —k e +x+c
“2N8 2

3 ¥ kx?
..‘f(x)—g—-? +x+c

Now, f(0) =2 gives

f0)=0-0+0+c=2 ‘o Cm2
3 2
. from (1), f(x) - . +x42
6 2
Further f(3) =5 gives
27 9k
Y= o =
f3) e =5 +8+2=5
9% 9
i k=1
3.2
-, from (2),f(x)=%—%+x+2.

(1)

. (2)

i
/

. EXAMPLES FOR PRACTICE 5.1 J'

1. Integrate the following w.r.t. x :

() x2(1 —;)2

1) @x*—1)?

Answers

4 4 £
1. (1) gx5—~x3 +E e

3 2
@ %2
3) —3(9 —;)9 +71%(4x+5)“+c
w
(5) ! ! s+

T 18(6x +5)°  24(8 —3x)

2 2 2 L
(6) 9(3x+4)’+3(5—3x)2+c
5%.3
(7) E+4log [2x 41| +¢

®) L ((Gx+)? +Gx—a)?]
9—{1 X+a)+4+3x—a +c

3 1
O ter -1+ Der-12 4
2 2
¥ 85 1
(10) Z+T+3log|x|—2?+c

(11) x5—§x3+5x+c
(12) x“—4x3+;x2+c

3
(13) % +2x2 —6x+5 log|x| +¢

xa-l a*
+

(14) a+1 loga

0

1 1
(15) —50(2 ‘51)+§ log|6x + 1| +c.

2, f(x)=2x*+ x3 — 5x? —7x — 3.

2. Iff(x) = 8x® + 3x* — 10x +k, f(0) = — 3 and f(—1)=0,

194

3) (9 X ’2‘)8 +@x+57°  (4) (7x—2)?

) (6x '::' 5% (8 —13x)9 €) yuFa- V/sl_ 3x
7 : I‘: © J3x+a 1 V3x—a
okt el
P e

x4+ 4x% —6x+5

(13) =

2
1 (2 —5x) .
is)8 +6x+1

(14) etlogx 4 pX log a

find f(x).

( 5.2 : METHOD OF CHANGE OF VARIABLE
OR METHOD OF SUBSTITUTION

Consider, the integral of [ f(x)dx. Here we are integra-
ting the function f w.r.t. x and hence x is the variable of
integration. Many times, changing this variable of inte-
gration by a suitable substitution, the function to be
integrated can be reduced to some standard form. Hence,

this method is called integration by substitution.
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Result : If x = o (t) is the differentiable function of t, then | (iii) Put f(x) =t .. f'(x) dx =dt

fx)dx= | flg ()]-&" (t)dt ' "6 .
j j : f;(x) x = [[(F(x)] " f'(x) dx
Remark : ! Jf(x)

Comparing [f(x)dx with [ [ ()]-&' (t)dt, | -l L L
we observe that dx has been replaced by ¢’ (t)dt. Thus if - 1-(1/n)
we have the substitution x = {?, then we replace dx by _ [{ (x )]; /“””
2tdt. ~ (/)

G Putf@)=t . f(x)dx=dt
Corollary 1 : If .(f(x) dx =g (x) + ¢, then prove that (iv) utf(;)( f(xl) x=d
I Y) J‘
{ dx = dt
(flax+b)ax=2 (“’;+ L ; NI NG
: 1
) 2
where a # 0 and b are constants. : =j t 24 = @ +c
Proof : Put ax + b =t. Then q
=2./f(x)+c.
a-dx =dt dx=‘il

| EXERCISE 52 | Textbook page 123
dt A,
% _ff(nx+b)dx=j‘f(t)-;

i Evaluate the following :
1. % /1+22 dx

1 1
== [f(hdt=--g(t)+c — 1 —
“ a Solution : Let I=_[x\/1 +x? dx=[/1+x%xdx

2
=g(ax+b)+c (a£0). ; Put14x2=t
a ! dt
I xdx =dt xdx=5
Corollary 2 : Prove that ', o J' 2d
41 ) N f-—— t4dt
@ [If @I f () dx _[ﬂ"fl +e, ifn#—1 - \
1 #
=N v+ c
(i) Jf—-— —log|f@)| +¢ : 2@/2)
f&x) ; 1 :
— 1 2
O 00 N 05) FRlar e
(iii) — dx = )’ ey
) 1—(1/n)
.3
£ 2 f X oy
—=dx=2./f(x) +c. 4
J N VI Vitz ]
Proof : + Solution : Let I = J.% dx
() Putf(x)=t .. f'(x)dx=dt f AT
Putl+4+x*=1¢ L dxddx =dt
If n# —1, then f
) fa% dt
FLFOf ) dx = [ *dt =
B ‘n+1 _[f(x)]n-t»l § . \ 1 df 1 z
_n—+1+c_‘tn+l +c ,.I—j\/{} 4jt dt
.s < o ) 1 ,2
(i) Put f(x) =t .. f'(x)dx=dt =Z'T+c
C(f&) . [dt 5, <2)
.Jf(x)dx—f»t—log|f|+c ; 4
==/1 .
=log|f(x)|+c¢ 2V pange
5. INTEGRATION 195
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3. [(e"+e M) e —e ¥ dx
Solution : Let I=f(€'+e“x)2(c’x—e_x) dx
Pute*+e *=t
' (F—e %) dx=adt
% I=j't2dt=tj+c
3

=(e"+v:_ ¢ in

1
4'J‘ +x'dx
x+e

Solution : Let I =I

1+x
- dx
x+e

(1+x)e*
(x4+e *)e *
zl[(l+x)e‘r

xe¥+1 %

Putxe*+1=t
(e 4 x 1) dx=dt
(14 x)e dx=dt

> I=J.%dt=log|t|+c

=log |xe* + 1| +c.

5. [(x+ Dlx +2)7(x +3) dx
Solution : Let I=[(x + 1)(x +2)"(x + 3) dx
=[(x+2)"(x +1)(x +3) dx
=[(x+2)[(x+2)—1][(x+2) +1] dx
=[(x+2)[(x+2)*—1] dx
=[x +2)°—(x+2)"] dx
=[x +2)°dx — [ (x+2)"dx

_(x+2)‘°“(x+2)_‘
10 8

6. j dx
x log x

Solution :

! 1/2

=Ha‘t=1og|r|+c

=log |log x| + c.
x5
7: Jm dx
5 4

Solution : Let [ = jﬁx—; dx=f i x dx

x4 +1 441
J‘()' r x dx

P

Putx*+1=t S 2xdx =dt

- xdx=i—t and x*=t—1

. (t—1)* dt 1[ 12 -2t 41
- [P (P

wh Jr(t—-2+t)dt

1 : 14
=—jtdt—j1dt+§fzdt

N

tl
E—t+—logltl+c

Nl!—‘

1
=i(x2+1)2—(x2+1)+§ log|x* +1|+c.

S'J_&d"

Jx*4+6x+3
Solution : Let [ = in+—6.dx
VX 6x+43
Put x>+ 6x+3=t
. (2x +6)dx =dt
1 1
b l=j—,dt=jt 2dt
/t
\/
1
tZ

+c=2 /x +6x+3+c.

y -

NE>
S()luli()l\:LGH:j —1 _dx=J. o 1 —dx
Jr+x JxA+./%)

A J‘—l__.i dx
1+/x /x

1 /= i
Putlogx=t .. —dx=dt Put1+4/x=t = / - dx = dt
X 2\,’ X
. L=[ 1 1, L o—oar
x-log x | log x x \/x
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1= [faa=2[ar
t t

=2log |t +c=2log |1+ /x| +c.

1
1% J;@B‘Tn ar

Solution : Let I=J .

W
xS
- Jx‘(x‘ +1) -
Put x% =1 cL 6xPdx =dt

1
.
. x7dx 6dt

- I_J' 1t
U JHE+1) 6
1((t+1)—t, 1(/1 1
_6J ut+1)dt_6j(t'f41)m
1r1 1
=3H1""JH—1‘“]
=% [log (t) —log |t+1[] +¢

6

- +c
%1

—110 — +c—llo
6 Bliv1 T T 8

RO it 1')dx=%-dt

; jf-:fﬂfj gfosce J}.,dj
’ e +xf “ltoe

11 1
e If dt=e-loglt[+c

1
- log|e* +x°| +c.

dx.

3. Evaluate : j =
X+x

» Solution :

o
Letl=J " =dx = dx'
x+x x+(i>
x"

B x"dx
a1

Put x*"*'+1=¢ Lo (n4Dx"dx =dt

~ N B
; ..1d1—n+1

Y [g
T+t n+1) ot

1
—mlog|t|+c

( ADDITIONAL SOLVED PROBLEMS-5 (A) J

3x

e
. E te: | ——— dx.
1. Evaluate Je”‘ o dx

Solution :
(_,3x
G d
T
Pute¥® + 1=t
S 3 dx =dt
dt
o ax —

. edx 3

=

, 1d 11
--’—f;g—sf,“
45<|u+-w1k18”+u+~
—S)g. L-—3>g c.

Let1=[

&l g1
2. Evaluate : T dx.
Solution : Put &+ x=¢
co (e Ndx=dt

Le(@ 4 xt Ddr=dt

1 - +1
—n~+1-log|x +1|+c.

~

1
4. Evaluate : | ———dx.
e*+5

Solution : Let ,=J~L"_1-5dx

/ e Ydx
e (e +5)

_[’ e *dx

1+5e~
Put1+5e*=t¢ S —5e™ dx =dt
- etdrm S0
()4
= —élog|t|+c

—élog|l+56 | +e.

5. INTEGRATION
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5. Evaluat e ; 3
5. Evaluate : | ———. ) 3| ¢ 1 ¢
& (1+3¢) ) i o T -
) 4|75\ 4|73
Solution : ! (i) (i)
e“dx : s 3
= (e } 3 51 2
Let ] jez"(1+3(?') - =E(Zx+1)2+é(2x+])2+c.
Pute'=t .. efdv=dt ‘
; H f Bae2 7
" 1=[ LI i i Evaluate:Jsx +4x-+; dx.
T +30 ; (2x +3)?
2
s J(l _9t2)>+9{v2d ! Solution : Let [ = Jw dx
t2 (1 +3t) } (2x +3)2
- . ) t
e[ i=2F . 52 T, | Put2x+3=t . 2dx=dt .. dx=‘;
t2(1+3t) (1 +3t) !
t—3
” J [(1-30(1+3H) ?—---]dt f\ A=
- t3(1 + 3t) 143t !
t—3\2 . t—3
=[_7*’+mi]’“ 7\ 1= 2 2
13 9 ! 2649
=||5——+—z )dt } -
J(tz t+1+3t> ‘/ 1 5( i )+2(t 3)+7
\7 3 dt
tZ
=J‘f'2dt—3jltit+9j~fiwdt )
t 1+3t ! _1J"5t2—30t+45+8t—24+28dt
i ) 3
=4 log|1 + 3t| ) 442
=———3log|t| +9————¢C }
-1 3 1 J"5t2—22£+49 it
=3 5
= —e*—3log|e'| +3log|1+3¢|+¢ ; 12
= —e*—3xloge+3log|l+3¢*| +¢ ‘ =1Jp(5té—22t §+49t i)dt
) 8
= —e*—3x+3log|l+3e|+c  ...['. loge=1]
\\ ¢ Sri. 2r Y J a9 (-2
| =8Jt2dt—sjt 2dt+8ff2df
6. Evaluate : [ (3x +2)/2x + 1 dx. 2 3 . :
: ‘ 5 12 11 2 49 2
Solution : Let I = | (3x +2)\/2x + 1 dx ! =§'T—z'T+§' 1 +c
Put2x+1=t .. 2dx=dt (2) (i) ( i)
Codt -1 7 5 3 1 } 9, -4
v dx—2 and x= P -——1’2(2x+3) —~27(2x+3) —4‘(2-'\+3) +c
t—1 - dt E 5 3 49
=3 == ) +2 [V | = (x4 3)? = /2% + 3 —— :
J[(Z) ]‘ 2 | it VI G

N

1 3t—-3+4\ ~ !
- [ e

’\ EXAMPLES FOR PRACTICE 5.2

=§_((3t+l)\/idt

1 Evaluate the following integrals :

=7 [@t/t+ /1) dt ! x2 dx
DL (1) | e dx @) |- .
3 3 1 14x x+x
=— [t2dt +~ |2 dt i
glraegl L @) [(@x+2) PP rxtldx
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x+1
dx
<).[\/2+2x+x (S)J.\m +a?
(6) ,[2x+ " @ I(v 3x+5)3’2
3x2
® [ <°>J\,m

x7
(10) _[3x+5x o (1) ,[(1 +x4)‘

2. (1) [@x+1)/x—4dx

(B)J -11 ; dx [Hint

x2 4 x3

2) [(5—3x)(2—3x) : dx

: Put x = 9]

3
@ Ja-s00-0 i 0) [

3. (1) J (2) J%" dx
O (e @ [ e f
6 [ ©) Jez—ﬁ. i

2*%.] 2
®) ": +2§’§1 (@) [7%1%8%.(1 4 log x)dx
x+1 1
(5) \‘(x+log x) (6) Jm dx
Answers
1 1 3 1 4
1. (1) ,;t n (M +c (2) 4-log(x +1)+c

3) ;’(x2+x+1)“"‘+c 4) 2+ 2+ +c

2

1 . —
(5) 3%+ a?)¥? g3, [x* $ad ke

1 41
(6) 2(n+1)log|2x +1|4+c
7t 4c @) 2 /THr+c
\/'{ri+3x+5 ' nV

9 2/1+x3+¢c (10) Cr )log|3x"“+5|+c

1 i A
(11) Z[logll +x |+(1+—JV‘)]+C'

1
@ ,fx logx-log (log x) &

4 5 3
2. (1) 5(x—4)2+6(x—4)2+c
— D, 3
2) —2\,-"2—3x—§(2—3x)2+c

() 2/x —3(Jx) +6(Fx) -6 log | &x+1| +¢
@ 22 —10\/3-x+c
/3=

-2
P e

3. (1) :;'-\/e?"+_l+c (2) —logle *—1|+c

)
(3) ’2(;;2; +‘T)+C
(5) log |&f + 1| +¢

(4) log |10* 4+ x*°| + ¢

(6) log |&*+e *| +c.

4. (1) %(log W' lee (2) log [log (logx)| + ¢
7x log x
(3)—log|x +2*+ ¢ (4) g7+c

(5) log |x+log x|+ ¢ (6) log |3 +log x| +c.

5.3 : INTEGRALS OF THE TYPE )

ae*+b ]
1% dx, where a, b, ¢, deR

ac*+b =
cef+d

Put, Numerator = A(Denominator) +

In integral of the type

B [i (Denominator)]
dx

where A and B are constants.
Obtain the values of A and B by equaling the coefficient

of ¢ and constant term on both the sides. Then

d
j‘fj’_bdx_ A(cc”+d)+B-dx(ce‘+d)dx
c+d " | ce* +d

ce*

=A'x+B log [ce* +d|+c.

I EXERCISE 5.3 l Textbook page 123

Evaluate the following :

3¢* 45

5. INTEGRATION 199
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3¢% 4+ 5 | Equating the coefficient of ¢* and constant on both sides,
Solution : Let I = d: !
4% — | we get
Put, Numerator = A(Denominator) + 1 3A+3B=—12 e (1)
d and —4A =20 S A= =5
g [E (De“"“‘ma“’r)} ‘. from (1), 3(—5) +3B= —12
4 i d s . 3B=3 .. B=1
ot pBmil{ "5)+B[E( "S)J | 20—12¢F = —5(3¢F —4) + (3¢F)
= A(4¢* —5) + B[4¢" x 2 —0] b amm [ —5(3e*—4)+ (3¢")
o I= Y dx

", 362 +5=(4A + 8B)e? —

Equating the coefficient of ¢* and constant on both sides,

J(-stas) e

we get 3¢'
= ~5[1dx + i. dx
4A+8B=3 s (2 J 3¢ -4
and —54=5 .. A=-1 =~ IORI 2 +e
‘. from (1), 4(—1)+8B=3 } [ J;(( ))da—log [f(x)|+c]
- 8B=7 . P 7 | Note : Answer in the textbook is incorrect.]
. 4 8 : - '\
" 38145 — (4 —5) + 1 (6" Ly (et
ol J—8
. 7 )
— (4 —5) + 5 (8¢%) | Solutigh : Let I j Ctlan,
= — gt 5 2 —8
? Put, Numerator = A(Denominator) +

.

" 7
g (8¢*) B [i (Denominator)]
; L3¢ +4=ACe -9+ B 0F -8 |
= Ildt+ J 862 d ? -
8 ) 4¢” — = A(2¢* —8) + B(2¢* — 0)

| 3¢ +4=2A+2B)eF —-8A

Equating the coefficient of ¢* and constant on both sides,

| If()dx—log[f(x)Hc—l we get

I

7
-—t+élog |4e* —5| + ¢

fx) 24+2B=3 ()
j20—12e"dx | and —8A =4 .'.A=—%
3e* -4 i
| 1 -
Snlulion:Letl:J‘z-gé:__l—z:v dx | T (1)/2(_2>+28_3
', 2B=4 JEB =2

Put, Numerator = A(Denominator) 4 1
d i 3e‘+4=—§(2e‘—8)+2(2e")
B [ = (Denominator)]

g ; -%(2a-s)+2<2e*)
¢ 20—128"=A(3e’—4)+3[£(3e"—4)] 3 1=f T dx
=AQBe* —4)+ B3 —0) | _”__+2(28,)]dx
", 20 —12¢* =(3A +3B)e* —4A j B 2 2%-8
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1 2¢*

—%x+210g|28"—8[+c

\‘ [% dx =log |f(x)| +c:|

dx

2¢° +5
2¢*+1

Solution : Refer to the solution of Q. 3.

Ans. 5x —4 log |2¢* + 1| +c.

| Note : Answer in the textbook is incorrect.|

"l\ EXAMPLES FOR PRACTICE 5.3 )‘

Evaluate the following :

3 —4 3" +4
1. J.4e"+5dx 2. lee,_sax
4¢* —25 3e* +1
3.J.2€z_5 dx 4. J‘Sez‘—ldx'
Answers

4 31

1. —§x+27)10g|4e’+5l+c
%

2 —§+210g|2£"—8[+c

3. 5x—3 log |2¢* - 5|+ ¢

4. —x+log [3e™ —1|+c.

[ 5.4:SOME STANDARD RESULTS |

Standard Formulae :

1 1 X —a
1. e ] — ] ’
Jxl Pl PRl e R
1 1 a+4x
2. —— dx=— | _ 3
JP—xl =2 8|2 e
s J e dx=log v+ A+ @+
Vxita
1 5 R
4 | —— dx=log |x +/x* —aZ| +c
Jxt—a?

5. INTEGRATION

= - [ P(x)
5.4.1 Integrals of the form \ dx,
§ J QW)

where degree P(x) > degree Q(x)

In this type of integral, we divide P(x) by Q(x) and get
the quotient g(x) and remainder r(x).
Use, Dividend = quotient x Q(x) + remainder
S P(x) =q(x) x Q(x) + r(x)
P(x) q(x) x Q(x)+r(x)

QW)

Qx)

P :
2 J.—(;—) dx=jq(x)dx+J‘é((% dx

By using standard integrals, we can evaluate this

integral.

0 : [ 1
5.4.2 Integrals of the form 5 dx
Jax‘+bx+c

 of l
and | dx
L . 4 "
J/axt 4 bx + «

1

—dx
Jax? +bx+c

In this case, we express ax” + bx + ¢ in any one of the

1. Integrals of the form j

forms a? +x%, a® —x%, x* — a* by method of completion

of square.

b ¢
ie. ax2+bx+c=a(x2+‘—lx+z—l)

=a x2+éx+li+E L
B a” 4a® a 4a?

B <x+£>2+4ac—b2
7 2a 40> |

2. Integrals of the form f - *17
Jax? +bx+c

In this case, we express ax? + bx + ¢ in any one of the

forms V»G_"‘ +x2, \,-’fxt a* by method of completion of

square.

; e 1 bx ¢
ie Jaxt+bx+c= [a| X2 4+—+-
N a a

—\/— !2+bx+112.+£.‘ .}12
B a\f P PR P
i D
“Va 2a da

201
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5.4.3 Integrals reducible to the form

1 [ 1
dx and | ; dx
J Jax +bx+c J ax® +bx+c

In these type of examples, we use the proper substitu-
tion so that it is converted into the form

1 1
——dx or |=————dx
ax? +bx +¢ ax* +bx +c
Remarlk : Students are reminded that if x is replaced by
ax + b in integrals of standard functions, then in standard
formula we have to replace x by ax + b and divide the
obtained answer by a.

5.4.4 Integrals of the form

px+q . px 4 4q

dx
tbx+c ax? +bx +c

| dx and
ax’ )
’ LR

1. Integral of the form J‘ ,7,2P x99
ax* +bx+c

To evaluate these types of integrals, we use the follow-

ing steps :

Step 1 : Write Numerator = A [ :x (Denominator):| +B

i.e.px+q=AL% (ax2+bx+c)]+B

where A and B are constants.

Step 2 : Obtain the values of A and B by equating the
coefficients of same powers of x on both the
sides.

Step 3 : Replace px +4 by A(2ax +b)+ B in the given
integral to get

px+q i 2ax+b ) 1 3
ax*+bx+c Jax*+bx+c ax?+bx+c
Step 4 : Integrate the RHS of step 3.
px+q
2. Integral of the form f - sdx
Jaxt +bx +¢

To evaluate these types of integrals, we use the
following steps :

Step 1 : Write numerator = A [:X(Denominator)] +B

i.e. px +q=AL£;(ax2 +bx+c):|+B
where A and B are constants.

Step 2 : Obtain the values of A and B by equating the
coefficients of same powers of x on both the
sides.

202

Step 3 : Replace px+4 by A(2ax+b)+ B in the given
integral to get

px+q

1
f [(2extb o or
Joxk+bx+c

dx=A|—
JJ/a tbx+e J\/ax2+bx+c

dx

Step 4 : Integrate the RHS of step 3.

| EXERCISE54 | Textbook page 129 |

Evaluate the following :
1

1 1 L
S . . - il [ sy w0
olution J‘4x2—1 dx 4Jx1 —(1/ )dx

:
Solution : J dx

1
¥*+4x—5

1
=j(x2+4x+4)—4—5d“‘

1
=J<x+z>2 ™

_b o [EE2=d
“2x3 B|x52+3
1],

6 x+5

1
yfal oW
P f4x’—20x+17 1

Solution : Jm dx

1 1
i | ——=—it
4J‘1:2—5x+1'7 '
4

=1 1 dié
- /xz_5x+2_5)_§+1_7
k + 4 4
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1 1 " - j
4|7 5\ .. o 1612 —
2 : 11 1
T4

! dt
5 . 16.[2 25
e ! 2=
1 #r g2 16
=X — +c ;
T4 2\/’ 5 ! it 1
i f2 ) = | —
2 \/ : 64[2_(§)2dt
e 2 —-5-2,/2 | 4
8,2 °|x-5+2/2 -
= 1,,( ! lo - +c
. Ter, 58 5|
4 B xr i ! Zxa t+4
" Jaxt—20x*-3 !
P— 1g‘4t_5‘+c
. 2 X ! = ”
Solution : Let I = J.m dx : 160 4t +5
1 4x* -5
Put x* =t S 2x dx=dt =160 °8 [4x* + 5 te
. xdx:‘it I [Note : Answer in the textbook is incorrect. |
(1 1
= 1_J4t2—20t—3 2 AN JE’ZTIFF‘“
11 1 | : 1 1 1
Exzjm dt } Solution : jmdx=b—zjaz 2dx
] ——x
4 : b2
1 1 ’ 1 1
~8 By 2 3% | § &
t2—5t+—>-———— ] b a 2
1) 4 1 7Y\~
1 1 :"
e dt
8 5\? 5 Tt
Sy e 1 1 b
J(t 2) W7) =X log| — |+¢
6 2(5> ”—A
5 b b
W i\ |
872 /7 5 - L1 latby
f t_j+\/7 { Zablo a—bx|TC
1 2-5-2./7 '
= = log — . J_ 1 i
16,/7 2r—s+2\/77 A g
_ 1, [2i-5-2/7 . 1
16\/7 8 2x2_5+2\/,r7 Solution : j?+6x—x2 dx
| Note : Answer in the textbook is incorrect. | 1
| _J7 @6 t9+9 ™
x> ,
: : d . 1
. J16x8—25 x 1 ZJ—(4)2_(x_3)z dx
o ]
Solution : Let I=,[ - dx b1 44x—-3
16x°—25 | =2xd%8|i—x73
Putx*=t .. dx*dx=dt
) —110 142 +¢
D ;8 7 .
4 .
5. INTEGRATION 203
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8. j . T § [ ADDITIONAL SOLVED PROBLEMS -5 (B) j
3x%+8 !
: i 1 1 . 1
Solution : J‘ dx=J = —dx ¢ p—
V3x*+38 \/(\/Sx)2+(\/8)2 | 1. Byaluate J3~10x-25x2
N—— 1
log|\ﬁx+\/(\/3x)2+(\/é)2‘ ! 5“‘“““'“fm""
+c I
/3 ! r
1 ! =215 3 1:);— o
il /3 /3x2 + 8| +c. Vo SV A
Jslogiv3x+\/3x +8|+¢ Yas
3 & 1
1 ) = | — : — dx
9. J —— dx ! 25 | 3 2x 1 1
/x? / B — 2 ol s oo 2
VX +ax+29 1 - (x +5+25)+25
Solution J - dx
e ll { H — —
Ja+ax+29 p _1f 1 i
i LT | 2y 1\
= j N SN N JE) s
VO +dx+4)+25 |
1 f 2 AN
zj ,"(x+2)2+(5)2dx TR X [e
v T/ 8|2 1
=logI(x+2)+\,-'(x+2)2+(5)2‘+c ; 5 5
_ /7% 4 dv 290 11 2+5x+1
log’(x+2)+\,x +4A+29|+C. _2_()10g‘2_——5x—1
1 l —llo 3 +5x -
10. \/ﬁ‘h L 720 8|15
Solution : J. _— J‘ £ l og 5x_1‘+c_
35 \/(\/éx)z (/5) 5 0 %8|5x+3

log ’\,,f§x+~/(\/§x)z—(\[‘3)z| A ' 1 p
= +c | & Rvaluate: | le(log 02 +7 log x+21

V3
1
oo [ Solution : Let I = 7
= \}3 log |/3x +/3x* —5| +c. e jx[6(log x)*+7 log x+2] o
Put log x =t ;dx=df

11. j%é—z_o dx "- 1

/x4 —8x— .

\ oot J T

Solution :J - ]: dx

Jx—8x—20 5 j
=I N = dX l

J(x? —8x +16) — 16 — 20

O\IH
O\(\lv—-
O\xN

f Jo- :):2:(5: J ; )_ T s

S 144" 6
=log |(x—4)+/(x— 49— (6)*|+¢

! 1 1
=log |(x —4) + /x> —8x—20| +c. ; ‘GJ’ e PN T A
| I A REY
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‘+1_i
11 T 12
==X log +c
2 % t+1+~1
12 12 12
—lo 12t + 6
=% |21+ 8
B ’6logx+3
- Pl6logx +4
3. Evaluate : I
/3x +5x+7
" : [ dx
Solution :
J /3% +5x+7
_L [ dx
NN T 2E
1 dx

SRR RS

i
v ( ~) (L)
log
\/_
log x4 ,x+
\/_
1
4, Evaluate : j s X
V& —a)x—b)

1

——
J(x—a)x—b) \

(x —a)(x —b)=x*—ax —bx +ab

T Ty NP
—[x (a+b)x+< 2 )]+ab ( 5
2 _p2

Solution : Let ] =J

(g 0EN _(a=bY
- 2 2
dx

[y
W

+c

=log 2

1
5. Evaluate : jm— dx.
x W _y

: LetI=

Solution

1
W | S, |
Jx2a'$ /xz./3_4 ]
2/3
=J"—/—-{”: dx
Vixt'?)? -4

1 2
3x dx=dt

Put x® =t

2
ox ddx=23dt

1
% I= — .1
J.\/t‘— j\/z
=3log|t+./t*—4|+c¢

—3]0g|A +./2° g )tc.

(x—ﬂ)+\,«"’(x—a)T—b) te

6. Evaluate : J sz_x_}% dx.

~ . x—l
Solution : Let I= jm ax

Letx—l=A|:£;(3x2—4x—3)]+B

=A(6x —4)+B=6Ax+(—4A+B)

Comparing the coefficient of x and constant on both

sides, we get
6A=1and —4A+B= —1
‘" A=- and

1 1
= ‘4(3)”’—‘1

1(61—4)—'1'
A, O
’ 3x*—4x—3

_}J 6xr—4 . 1J' 1
T6)3x2—4x-3 3 ) 3x% —4x -3

1, is of the type [{c( )dx—log]f(x)|+c

I, =log|3x* —4x —3| +¢,

1 1 1
L dx=> d
2 J3x2—4x—3 ! 3J.x2—%x—1 !

5. INTEGRATION
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3x—-2—~\/f§

=1 1 dx
3 (Y _(13Y
X 3 3
2 18
—}x ] log il 2 +c
3 ZXifli T_g+5/:1:3 ’
3 3 3
= 1 log 3x—2—\{}§’ 2
2/13 7 |3x—2+4/13
1=1105|3x2—4x—3|— - log
6 «ﬁ
x> +5x+3
7. Evaluate : J b g
‘ ) (x*+5x+3
Sulullun:Letl=Jm

(@2 +3x+2)+(2x+1)

N x24+3x+2
2x+1

_J[1+x2+3x+2]

2x+1
= d' e
It J‘-fo.2+3x+2

dx

Leth+l=A[:—x(x2+3x+2)-|+B

3x—2+./13 =

where ¢ =c¢, +¢,.

=AQx +3)+B=2Ax+ (3A + B)
Comparing the coefficient of x and constant on both

sides, we get

2A=2 and 3A+B=1
S, A=1land 3(1)+B=1
_(2x+3)—2
x24+8x+2

, 2x+3
—jldl+Jx2+3x;2dX—2

1=jldx+

2x+3

=.[1dx+l[--—'

‘" B= -2

"
X2+ 3x +2

_dx—2 |- ,
243x+2 9\ 9
e (x2+3x+a)——+2

=j1dx+J 2X 3

206

xl+3x+2ax—zj(
x+
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J-G)

1

)

=x+loglx®+3x +2| —2x

log +c

rs
2 2
4ot
22

3 [ fl(x)dx:loglf(x)|+c:|

2x

=x+log|x? 4 3x + 2| - 2log =

=x +log|x? + 3x +2| —2log

X

x+1
x+2

fx)

+2

+c
=

|+e

8. Evaluate : .[ — dx.

VP 6x 10

X
Solution : Let T=J.

Letx:A[i(x2+6x+10)]+B
dx

dx

VX% +6x+10

=A(2x +6)+B=2Ax + (6A + B)

Comparing the coefficient of x
sides, we get
2A=1 and 6A+B=0

) 1 1
& A—Eand 6(§)+B—0

%(2x+6)—3

y. I=dex
x4+ 6x+10
1 2x+6
=A[NARTO o fs
2) /¥t +6x+10

=%11—312.

Inl, putx?+6x+10=¢
£
11=J’i{.=Jt 2dt
Vi
1
tl
“am’
12=I—l‘dx
V@2 +6x49)+1

PN &
,[ G+ )R

0, =2/x*+6x+

and constant on both

‘. B=-3

; dx
Vxr+6x+10

S (2x +6)dx =dt.

10+¢,

=10g’(x+3)+ (x 430+ (1)* +c,

=]0g’(x+3)+1/xz+6;7c+10|+c2

S I=/2?+6x+10—3log|(x +

www.saiphy.com
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2x+1
9, Evaluate : | ————
VX 4+4x+3
Solution : LetI=J—£_.1: X
JX+4x+3
(2x+4)-3
A +4x+3
2x +4 1
= de—SJ'idx
Vxi+4x+3 VX +4x+3
=1,~3I,

Inl, putx* +4x+3=t
. (2x 4 4)dx =dt

1 1
: 11=f ~dt=(t 24t
Vi

1
12

o2
(1/2)+c1—2 /x +4_r+3+cl

IZ =J‘% dx
VO +ax+4) -1
¢ 1
= | ——dx
| Jerr—ar
=log|(x+2)+/(x +2)* = (1)*| +¢,

=log|(x+2)+ /x* +4x+3| +c,
L 1=2 /¥ +4x+3-3log| (x +2) + /x> +4x+3|+¢,

where c=c¢; + ¢;.
10. Evaluate : J / x;Sd
Solution : Let [ = d = Q ﬂdx
x—7 x-—5
d

_f ___dx

xx —12x +35

Letx—5=A[;C(x2—l2x+35]+B
=A(2x—12)+B

. x—=5=2Ax+(—12A + B)

Comparing the coefficient of x and constant on both the
sides, we get

2A=1 and —12A+B= -5
. 1 - 1 — =
. A=5 and —12<5>+B——5 B=1

’ x—5=%(2x—12)+1

%(2x—12)+1

—_—dx
JX*—12x+35

2x—12

4]

1
=211+Iz

Inl, putx?—12x+35=t

1 1
R N
l\/t

12

JxF—12x+35

J‘ - +
X
\/’ X 12x 35

o (2x—12)dx =dt

=_,..A+Cl=2\/m+cl

()

1

& —=12x + 36) —

1
[, —
f NCED

dx

=log |(x — 6) + /(x—6) — (1)?| + ¢,
=log |(x — 6) 4+ /x* —12x 4+ 35| + ¢,

L I=/x* —12x + 35+ log | (x — 6) + \/x* —12x + 35| +¢,

—~—

where c=¢, +¢,.

( EXAMPLES FOR PRACTICE 5.4

\

)
Evaluate the following integrals :
1 1
1
1 1
2O (gt @ [
1
®) _[1+x—xz & ) J3x2+l3x—10dx
1 1
(5)_[7+6x a © J‘)—xi+6x—8dx'
1 x?
3. (1) J\"i‘“ge de (2) I“‘—Z}“—“ dx
e
®) fe”+6e“+5
4(1)f L__ i (z)j 1
. e 8 ~e
9x2 425 N
1
(3) J—dx.
xy/(log x)* =5
dx 3
5. ])‘[ 2 J‘i
( x4 4x+5 2 V2 —dax+7
dx d
(3)[ -1 4)];/‘:
x% 4 8x +25 3x2+5x+7
207
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®) Jd—x ) Ii 5. (1) log|(x+2)+/x*+4x+5| +c
J—4x—5 V3 +ax—7
! 7
dx dx i () —=log|(x—1)+ [x*—2x+=|+¢
7)1— 8 f— ;: > V 2
( x4+ 6x+5 ) 3x% —4x 42 ! V2
1 1 ! () log| (x +4) +/x* +8x +25 | +¢
9 10) | —————dx. {
L f\/(x 2)(x—3) L f\/zﬁ+3x+5 i
(4) Las x+5>+ x’"+~55+z +c
6.(1)[% (z)f_,L_m BT 6/ 3°3
Jx6+4x +13 3% —a*+3 !
3) J‘ dx @ J’ 2 r i (5) log| (x —2) +/x* —4x —5|+c
7 x/9og x)P -1 VX234 3 4 g —
) — o 02, e
7. (1) J‘*' 2x i @) 443 ; (6) \/?;Iog (x+3)+\/3. ez e
' Z_6x+6 x245x41 ! _ _
3 x—1 3% — 5 ; (7) log | (x +3) + /x> +6x+5 | +¢
()J3T4x—3x2 (),[:n |
! 1 2 4x 2
3 e X ? S I e
) J‘x_x;_i_:;l : (8) \/glog (x 3)+\/x 3+3 +c
T 5\, /=
8. (I)J' x:;dx (Z)J‘ l-;—xdx (9) log (x—§)+,/x —5x+6’+c

3x+2 5x+2 : /
O [t @ [ RS o A T
V2P 2t NCITTE: | U0 g log (x4 )+ Jat+5ug|+e

o fJx2+u+l e ,[\/x+2dx

1 SN  E—
6. (1) 3 log [ +2) +/x° +4x3 + 13| + ¢

>+ [a® +1‘+c

Answers

1@ Liog P e @ Liog |24 f log a og
28 o T 12 8 [3x+2
St , 3) = longlog r+f(10g x> —1|+c
(3)—10g2+1|+c
! 4) = logl(x +1)+/x°+2x* +3| +c.
5 1 2x—1 )
2. (1)—1 ‘5 +1’+c (2)§log2x—+2+c ,; -
x
- \/5_1_,_2,; o 7. (1) log |x2 —6x+ 6|+ /3 log —\’7:
\/5 JB+1-2x :
# 7 2x+5—/21
1 3x—2 1+ { (2) 2 log [x*+5x + 1| ——= log |
(4) ﬁlog‘ﬁlw (5) —1og x ! & V21 7 122 4+54.,/21
) 1
1 3x -2 ! (3) —- log |3 +4x —3x?| —
(6) lslog 3 +4‘+(’ ’ 6
.- 9 |f 2+3x|
3.(1) Inge’ 3‘+c () log ] ! J13 42— 3x
@ ’e"+}| Y %log|5x2—8x—11|—-
13 5;!‘ 4 — l
4. (1) —log x4+ [xt4+— ‘+c 2) - log x+ [x ——‘+c ! 10\/71 Sx 4+\/—
': (5)x—l+1 |x2—1|+11 x;l+c
(3) log |log x +/(log x)*—5| +c. ! 2 T8 2 %8 x+1| "¢

208
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8. (1) /x* +4x +3—log|(x +2) +/x* +4x+3| +¢ { Integral of the type [*[f(x) +f'(x)1dx :
1 1 — | Result:If f(x) is derivable function of x, then
(2) VX +x+ilog (x+§)+\.ﬂx +x|+cC je"[f(x)+f'(x)]dx=e"-f(x)+c.
3) §\/,rm % Remark : This result can be used when the multiple of e*
2 can be expressed as f(x) + f(x).
—l~lo (x+1)+ x2+x+71‘ +c "
2\/i 8 2 2 Integrals of the type [./x*+ a® dx and [/x* —a® dx:
5 2 —
4) 3W— {1408 x2+a2dx=;\/x2+a2+-a-210g|x+\/x2+a2|+c

4 2 / 4x 5 ; % 2 -
3T‘/§]0g (X+5>+ xz+?+§ +c l 2.“' /xl_a2dx=é /1’2"‘72—*2IOg|x+\/x2—n2|+c,

(5) 2Jki§.¥+1—loglx+l|+c .
Integrals of the form | /ax* + bx + cdx:

S 3 .;
©) /x* +3x+2 —5 log (x ke 2’) +/x 43+ 2‘ +e In this case, we express ax* + bx + ¢ in any one of the

forms V/rxi+ a2, \/x—‘-—ai by method of completion of

( 5.5 : INTEGRATION BY PARTS ) | square.

i.e. ax? +bx+c=a(x2 +§x+5>
A function to be integrated is called an integrand. If the A\?

integrand is a product of two functions, one of which is . (xz 4 b, > b € E)
the derivative of some function (i.e. whose integral is | o 4a’ o 4a’
known), then we use the rule of integration by parts it {(r P b )2 dac—b? ]
which is given below. 2a 4a

Result : If u and v are functions of x, then Note : Students are reminded that if x is replaced by

du ! ax + binintegrals of standard functions, then in standard
Iuvdx=u_[vdx—f<_-j'vdx)dx. ; : .

dx formula we have to replace x by ax +b and divide the
obtained answer by a.

Rule for the proper choice of the first and second
function :

When the integrand is a product of two functions, out 7
of which the second can be easily integrated (i.e. whose | In this case, we write px + 4= A[ o= (ax?* + bx + C):| +B

[tegral of the form [ (px +q)./ax* + bx + ¢ dx :

integral is known), we can use the rule of integration by where:Aand B af@nstanis

parts. Hence, we should make a proper choice of the first

function and second function. L EXERCISE 5.5 I “Textbook page 133 l
Let us denote the different kinds of functions as : ! Evaluate the following :

L : Logarithmic | 1 [xlogx dx

A : Algebraic I Solution : [x log x dx= [ (log x)-xdx

E : Exponential ! G (log x) [x dx — J [} (log x) [x dx“dx
The order in which the two functions are to be taken as 2 (192 y

the first function and the second function, is according to ' = (log x)'*z“ = ,[;E dx

the serial order of the letters of the word LAE. 1

—ixz log x — =[x dx
Remark : A logarithmic function can be integrated by | 52 1 2 x2 22
using [ uvdyx, taking v=1. =?logx—§-5+c=ilogx—z+c.
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2. [x2e*dx '
: L s, fef(l—lz)dx
Solution : ! X X
d S()lznli()l\‘Let1=Iex 1——1— dx
_(xze"’dx=x2j.e‘“dx—'”—(xl)je"dx}dx o i % e
| dx !
P oM . Put f(x)=~1—. Then f'(x) = ——12-
:xZ‘T—J.ZJC'de x : x
o T= (& —[F() +f/(x)] dx
1 1 1
=‘1x2¢’4x*ijlx"“dx =e‘-f(x)+c=e’--x»+c.
=lx2c"“'—l x_fz"‘”dx— {d(x)je*‘dx dx :
4 2 dx ! X
6. IL’" p— idx
4x 4z ! (x+1)
BRI L Nl ! .
...4x 3l *2 i Solution :
x
y ) v L 3
:éxze‘" xc“+éfe"dx :; Let /= (x +1)? &
} (x+1)—1
2 } =|e"| = 5— |dx
Lo 1o 16 : J [ (x+1)? ]
=z¥ e —gxe +8 T +e | ; :
1 ” ! =fex[x+1~(x+1)2]dx
" e‘“‘[xz——+—}+c
—  Putf@=_
: =\
2,3 ]
3 [wte¥ax ; 'I‘henf’(x)=d£x(x+1) 1= _1(x+1) Z-di(x“)
Solution : Refer to the solution of Q. 2. ; *
| \ Lol =t
Ans. %xzesx—gxe3’+22—7e3’+c. } (x+1) (x+1)
L I=[Ef(x) +f'(x)] dx
) 1
4. [¥edx ! =e’-f(x)+c=e"-m+c.
Solution : Let1=j'x3e’2dx=j'x2e‘2'xdx '
Put x* =t CL 2xdx =dt ! x—1
;, 'f"’imsd"
dt
iRk Solution : Let o/l 2= 1 4
: Solution : Le —J. (x+1)3 X
o, dt 1
| I=[tet— == [teldt | . (x+1)—2
2 2 ‘ m i (x+1)3 oA
1 d ! 1 2
=—| tfetdt — | {—(t ,'dc}dt] ! = . B I
2[ j Hdt(”" ; L ity ol G
1
=;[te‘—j'l-e'dr] ; I’Utf(x):(}“;{)i
1 Thenf’(x):—‘{(x+1) 2= —2(x+1) "‘-i(x-é-l)
=2[te‘—e‘]+c ! dx ’ dx
—2 —2
! -k (140) =
=;(t—l)e'+c ; (x+1)* ( ) (x+1)*
Sol= (e [f(x) + f1(x)] dx
1 2 ; 1
=—(x2=1)¢& +ec. ; e e TN C T
5 ! & f(x)+c=¢ (x+l)2+c
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8. je"[(log 2%+ 21%‘] dx

Solution : Let I = j'e"[(log x)? +%ng] dx

Put f(x) = (log x)*

) =& (low 112 = A
Then f'(x) —— (log x)* =2 log x = (log x)

=210gxx1=2 log x
x x

L= [f(x) 4 f/(x)] dx
=e*f(x) 4 ¢ =e*(log x)> +c.

1 1
% Hrog} = (iog;ﬁ] e

1 1
Soluti s = —_—
ylution : Let [ I[log % (og x)z:| dx

Putlogx=t .. x=¢
" odx=e'dt

Izj‘(l—lz) etdt
R

Let £(t) =%. Then f'(t) = —
L I=[e[f() +f(D)]at
=e‘-f(t)+c=e’x-lz+c

X
=——+c
log x

log x
10. J.7u+log o dx

log >
Solution : Let I = ogx

(1 +logx)?
Put logx =t Sox=e
| dx=ecldt

. Lo t !
.I~J(1+t)2t'dt
(1+t)—1
l (1+1? ]
1 1
=J '[1+r a+h? W’"
1

% ,f’(t)=%(1 +8) 1= —1(1+8)720+1)

=1
T +1)?

www.saiphy.com

L I= [ ElFO +F O]

1 X
=l =gl  — =
=e-f()+c=¢ x1+,+c 1+logx+c

( ADDITIONAL SOLVED PROBLEMS-5(C) |

1. Evaluate : [x-2~ *dx.

Solution :
, i d ,
fxe2- Wixmx | 2 3"dx—” a(x)j"z ”dx]dx

2‘3x 1 2 3x 1
="'@"(Ts’j_j g =™

L x2"% 1 4
© 3 log2 +3Iog2,[2 o

_1‘£+;.£xi_+c
3 log2 3log2 log2 (—3)

x_zf?:x 2*31
“3log2  9-Gog2p ¢

2. Evaluate : ' l—o—g—(lx%i) dx

5 Solution : LetI=nga—Ogﬂ Jlog(logx) 1

Put logx =1t ;dx:dt
" 1= logtdt={ (logt)-1dt

=(logt) [ ldt—J[;i(logt)j 1dt ]dt

=(]ogt)t—.[% x tdt

=tlogf—_f 1dt
=tlogt—t+c
=t(logt—1)+c

; = (logx)[log (logx) — 1] + ¢.

[ 2¥+1
3. Evaluate : J.e"[(x_+i);zj|dl

Solution : Let [ =

fx—1 2
| —+—— |dx
x+1+(x+1)2:I
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_x—l : _x /o3 a 2 3 2
Putf(J\f)—x—_’_1 ; —E\,a9x —4—3log|3x+ 9x —4|+§log3+c1
oy x_l X —— 2
S fl)= (x+1> =§\;9xz—4—§]og|3x+ 9x? —4|+c,

D)L a-1—-10)L+) here ¢ = ¢, +2log3
=’ = : where ¢ = ¢, +Zlog3.

- (x +1)? :

_ @411~ @ —1)1) | 6. Evaluate: [ \/2x7 + 3x+ 4 dx.
+1)? |

Solution : I V’Zx’ +3x + 4 dx

_xtl-x+l 2 + =

S+ (x+1)? P =2 [ x* 45+ 2 dx
L= [ () +f(x)] dx S s

- 2
=)+ ome <x+i>” | \/2‘ \/(x +2x+16) g2
- - = ( NEE
4, Eva]uate:j.\/aiﬁ dx. =\/iu \/(x+4) ( )
.5

3 son : | . /4x2 = 24> : 2 /23\2
Solutic n,‘f\ 4x* 4 5dx f2\/x +4dx ! =x/i|:(x+23/4) (x+g) +(\,:.3) @

=2j /x2+(%€)zdx , (\/T%)z

x (5/4) 5 2
=2| 3 +4+—lgx+ | |y |
=ﬁ[“ 2:3)\)/.ﬁ+3;+2+

_x'\,-'4x2+5 510 - 2x +/4x* +5 2o
2 1 2 ; 23 3 . 3x
i ﬁlog )t % +7+2 +¢
- ’4x2+5+5[log|2x+,/4x2 5|—log2] +¢,
2¥ @x+3) s
" 5 5 | = V2xt+3x+4+
=Sy /'4.x2+5+Zl()g|2x+\/4xz+5|—Zlog2+cl i
23,/2 4x +3 /2x% +3x + 4
| V2 + +c
x\,’th +5+> log|2x+\f4x2+5|+c, 32 4 V2
Y _@x+3) i
where c=cl—glog2. ! 8 J2x2+3x +4+
23\/2 4Y+3 3 /--_
5. Evaluate:_f o ! a0 [Iog’( 2\/ )+\/2x +3x+4’ log\/2 [+¢,
Lk s [ 4 |
Solution : j \/9x-—4dx=.[3 x2—§ dx (4x+3)\/2x +3x+4+
22 3
=3| [x*—(%) dx ! 2-3‘/5 (4x+3)+ V2% +3x 44— Iogﬁ+r1
3 | 33
4 (4/9) , 4 Ax4+3)
—3{ \/2—5— 18‘ x“g’ +c d 3 )V/2x2+3x+4+
3 /94 2 [3x+./9x*—4 5 28,2, |@x+3) o
=g i ‘ log|—F—= + /2x*+3x+4| +¢,
5 3 3log 3 ‘+c1 3 108 2\/5 +/2x*+3x+4| + ¢
fi =4 — 2log| 8-+ FA—| -1 3 h ENE
5\' x s ogl x +/9x2 — 4| —log3] +c, ; where ¢ = ¢, ——=log /2.
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Remark : Answer can also be written as :

_(4){ +3)

3 V22 +3x+4 +

23ﬁ

log

7. Evaluate : j e* \/Ei‘_ﬁ dx.

Solution : Let I={ e* /e 41 dx=[ /6% +1-¢* dx

Pute*=t .. e*dx=dt

L I=[J/P+1at
:é\/t1+l+%l<>g[l+\/t’+1|+c
_e’\/cz‘+1

1 —
5 +210g|e"+\,-’/v2‘+ 1| +ec.

8. Evaluate : [(3x —2)/x* + x +1 dx.

3x
2
( 4)+ [ x +2+2|+c

f

\

\/6 2
(7)

1 ( +1)+ = 2+I>’/—7)2_+
5 1og |{ ¥+ (x 2) Lz c
=(x? +x+1)1—~[(2x:1) /e +x+1+
3 1 /y2 . 1 i
8log X+3 ) +Vx +A+1_+C

3 7 e
=(x’+x+1)1—8(2x+1)\/‘x2+x+1—

21 1 /a2
]6log <x+2>+ +x+1‘

EXAMPLES FOR PRACTICE 5.5 )

Evaluate the following integrals :

Solution : Let I=[(3x —2),/x* +x + 1 dx 1. [x*logx dx 2. [xe* dx
Let 3x_2=A[%(x2+x+1j|+B i3 fxe ™ dx 4. [log x dx
; 2 2
© Bx—2=AQx+1)+B=2A4x+(A+B) ; 5. [(log x)*dx 6. [e*(x®>+2x+7)dx
Comparing the coefficient of x and constant on both j 9 J‘ o (x log x+1> i 8 [er (7f+'5)2 5
sides, we get x (x+4)
s A 2
2A=3 and A+B= -2 0. [e. 2+x . 10. e”-x—mdx
3 3 7 B\ (24 1)2
o A=2 aiid S+B=—2\\ i Bof£E o
2 2 2 (1 _x)2 1
11 |e*—5— dx 12. |e*(log 2x + - | dx
3 (x*+1)° 3x
2 3X—2=é(2x+1)—-
ex
— W 13. | —[x(log x)* +2log x] dx
o [[Beer-Z]mmroNd [ txton 74205
- . 14. 4x* —5 dx 15. X2 +4dx +5 dx
:%j(2x+l)\/x’+x+ldx—;j'\/x2+x+ldx 1 J\/ I\/
! ' ;
P16 [ /3P 4+4x+1dx 17, Jl—t(l_og_x) d
=3 (x0T T T el x’+x+l)+3dx x
T2 s 2 4) 4
; , = 12—\/; 18. [(x—5)/x*—1dx  19. _[(x+'l)\,/x2+x+'l dx
=v11—rj‘ (x+v—) +<) dx i 5
2 2 2 2 } 20, [(2x+3)\/3x2 +2x —5 dx.
Inl, putx*+x+1=t
(2x 4+ 1)dx =dt 1 i
i ot gt 4> x
Il=j\,/tdt=jt;dt 1. 4x log x l6x +c 2. (x—1)e*+¢
: 1 1
=—t3—=§(x2+x+1)g 3. —5xe 2"—19, i 4. x(logx—1)+c
5.) 5. x[(log x)? —2log x + 2] +¢
5. INTEGRATION 213

www.saiphy.com



www.saiphy.com

6. F(x*+7)+c 7. ¢-log x +c
&*
8. e ——— 9., ——
CxraTe 3+x7°
e
10. ————+¢ e
Jxi+1 1+x

12. % e*log(2x) +c. Put 3x =t

13. ¢*(log x)* + ¢

14. ;\/'/4x2 —S—Zlog [2x + V’Q}x‘ —5|+¢
x4+2) —m—— .1
15. (T; )\/x2+4x+5+2-logl(x+2)+\/x’+4x+5l+c
16. (3_X;£) V3P ax 41—
A . 1}xi—_2+\/3x2-t4x;+1‘+c
63 o 2 3
1L OAs )2
17, (log x)\/1+ (log x) 4
2
1 A lloe %
ilog](log x)+4/1+(log x)*|+c¢
L 3 5 2 5 3,
18. i(x —1)2—§x,/x —1+§log|x+\/x 1 +c
3
19. %(xz+x+1)2+(2xT+1)\/xz+x+l+

%log’(szH>+./x2+x+l‘+c
2 3 7 - -
20. §(3x +2x—5)2+»18(3x+l)\r13x +2x—5—

5 1o
9./3

Bx+1)

\ 3x24+2x—5 N
3 3

( " 5.6: INTEGRATION BY METHOD OF )
PARTIAL FRACTIONS

If P(x) and Q(x) are two polynomials, then the
function given by f(x) = P (x) / Q (x) is a rational function.
Here we consider two cases :

Case (i) : Degree of P(x) < degree of Q(x)

Case (ii) : Degree of P(x) > degree of Q (x)

In case (ii), we divide P(x) by Q(x) and get the
quotient ¢ (x) and remainder R (x) whose degree is less

than the degree of Q(x). Hence, we can express f(x) as

R(x)

D f) =g @)+~

Q)
Since, ¢ (x) is a polynomial, its integral can be found
easily.

Thus in both the cases, we are interested in finding the
integral of a rational function in which the degree of the
numerator is less than the degree of the denominator.

We are going to consider the case when the poly-
nomial in the denominator can be factorized into distinct
linear factors. In this case we can express the rational
function into its partial fractions. Let us know about
partial fractions.

Observe that,

1 _2(x+3)+(x—1)_ 3x+5
ti+s (c—1Dx+3) x*+2x-—3

x+3
345 2 N 1
"x242x—3 x—1 x+3

2
x—1
ie

Here, = and S are called partial fractions of the
X—1 x+3

: ; 3x+5
rational function = B r A

The general method of obtaining partial fractions of a
rational function is explained through an example as
follows :

I. Distinct Linear Factors : If the denominator consists
of distinct linear factors, i.e. each factor occurring only
once, then corresponding to each factor ax +b, there

A P(x)
ax +b AR Q(x)

wrilten as a sum of partial fractions. If there are n distinct

can be

corresponds a partial fraction

linear factors, there will be n partial fractions.

For example : 2733{"-1-5 e, DD o B + B--,
x*4+2x—-3 (x—-1)x+3) x—1 x+3
where A and B are constants.
Multiplying throughout by (x — 1) (x + 3), we get
3x+5=A(x+3)+B(x—1) (1)
Now, we have to find the values of A and B. Here we
note that equality (1) is true for all values of x. So we
choose such values of x, which will make all the terms
except one on the RHS of (1) equal to zero.
This choice of values is readily suggested by the
factors in the denominator. We equate each factor to zero
and choose each such value of x. Thus we put

214 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)

www.saiphy.com



www.saiphy.com

x—1=0and x+3=0and getx=1and x= —3.
Putting x =1 in (1), we get

8=A@4)+B(0) .. A=2

Putting x = — 3 in (1), we get

—~4=A(0)+ B(—4) . B=1

L _Bx+5 _ 2 1
"x24+2x—-3 x—1 x+3

2. Repeated Linear Factors :

In the rational function —(—) if

Q(x)
Q)= (x—atx—a)x—a,)...(x
we assume,
PR) A, . A, | A 4
Q@ “x—a G—a? T a—ap T Tt
By AR B, ot B,
xX—a, XxX—a,
AiiBf By, i

—a,), then

’
X—a,

where A, A,, A,, ..., B, are constants.

3. Non-repeated Quadratic Factors :
If the denominator contains non-repeated quadratic
factors, then corresponding to each quadratic factor

Ax+B

ax? + bx + ¢, we assume the partial fraction A S E
+bx+c

where A and B are constants.

| EXERCISE5.6 | Textbook page 135

Evaluate :

(x+D(x—2)
Solution : Let [ = (:\Tz:)-(';cl—_Z) x
g 2L A B

(x+1)(x 2) x+1 ' x-2
L 2x4+1=A(x—-2)+B(x+1)

Putx+1=0,ie x= —1, we get
2(—=1)+1=A(-3)+B(0) SoA=

Put x—-2=0, i.e. x =2, we get

22)+1=A(0)+B(3) .-.3:2
. 2x4+1 (1/3)  (5/3)
T+ Dx—-2) x+1 x-=2
(1/3) (5/3)
,”x+l :Idx

5. INTEGRATION

i}

1 1 5 1
"3 x+1dx+5,[x de

=%log|x+1|+glog|x—2|+c.

x(x—1)(x—4)
: 2x+1
5 tLetI= | ——r
olution : Let [ J‘,\(X—l)(\f—‘l) dx
2 +1 A B C
Let J‘H'chl')(';‘,_4)_x+x—l+x—4

2+ 1=A(x—1)(x —4)+ Bx(x —4) + Cx(x — 1)
Put x =0, we get
2(0) +1=A(~1)(—4)+ BO)

) 1
. A=y

Putx—1=0, ie. x =1, we get

2(1) +1=A(0)( —3) + B(1)(—3) + C(1)(0)
. 8=-3B " B=-1

Put x—4=0, i.e x =4, we get

2(4) +1 = A(3)(0) + B(4)(0) + C(4)(3)

—4)+CO)(—1)

. 1=4A

. 3
. 9=12C C_Z

(), v, G

_ RN
xle—1Dx—4) x  x— e

. ’=_[ <:> (—1) X(ZZ dx

p
eV P G Pl

x—4

log[x|—log|r—1|+ log|x —4| +c.

¥ +x—1
5 Jx‘iﬁa dx

iLet[= ).’+A—1

x24x—6

Solution

(x* +x—6)+5
X2 +x—6

5
[H}?K'é]d"

1dx+5j_;dx

dx

h—-;\'v’;s

x2+x—6
Let 1 = L w2 + £
x24+x—6 (x+3)(x—-2) x+3 x-2

215
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S 1=A(x—-2)+B(x+3) J‘ 3x—2
: O et rowert
Put x +3 =0, i.e. x= —3, we get , G+D*x+3)
—1 :: Solution : Let I J. ol dx
o . O N iS¢ $ =|—=
1=A(—5)+B(0) SA=— ;’ (x +1)*(x +3)
Putx—2=0, ie. x=2, we get : 3x—2 A B (@
| Let ——r e 2 e, e 5+ ——
1 ! 4+ D*(x+3) x+1 x+1)?* x+
1=A(0)+B(5) S B== !
] o0 3 —2=Ax+1)(x+3)+Bx+3)+C(x+1)*
; 1 _(=1/5 (/9 | Putx+1=0,ie x=—1, we get
"t x—6 3 Tx-2 !
R ”( 1/’;) s | 3(—1)=2=A0)2) + B(2) + C(0)
3 1=j1dx+s”--_ L L de ,] 5
x+3  x-2 Jy=5=2B [ B= -3
1 1 !
=j.1dx—J’x+3dx+'fx_2dx | Putx+3=0, ie x= —3, we get
=x—log|x + 3| +log|x —2| +c. 3(—3)—2=A(-2)0)+ B(0) + C(4)
% BN, —limde \g=-1
4, Jfax | 4
(x—1*x+2) ]

Put x =0, we get
3(0) =2 =A(1)(3) + B(3) + C(1)

]

. . X
Solution : Let [= J‘mm dx

. x A B & N\ o \—2=34+3B+C
g o) | e 5.1
| x=A—1(x+2)+Bx+2)+Clx—1) PR, "2 ™ SRR
Putx—1=0,ie x=1, we get 3
9 ; b . —2=3A+3<—g)——14—1
1=A0)3)+BB)+C(0) .. B== 2
A DA Lp, 15,11 —8+430411 33
Putx+2=0,ie x= —2, we get { I AN L 4 ey
2 ;
—2=A(-3)0)+BO)+CO) .. C=—; s A=%
Put x= —1, we get, 11 5 11
~1=A(-2)1)+B(1)+C(4) v . 3x—2 (Z)+<‘i> (‘Z)
¢ .. 2 = 2
But B=! and C=—§ ; (x+1)2*x+3) x+1 (x+1)72 (x+3)
11 5 11
¥ (), (3
~1=-24+3-; L Im | (NALLN2) \ 4/ ax
‘ ¥l (x+12% " x+43
5 4 2 !
V2A= ——+1== S A== } 11 1 5 11 1
9 9 == | —— dx—= Py = | ——
9(/ s (-3l { 4,[x+1dx 2J(x+l) o 4fx+3
, x @19, (1/3)  (~2/9) | .
'(x—l)z(x+2)_x—1+(x—])2 x+2 =14]310g]x+1|—g-(x% —14—110glx+3|+c
1 1=J[(L?+,Q?Zi (—2/29)‘|dx [ 8\ ?"i]’+_ 5 ..
X = (1—) X+ _4 gx+3 2(x+1) i
g.p 1 1P v smn S ¥ f
—éj.;—_ldx+§J‘(A 1) %dx §Jxm+2dx ; 1
B
2 1(x—1)"t 2 x
=-log|x—1|+=- —-log|x+2|+c 1
9 3 -—1 9 Sululinn:LetI=J. — dx
x(x* +1)
_20 -x;l-‘———-+c ; X
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Put x5 =t. Then 5x* dx =dt

dt
4 g =20
x* dx 5

T
',—.[t(t+1) 5
__J(t+1)—tdt

t(t+1)
1 1 1
-éj(rm)‘“
1 1 i |
=5l [t [a]
1
5[log[tl—loglt+1]]+c
l
5

log +c=;log

t+i’

1
% J‘x(x"—kl) &

Solution : Let I =

1
f;(;nTn i

Pl 1
- | e
onx" " ldx=dt

P P
n

I_J;E
T HE+1) n

1 +1)—t
_EJ H(E+1) "

Putx"=t

=}‘[1og|t| —log|t+1|]+¢

1

=-lo +c—llo
. 8 o8

‘t+1‘

J‘Sx2+20x+6

5x% 4+ 20x + 6
X3+ 2x% +x

_J5x2+20x+6

Solution : Let I =J
ot )

I5x1+20x+6
=|————5—dx

x(x +1)?

|+e
x3 41

=it C
x"+1‘

www.saiphy.com

Let5x2+20x+6—/—1+ B
x(x+1)2 " x  x+1

©5x?4+20x+6=A(x+1)*+Bx(x+1)+Cx

Put x =0, we get

0+0+6=A(1)+B(0)1)+ C(0)

C
(x+1)°

Putx+1=0, ie. x= —1, we get

5(1)420( —1) 46 = A(0) + B (— 1)(0) + C(—1)

. =9=-C S C=9

Put x =1, we get

5(1) +20(1) +6 = A(4)+ B(1)(2) + C(1)

ButA=6and C=9

. 31=244+2B+9 . B=-—1

C5x2420x4+6 6 1

9

T 1P x w41 @D

6 1 9
: Youo| | Sz 3N |4
”:x x+1+(x+1)2:| %

\\, {1 1 4
—GJ—M—jmdx+9I(x+l) dx

X

=6log|x|—log|x+1|+9.

(x+1) !

9
=6log|x| —loglx+1| ———+c.

F+1

" A=6

+c

( ADDITIONAL SOLVED PROBLEMS -5 (D) j

1
1. Evaluate : [ SaZd dx.

Solution : LetI= J.S(l )

A —x3)+x3
=I ©(1-x) ¥

=”;31(T—f:7>+'11;-_
j‘[(1—x1((11+x+x2)+1_1—x

J(1+a +x? 73}) dx
(

1 1 1
“[(Erararrs)

dx

+

=[x"¥x+ [x° 2dx+J.;dx+'[

5. INTEGRATION
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2 1
x—+—+logltl+w+c 7.
2 1
-1 1
=»2x-i—§+log|x[—log[1—x|+c 9.
_]0 _.x___l~_1+c
T8 T T T 11
1+ log x 13.
% EVduate'Jx(2+log DG +log B
: 1 + log x 15.
S | e L4 =
olution : Let ] Jx(2+logx)(3+logx)
( 1+ logx P
J @+ log )3 + logx) X
1.
Put logx =t Jltdx=dt
,1_[ I+d L )P
S J+nB+ '
1t A B £ @
et ————=—  —— j
Q@+HB+1t) 2+t 3+t ;
4
L l+t=A@B+t+BR2+1) )
Put2+t=0,ie. t= —2, we get L
1-2=A1)+BO) .. A=-1 -
Put3+t=0,ie t= —3, we get 6
1-3=A0)+B(-1) . B=2
144 -1, 2 -
" B+HB+D 2+ 3
8
) -1 2
e[ Ja |
1 1 ! 9.
J.2+tl”+2J3+tdt {
= —log|2 +t|+2log|3 +t|+c 10,
= —log|2 +logx|+2log|3 + logx|+c. ,
11.
| EXAMPLES FOR PRACTICE 5.6 |
| 2
Evaluate the following integrals : :
3x—-2 dx 13
. f‘(\—_zm" 2 f pr. oo
5x +2 2x—1
. | 59— dx 3 : 14
sz—3x+2dx 4J(x—l)(x+2) =9
2242 15

d
- Jx(x—z)(x—4) o 5 J(:\ —1)(x+2)(x+3)

218

. 12]log|x —2|

. loglx —1| —

T2

NAVNEET MATHEMATICS AND STATISTICS DIGEST :

x—x2

x2+1
& [y

x2 = 4x+3

x? i

10. f(x+1)(x+z)z :
P4x—1

= (x+1)(x* +3x +2) as

” x3—4x? 4+ 3x+11
X2 4+5x+6

J7s
Jo=rerm
[&raran
[ixsd,

ke

log x
x(1 +log x)2 +log ,\)

dx

Answers
glog|x+ 1] +§log|x—2] +c

x—3

logx 2

|+

—7log|x—1|+c

1 1 1
S —glog|x—1|—§log|x +2|+§ log [x —3|+¢

loglxl——loglx 2[+ log|x —4[+c

iloglx—ll 210g|x+2|+ Iogl,\+3|+c

. x+5log|x—3|—loglx—1|+¢

3 1
. —x—iloglx—3|+§log|x+l|+c

—1—10
4 g

x+1

x—1

1
“HADT

4
s 120

log|x+1|+x+2

x—2

5
°8 m|‘a<x—_i)+‘

2
16

1

+1+log|x+2|+c
I~

1 T 2(x—1)?

2
+x—9log |x—2|+11log|x —3| +¢

. 2 log |2+ log x| —log|1 +log x| +c.
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| ACTIVITY ’ Textbook page 136 (c) %(1 +x%) +¢
Evaluate : - . dx. (@) ()
Ja-3-2) | i
g x—1 (4] [B] f
Solut : = + B 1 | }

o =2 e —9) " x~2) O Rt

x—1=A(x—2)+B(x—3) - ' 4
@ er+ Bl

[T+[=1]=[A+BJx+[-24—38] o @) | 4 ¢ 3log 3 ¢
§ 3 .

Note : Two polynomials are equal if corresponding | (c) log3(@)" +¢ (@) x* @)
coefficients are equal. For linear functions, this means = %2 B dv 6 ;
thatax + b= cx +d for all x exactly whena=cand b=d. | ™ J2x2+6x+5 =P )i iex+5 ¥

Alternately, you can evaluate equation (2) for various 1 I dx_ b el

2. 1 5 | e e ?
values of x to get equations relating A and B. Some values g g i
of x will be more helpful than others. (a) 3 (b) 3 (e) 4 (@) 2
=[4+8] :
i dx
—1|=| —-2A—-3B i \| =i
[=1]=] | i\ 5 j x—x9)

Continue solving for the constants A and B.
(a) log x —log(1 —x) +c (b) log(1 —x?)+c

A=|2|B=| -1
(c) —logx+log(l—x)+c (d) log(x—x?)+c
. ¥—1 - + !
U x-3)x-2) x-3) (-2 ; 35
N6 | —mg——= ="
. x—1 J j :' J(x—~8)(x+7)
i | e i | 2 dx .,
(r=g)x—2) A1 72) : 1, [|x+2 1. [|x+8
(@) —log |—|+¢ (b) —log |——|+¢
I=[21log |x—3|]|+[ —log [x=2|]+¢c 15 P lx—1 15 °|x+7
=2 log|x—3|—log|x—2| +c. 1 x—8 g -
(c) i log 7 +c (d) (x—8)(x—7)+c
— - — - - — T ~ . -13
( MISCELLANEOUS EXERCISE -5 ) 7. I(x +;) dx =i
' 1/ 1\
(Textbook pages 137 to 139) | (a)i x+;) +c
(1) Choose the correct alternative from the following : ¥+ 3x2 1
(b) =—-+—+3logx—z5+c
dx 4 2 2x
1. The value ofj‘rr — i8
N/ T h  owd 1
A | (c) 4—+—27+3103x+¥2+c
() 2/1-x+c  (b) —=2/1=x+c
! (d) (x—x 1) +c
(c) \/x+c (d) x+¢ ]
PR :‘ e
2. J’\,a""1+:r2 o f 8]( = v>dx=. ........
N A+ | o =
(a)z\/1+x +210g(x+\1+x)+c ! (a) & ﬁ+c (b)e"+?x+c
®) 20 +x2P/2 40 L (@ e trpre () etmpde
3 : 3¢ 3™

5. INTEGRATION
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9. [1—x)"2dx=.........
(@) 1+x) *+¢
(¢) 1—=2x)"'=1+c

(b) 1 —x)"t+4c
(@ @1—x)*+14c¢

(3 +3x2+3x+1)
(x+1)°

-1 -1\°

(d) log|x+1|*+c

10. 7 AL TR

(a)

(c) log(x+1)+c

Answers
1 () —2/1=x4¢ >

- - 1
2. (a) ; \/1 +x2+élog(x+\/1 +x%)+c

3. (b) oy +c¢ |Hint : Put x* =1t
’ 3-log 3 :
1 ;
4, - ;
(c) 1 |
1 1 i
- x+2 Z(4x+6)+§
’llml: ) dx = 3 dx.
2x*4+6x+5 2x“4+6x+5

5. (a) log x —log(l —x) +c !

1 x—8 )
6. (c) ﬁlog ’m‘+c

Xt 3 1
7. (b) Z+T+3]ng—?+c‘

3
’llinl:(x+1) =x3+3x+§+l’{_
x '

1
8. (a) b‘x-—@}'f'c

9. (b) (1—x) ‘+¢

-1

10. (d) x+1'+£‘

[Hint : x* 4+3x* +3x + 1= (x +1)?]

(I1) Fill in the blanks : !
Ljﬂﬁ+” S 64 |

LA TR X
241 "

xX2+x—6
Zj&fMZﬁ)

3. If f'(x) =}c+x and f(1) = g, then

2
@) =10g x+5+ orvrne

220

4. To find the value of

J w, the proper substi-

tution is .........

w

J%[]og x*|2dx =p(log x)* +¢, thenp = .........
Answers

1o

3 [Hint : x5 4+1=(x?+ 1)(x* —x2+1)]

N

. 4log|lx—1| [Hint:x?>+x—6=(x+3)(x—2)

2

o

[Hint: f(x) = .l+ dx =1 ||+x—z+
in .fx_J‘<; x) x =log|x 2 c

f(l)=loza;l+%+c=§ =2

2
2
S f(x) =log x| +% +2]

4. 1+logx=t
(log x)?
—

v

1 i _1 »2__1_ 2 _
b3 ‘Ihnl.xa(logxx) —xj(xlogx) =

(I11) State whether each of the following is True or
False :
1. The proper substitution for
[x(*)(2 log x + 1)dx is () =t.
2. If [ x €¥ dx is equal to € f(x) + c where c is constant of

2x—1)
2

integration, then f(x) is

3. If [ x f(x)dx =f£2’9, then f(x) = ¢*.

_(x —_l)dx
(x+1)(x—2)

A+B=1.

=A log|x+1|+B log|x—2|, then

5. For f(:—-:ll)" Fdx=e*f(x) +c, f(x) = (x+ 1)

Answers

1. True 2. False 3. True 4. True 5. False.

(IV) Solve the following :
1. Evaluate :

&
@ J‘Sx 6x +3

2x—3 o

NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XIT (PART 1) (COMMERCE)
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2_
Solution : Let I = Euczx—ix;de
5 -3
2% —3)522 —ferd { 203
5x 6x +3 2x+4
15
5X2—2x
-+
Zx+3
39
2x 4
- -
21
4

5 3 21
‘ B e IR —3)4. 9
. 5x2—6x+3 (21+4)(2x L)+4

”( 2)(2x 3)+—]dx

)

Jfpese L)

—J.xdx+ jldx+4 021 3d

_5x 3 21 log[2x—3|
2274 4 2
S5x2 3x 21

T+4+_1 g |2x—3|+c.

4

i) [Gx+1)%dx

(5;+1)9 N\ 1
X

Solution : f(5x+1 9d - 4+]
9
13
~(5x+1)9 +c.
1
(iii) ju+3 dx
Solution : J2x{+.3 A% log|2;+3|
1
=5 log [2x +3| +c.
(iv) 'f x,idx
NERE

Solution : J'li dx_J(" +4)— dx

\/x+4 V'x+4

|G )

J( e

—f(x+4 dx—oj'(x+4) zd‘t
(:\ +4)- (.1+4)2

HINCI

2
=3k +4)2 10/x +4+c.

(v) Tf /() = /x and f(1) = 2, then find the value of f(x).

Solution : By the definition of integral

Cfw=] f@de=f/x de

2 3
X 2
=——+c=zx%+4c¢c

3 3
2)
_ 2,2 2
. f(1)=5(1)2+c=5+c
But f(1) =2

.2 i ad
.3+C—2 ..C—3

3
", from (1), f(x)=§x2 +§.

(vi) [[x|dxifx<0

Solution : [|x|dx = | —xdx
x2
= —dex= —?+C

2. Evaluate :

(i) Find the primitive of Toe

Solution : Let I be the primitive of -

Then I =

Il
|
—_—
B
i
LY
-
-t =
a

—logle *+1|+c¢

1+e

(1)

e |

. [ 5 e *+1)= —e *and
dx

f'&x)
fx)

5. INTEGRATION
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dx =log |f(x)| +c]
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. ae*+be *

(i) fm dx

o ne* +be *
Solution : Letl=Jm dx

Put ae* —be * =t
c. (ae* +be *)dx =dt

1
% I=det=ft % dt

¢ -
= o (= ——— 4 C
=T
—
T af+be ¥

[ Note : Question is modified. |

(iii) 'f

Solution : Let l=j

|

Put2+3logx =t

L g
2x +3x log x
1
2x +3x log xdx
1 1
(2+3 log x); e

3
So—dx=dt
X

| &

% 1dJc:
x

.
i

1

3

t

W R @w
- =

dt

W =

J

log |#| + ¢

(iv) '[

1
§10g|2+3logx|+c.

dx

L

Solution : Refer to the solution of Q. 9 of Exercise 5.2.

Ans. 2 log|1 + \/;'I +c.

v) j

Solution :

2¢* -3

w1

7
Ans. —3x+ilog|4e"+1]+c.

3. Evaluate :
@ f _ o
N 4x* -5
1

Solution : J dx =1
Jai-5 2| |
[x2 —

N
x+ /x2—2‘+c.

dx

=% log

222

Refer to the solution of Q. 3 of Exercise 5.3.

www.saiphy.com

g5 dx
(s fm””‘

dx

dx
Solution : J

=
1

X2

2
3+x

1—x

—_X—

+c.

2
}1 log

(iii) J 92— 25
{ dx

3—2x—

1™
24x+41
1

x2

J

|+

1

Solution : f

1

30

\ 3x—5
& 3x+5

9x2-25 9

‘+c

2_5dx

9

1
x2 -

4=

0o [t
&4+ 13

Solution : Let I=J.

Put e*dx

=

1

1

JE+a+13

&

— dx
V& 4 +13
J. edx =dt

! = |
| JV/(t2+4t+4)+9

1
JE+22+

1} =

J

(3)? g

=log |(t+2)+/(t+2)* + 3)*| +¢

=log |(t+2) + /P + 4+ 13| +¢

=log |(¢* +2) + /¥ + 4¢* + 13| +c.

dx

W) J

Solution : Let I=J.

x[(log x)* + 4

1

log x—1]
dx

x[(log x)* +4 log x—1]

1

- J (log x)? +

www.saiphy.com

4 log x—1x &
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Put log x =t '.%dx:dt

1
1= (g

o L
T (2 +4t+4)—5

_J%l i
S+ -5

e

1 ‘t+2—\,/5’
=—:=lo, =4c
2/5 " lt4+2+4,/5
1 log x+2—./5
- &\L e
/D log x+2+./5

" dx
vi) js 1627

Solution : Js_d;xz =116J\£d—xx2 "
16
1
:RJ 5 2 dx
MZ) 2
]
J5
: ik
=i 08| 5|t
R Ve
X2 s~
1 0 g B e
8\/5 5 V’g_4x |
.. dx
(vii) Jm
dx

Solution : Let I = Jimz

_I 2 Ak
) 25—(log x)* x

Put log x =t }cdx=dt

. 1

— 1 -
T 2x5

log’5+l
5_1

i

+c

1 ‘5+logx+C
5—log x

10 %%
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er
(viii) J a1 dx
Solution : Let I = J@% dx

Put &=t

_ 1 1
.I—J.4f2_ldt—4

S Edx=dt

J‘ 1
1

2 —
4

dt

] %:1 +¢
8 l2r+1
2e*—1

0,
log
27 +1

_1
T4
2
T4

+e

[Note : Answer in the textbook is incorrect.)

. 4. Evaluate :
| () [(log x)2dx
Solution : | (log x)%dx = [ (log x)*-1 dx

L (logd)? I f [dix(log 21 dx] di

£ (log )2 — j [z ¥ x-a‘i Ko )% x] dx

= x(log %) — [2log x ¥ i it

= x(log 23 — 2 [ (1og/%)-1 d

= x(log ) — 2{(Iog (1 dx— [dix(log 01 dx}ix}
= x(log 2)* — 2{(log 22— Ll( X dx}

=x(log x)* —2x logx + 21 dx

=x(log x)* - 2xlog x + 2x +c.
Solution : Refer to the solution of Q. 6 of Exercise 5.5.

Ans. L-#c.
24x
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(iii) [xe™dx.

. d
Solution : fxezxdx = xfe”dx — J[E(X)jeudx}dx

1 1
=§xez"=§j‘e2’ dx

1

2

1

Bt e
xe 2%

:e"<;—3)+c
= <2x4~ l)e” +c.

(iv) [log(x?+x)dx
Solution : Let [ = jlog (x? +x)dx = j[log(x’ +x)]-1 dx

+c

= [log(x? +x)] j.l dx — J. [‘% {log(x* + x)}-_[dx] dx

( d
=”08 (3\'2 +x)]x~J m'a(xz +x) X x dx
1
= 2 e g %
=x log(x* + x) fx(x%—l) 2x +1)-xdx

2x+1
S 2 . -
=x log(x* + x) Jx-&—l dx

2(x+1)—1
x+1

=X Iog(x2+x)—f(2——'i—~> dx

x+1

=xlog(x2+x)—f dx

1
- 2 _
=x log(x* +x) 2_[1 dx+fx+ldx

=xlog(x* +x) —2x +log |x + 1| +c.

) [evdx
Solution : Let I = jm"”‘dx
Put \/x=t L oxmid
Soodx=2tdt

o D= [et2tdt =2 [ teldt

=2[t[etdt — j {‘%(t) je'dt}]dt

=2[tet— Il -e'dt)

i) [/x*+2x+5 dx
Solution : I\/;c" +2x +5 dx
=[P +2x+1)+4dx

= +1)* +(2)? dx

“EED e
(2)2] 2 2
£ ogl(x+1)+\/(x+1) + ()% +¢

=(1;;—1)\/§1+2x+5+

2 log|(x + 1)+ /x% +2x + 5| +¢c.

(vii) ].\/;2 —8x+7 dx
Solution : '[\/x‘ —8x +7 dx
=[/(x—4)? — (3)? dx

 (x—4)
N (x—4)*—(3)*—

2
% log [(x —4) +

=_(x;4)¢m—

9 e
5 log|(x —4) + /x> —8x + 7| +c.

(x—4)*—@3)*|+c

5. Evaluate :

. 3x—1 _

(i) J"Z;mdl

3x—1

e

g _8x-1 dx
T x—-1)2x+1)

~Bx-1 _ A B

(r—1Q2x+1) x—1 2x+1

S 3 x—=1=A@2x+1)+B(x—1)

Putx-1=0,ie x=1, we get

Solution : Let I:J

Let

3(1) - 1=A(@3) + B(0) ' 2=3A

Put2x+1=0,ie x= —1

5’ we get

=2[t-et—ef]l+c /1 /
3(——>—1=A(0)+BQ —§)
=2(t—1)et+¢ 2 2
~ s 5 3 5
=2(/x—=1) ev*+c ‘. —==—2B C. B==
(\/ ) 2 2 2 2 B 3
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w1 (3)

=D +D z-1"

), 6)

¥
,f -1 T2x+1

20 1 50 1
‘3J'xT1“{"+3,[2x+1'dA

5 log |2x +1|
3 2 +¢

|
-
N
=
+
—

@]

dx

=§log|x—1l+

?log|2x+1l+c.

2
=§log|x—l|+6

ST, G, 3
(ii)J‘Zx 3x 91+1dx

2x% —x —10

. (. 2. -
Solution : Let I = J% 5

2x?—x—10) 253 —3x2 — 9x+1(x—1

2x3— x2—10x
-+ 4+

-2 +x+1

—2x*+x+10

+ — -
-9

S 23 =3x2 =9+ 1=(x—1(2x%—x—-10)<9

oo [[=1)@x*—x—10)—9
'I‘H’ %2 —x—10 ]dx

=H(""1"7‘_§z"—i_16] &

9 1
=j(x—1)dx—ij—1—dx

x‘—-zx—-S

9 1
=jxdx—j1dx“§J(x2_1x+l)__1 y

x? 2x—5 -
2(x+2)| !

=——x+log 22('\Lt§)‘ +¢c,

bt x+2

= E—x+log 2){:5’+log.;2+cl

! %2 x+2
—c g

‘ + ¢, where ¢, =log 2+ ¢,

[ Note : Answer in the textbook is incorrect.|

1+log x
N .[X(3 +1log x)(2+3log x) g

1 Solution :

_ 1+log x

; Le”—_[x(3+log x)(2+3log x)dx
\ 1+log x -ldx
; ~ ] (B+log x)2+3 log x) x

! 1

. Putlogx=t ;dx:dt

! 141

Vo IE | e dt
J‘(3+t)(2+3t)

o 1+t A B

@+0@+3) 3+t 2431
S 14t=AQ2+3t)+B@B+1t)
Put3+1=0,ie. t= —3, we get
1-3=A(~7)+ B(0)

dx

2 1)
1+t 7). N7

© B1H243D) 341
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g) (1) qu: .........
IZJ[ Wy ]dt | (x+2)(x*+1)
3+t 243t !
: J‘P%dx=tan Yx+c (Given)
2 1 1 1 )
:§Ji+t’dt+§f’2'+é}dt . 1 Bx +C
> ¥ ,  Solution : ) = =7
! (x+2)x*+1) (x+2) (*+1)
lo |3+f|+“0g |2+’3t| ‘
5 3 L 1=AGE+ 1)+ (Bx+C)(x +2)
log|3+logx|+ log|2+310gv|+c Putx=—2,weget,A=l-

5

; ; ' Now, comparing the coefficients of x? and constant term,
ACTIVITIES = Textbook pages 139 and 140 | i

we get
L | 0=A+B
1. J.(xz_sx 4)2xdx
i and1=A+2C
Solution : 2x = C +_D_, )
i )} =t a2

L, 2x=C(x—4)+D(x—-1) N

—2 8 ? _x+
c==% D=z ; I . I
H l

= 2 (x+2)(x24+1) (x+2) (x*+1)

, : EE 1 ax Al IJ’L
‘J(x—l)(x—‘;)hd":f[(x-l)*(x—4)} % : I_Sj(x+2) 10Lr e 1 e

2 r s 2 [ 1 5 2,

J d ) = |5 log v +2] — 1 log [#? +1]|+[7 tan'x+c.
A1) ) ) X ;

-2 8 { 1 roat
=Tlog|x~1]+§log|x——4]+c 4.[fJ-x5+x = thenlhevalueofjmdx

_— — is equal to .........

2. [x (1+;\ YU% dx. -: x“+1—
Solution : J‘x x3f2 (1 +x5/2)1/2 dx Selution : I=J‘|7\_‘+ng]dx

=j(x5/2)2 x3/2(-1 +x5f2)l/2 dx

4 1 1
3 j =.[- dx—fm — dx
Let 1 +x%/2=¢ dx=dt | X X +x

I=|log |x| |~ f(x) +¢|

=5 f(t_l)z £ de I=log x —f(x) + ¢, where ¢, = —c.
_ 2
= [ =2t +1)"2dt
"5’ I i ‘ ACTIVITIES FOR PRACTICE
2 |
= & [(TF77at ~ [[287]a + [[77) ] | 342
! 1. Evaluate : | ; dx.
712 512 2x+1
PR ] B B
)6 G secsn+[]
’ (2 < Solution [2xk2 X i(2x+l)+ dx
201U n: w = (X
! J2x+1 2x+1
4 8 4 ;
) j2y7/2 _ 9 s5/2y5/2 4 /2y3/2 |
A+ 22— +82P 2+ 1+ 62 2 4 3+|:| i
2 2x+1
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3 1 i 1
=— |ldx+ v[—dx i =J‘—dx
2I I:I 2x+1 ! (x2+4x+4)+|:]
log |2x +1 ;
EY gy e At g | Ls f =J‘_1— "
[] .'. Vea+22+(C)p
3 !
=5 x4 Jlog2x+1|+c. | o=log |x+2)+[  Ji+e
B Taliidie =t P | 5. Evaluate : [x* logx dx.
. Evaluate : | ———— dx. !
V144" Solution : _[x’ logx dx=j(log x)-x2dx
Solution : Let I —f /—4.\" dx ’ = (log x)_fxzdx— J.[dix (log x) j‘xzdx] dx
V )

Put x" =t Soonx" ldx = dt ’ D J' 1 I:]

o=(log ¥)=— | === dx
dt ;& C1 /]

©oxt ‘ldx=|i] | 1 1
== x%logx —— ”:Idx
1 4t 1 ! L ]
= = [ (1 4+-4t) 2dt f D
Vi+a ][] P L1 sy 1
T =_—2X ng——'T'f'C
_ 1 atap ) Esl L
D ] g =|"i](|:]10gx+1)+c.
=[:| JT+4&" +c.
g 6. Evaluate : fe’(x+11)3dx
3. Evaluate : _fxs- a®+x° dx. ;
Snlutiun:LetI=Ix5' a3+ 2% dx Solution : Let I= jel 1)3 dx
=jx3-\/a3+x3-|:]dx , J-ez[(x+1)—[:]]d
o= ——A | dx
Puta®+x* =t C 3x%dy =dt (@ +1)°
o § =H;_Q}k
xdx=i ! (c+1? (x+1)°
s dt f 1
i1 1=j(f—03)\/t|i] ' Putf(x) ( +1)2
3 : S d A O
= ﬁ.[(tz_a%l:])dt v f(x)=a(x+1) =—2(x+1)"-(1+0)
3 3 ; _
ke T8 B T ; =
g T
5 )
1 g 2 I=Ie‘ [f(x) +f'(x)] dx

S | o L,

A O
=[]@®+x*)? - = @ +x})U+c.
I:' 7. Evaluate : J.Vr@ij dx.

1 [, 4
4. Evaluate : f——z—,; dx. : Solution : I\/9x —4dx=3 " x? 8 dx
VX +ax+29 J 9

. 1 2\2
Solution : | ————dx I 2% [
J«/xz+4x+29 > sf\/x (3) i
5. INTEGRATION 227
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+c

[/, s
=3‘T\/ 2—A~—log |x+E]I

I e o B
2 ] 3 6 ]

3 o ] |
=—-\/9x2—4———[log ’3x+[:]\—log 3]+¢
I: 3 ;

+cy

ZL.\/gxl_z}—‘;‘longﬂ:] +§log3+01

[]

X /4 —I:] log |3x +[ J+e

™ 3 | 9

where c=¢, +§ log 3.

2x

8. Evaluate : m dx.
2x i
Solution : Let [ = J‘m
Let 2 = o -2 +
4-3x—x2 (d+x)(1—x) 4+4x 1—x

L 2x=A(l—-x)+B@+x)

A=[_|B=[ ]
2 I g

I Arx 12

(i) =

Oas
—[:'log|4+x| —D log D+c.

C OBJECTIVE SECTION j

| MULTIPLE CHOICE QUESTIONS

Select and write the correct answer from the given

alternatives in each of the following questions :

(b) = /1—2¢ 2x+c

(a) ,/1—2x+c

(c) (1— 276) +c (d) -1 - 2x)2+c

] b
x—1
(c) log x| +1og [x —1| +¢ (d) log |x +/x* — 1| +¢

'[85 logx __ o4 logx

o3 logx __ p2 logx dx:ig
3

(a) log |x* —x*|+¢ (b) 2 +c

(c) ;+c (d) log|x(x—1)[+¢

. [ (2 loex 4 3% loge) gy g

g2 log x - o3x loga

(a) x*+a*+c (b) +—a—+¢
x2a+1 aax x2o+1 a2
(e) 2a+1+310ga+c (d)2a+1+log g
. Jexlose.e dx is
(a) (@ef+c W
log ae

(c) (ae)log ae + ¢

X

A\ 1 . 4 .
(a) k7 loge4) & _<loge7) 7k

1 o 4 5
®) (7 Iog,4) * +<log,7) HE

(c) A\ +c
log,7 log,4

4\, , 1\, .
@ (1557) 7 A ga) 4"+

4x+]_7x 1
N =AW

3 R
(a) Z(4x+1)1—2\/4x+1 +c

1 3 7
(dx +1)2 4+ \,/4x+1+c

®) 15

(c) ~-—(4x+ 1)1—-—\/4x+1+c

(d) g(4x+1)2—4\/4:c+1+c

J dx .
R = is
3x—2/x

(a) log|3x — 2\.1'3*| +c (b) % log |3x| —g log x| + ¢

2 o
(c) log|3x—2|+¢ (d) glog ’3\,-/.1—2}+c
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dx
0. [rmis
x4+

10.

11.

12.

13.

14.

1 | 1 1-n 1
(a)}—iloglx|+c (b)mlogpc +1+c

(c) log|x"+1| +¢ (d) %loglx"+1l+c

2%
J'(Zx+ I 4

(@) 5 loglx-+1/+

1

22x+1) 7€

(b) 1lo l2x+1|—~~1 —<opC
2 %8 22x +1)

1
—~+c

(¢) 210g|2x+1|+2(2x+1)

1 2
(d) ilog|2x+1|+2'x;~ -+c

+1
1
J’—C-logx Ao
(a) log(log x)+c (b) %(log x)?+c
(c) 2logx+c (d) log x+¢

j'e3 logx(x4 +1) " ldx=.4a.0.

(a) %log(x“+1)+c (b) —log(c*+1)+¢

(c) log(x*+1)+c  (d) —%log(x“+1)+c

J 4x +1
Voxi+x-3
(a) J/(2x*+x—3)4c¢

dx is

(b) log|2x* +x —3|+c¢

1 x2+1
(b) ilog( po )+c
1 ) 1 x
(c) Iogx+§10g(x +1D+c (d) Elog gy e

(a) logx—%log(x2 +1)+c

~

1

17. jf’”(log 2x + )dx— .........

(a) e log(2x) + ¢ (b) ¥*-log x + ¢

(c) ée”-log(Zx)+c (d) %-93’~logx+c

((4ei6e7*
9% — de
values of A, B are
3:35 3
@) 3% 2
3 -35 3 —_35
2

18. IfJ 5 dx = Ax + B log (9¢* — 4) + ¢, then the

(C) —E, 3—6 (d) "

18, Jlog(x +2)—log x

x(x +2)
(@) = (log )+c
(b) [log(x +2)—log x]* +¢
2
(c) —%(log J—(+—2> +c
2
(d) —%(log 2) +c

20. [x%-e dx=.........

x+2

(a) %(x2+1)e"3+c (b) (2 +1)e +¢

i 1 2 2 S
(€ 227 +x—3+c (d) ;log|2x2+x—3|+c (€) (6 =De4c (@) (*-1e +c
x+2
21, dx is
J" 0 J‘\/xz—l
x*(1—3x) —
(a) 2/x2—1+¢
@) =2ist0gl L+ e [ | )
A TR TB|I T | T¢ %813 " ¢ (b) log|y/x*— 1] +¢
(c) log|; "+ xs,‘H (d) 3log 1—”3_‘+c () logle+ o/ e |
—2 R (d) Vr\’ —1+2|og|x+\/x2—1|+c
14+x+x k dx
. If‘[‘—a-(md z+l]0gl+ ""'C,t]'len 22, fm— .........
(a) k= —11—1 (b)k——ll——l () 1 1 +c (b)ll |x7+3|+¢
a = 2/ = e 2/ e og 7+3 7 0og b
1 1 x7+3 1 .
(c) k_i =—1 (d) k=§ 1=1 (c),?log = ;+c (d)ﬁloglx +3|+c
5. INTEGRATION 229

www.saiphy.com



www.saiphy.com

L o T ; -
23. J’de= ......... 15. (a) k= —i’l=1
1 :
(6) Togle*t el e () log izl —pas e 16. (a) 10gx—%log(x2+1)+c
% 1 1+x 1 ; .
c) log ’1 +x -2__{"’*‘6 (d) log |—— —?4- ; 17. (c) 583"'10g(2x)+c

x i ? 3 35
24, If J‘(}f——[ll)az_tzz) dx = klog( ‘*EE)-FC, then 18. (a) —51376

2
19, (c) 4 logx+2> +c
(@) 50 (b) » b
VT b? — a2 !
. 20. (c) —1e+c
(e} st (45 s
2(a? — b?) 2(b? —a?)
=¥l kil 21. (d) Jx “1+2loglx+ /X —1|+¢
25. If [x? logx dx = kx® logx + Ix* + ¢, then 1 o
1 1 1 1 22, (a) = log|——— ‘+c
) Y A A 21 +3
(a) k 3,1 9 (b) k 31 9 ' \
1 1 1 23, (b) log —‘——
R — = pp—— = = — H 1 + sz
(¢) k 5! 5 (d) & 3 1 -3 :
! 1
Answers 24. (c) 2@ —1%)
1. (b) —/1—2x+¢ 55, (d)k=£,l=—1.
x—1 3 9
2. (a) log Ti‘H ¥ \\ v - i |

s ; TRUE OR FALSE |
x |
3. (b) —+c

3 State whether the following statements are True or
2a+1 X

X False :
4. (c) Y loga+c o o
Gy | A [ LR e
5. (b) - i g Vf(x)
! 1
1 N i 4 Ny i Z.J log] /2x —3|+c.
6. (a) (7 lo&4> 4 (log,7) 7=*+c f /Zx—
' 3. [log x dx=x(1+log x)+c
7. (¢ ) (4».\!+1)2 \/4x+1+c ! - A
) 4, Jc’<— )dx=—+c.
2 ) X
Soldy ghoslaue~2lie 5 g e bog[ %
1 ! G+Dx+2) "2 B a1 |TC
9. (b) —— loglx' "+ 1|+c n+1
1—n 6. _[(ax+b)"dx—(nx:f)i——+c (n#—1).
1 1 '
10. (@) 5 logl2x + 1+ 3 gy + ; 5a5+1) ., 5.,
70 | o A% = X X2 5 0
1 § x441 3
11. (b) i(]og .\') +cC dx " 3§ 3
8.-[—;*; ==3|x2—=(x—2)% [+¢
/x+\/x—2

12. (a) %log(x“ +1)+¢

3x? 3
9. f dx=.\/1+x*+c.

1+x3

X ) —
m +C . 10. J-\J/Xz—az dx =

13. (c) 2/2x*+x -3 +¢

1 —
14. (a) _§+3]°g VXt —a? + Ioglx+\/x2—a2|+c

2
2y
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Answers 8. Ixze" A =sswizsvsa
1. True 2. False 3. False 4. True 5. False
xe*
6. False 7. True 8. False 9. False 10. False. 9. j -»A—», AX =i
(1+x)*
‘ol
FILL IN THE BLANKS 10. jx:-é [14+@+2)logx+2)]dx=.........
Fill in the following blanks with an appropriate Answers
words/numbers : )
1 1. — 7 +c 2. log |f(x)| +¢
1. [ = dX = veienine Vit
J x/x ¢ 4 31
,\ 3.2log|1+\ﬁ|+c 4, ——x+ - logl4c* +5|+c¢
['f (x) 5 20
2 Ax=.c.oeres
8 e 23 \‘2); +e 6 M-
[ 1 A\ S L ") ¢
3. = X =i
Jx+4/x 3 y
v 7. log (x— )+\,-f"x2—3x+2'+t
4 J‘Se’ =4 dx .
4¢F 45" T 8. F(x?—2x+2)+c
— 2 - X
5. (2 /1= dx=......... 5. i:‘_\.+c 10. Viog (v +2)+ ¢
1 i 1
6. J‘m dx=.......f

dx
7. Jm— .........

o
'
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# Important Formulae
6.1 Fundamental Theorem of Integral Calculus
6.2 Properties of Definite Integrals

# Objective Section
Multiple Choice Questions
True or False
Fill in the Blanks

IMPORTANT FORMULAE

< Je

1. If [ f(x)dx = g (x) + ¢, then

b
[ fx)ax=[g ()]t =g (b) - g (@)
b b b
2. [[flx) £ g(x)] dx=[ f(x)dx £ | g (x) dx
b b
3. [ k-f(x) dx =k [ f(x)dx, where k is a constant.
4, }f(x)dx=0
b b
5. [ flx)dx = [ f(t) dt

b a

6. [fx)dx= —[ f(x)dx
a b

7. If a < ¢ < b, then

f[f(x)dx=}f(x)dx+3f(x)dx
8. ff(x)dx =_|Qf(u — ) dx

0 0

b b
9. [f(x)dx=[fla+b—x)dx

10. Iﬂ fx) dx = I [f(x) + f 2a —x)] dx
0 0

_‘f flx)dx=2 }f(x) dx, if f is an even function
0

~a

11.
=0 , if fis an odd function.

232

DEFINITE INTEGRATION

INTRODUCTION |

We have studied indefinite integration in chapter 5.
In this chapter, we shall study the integrals of

functions which are defined over an interval [a, b],
b
ie. [ f(x) dx (read as integral of f(x) w.r.t. x between

x=a and x=Db).

6.1 : FUNDAMENTAL THEOREM OF
INTEGRAL CALCULUS

)

The Fundamental Theorem of Integral Calculus provides

b
an easy method of evaluating [ f(x)dx. The theorem is
stated below and we accept it without proof.

If a function f is continuous on the closed interval
[a, b] and [f(x)dx = ¢ (x), then

b
[f)dx=[o ()= (b)~ (a).
a and b are called the limits of integration, a being the

lower limit and b the upper limit of integration.
Note that the indefinite integral [f(x)dx is a function

b
of x but the definite integral [ f(x)dx is a real number.

The definite integral does not contain the constant of

integration. We can easily verify this as follows :
Let [f(x)dx =¢ (x)+ c. Then
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Jf)dx=[o (x)+cl;

=[# (b) +c]—[¢ (a)+c]

=¢(b)—¢(a)
Results :
If fand g are integrable functions of x and k is a constant,
then

b b b
1 J[f(x) g ()]dx = f(x)dx + [ g (x)dx
2. }kf(x)dx:k}f(x)dx.

| EXERCISE 6.1 | Textbook page 145
Evaluate the following definite integrals :

9
1| ~1v, dx
44/x

Solution : j — dx = j‘c zdl
4\/1
1

xi 9 ./’“ 9
=|:m:|4=2[VX]4
=2/9-/3)

=2(3—2)=2.

3
1
25*5

3

1
Solution : 1 — dx
2A+S

=[log|x+5|] .

=log8 —log3

el

3
. X
3. ixi—rl dx
3

%
Solution : [ ——— dx
J; x2—1

[ F(x —1)=2x and

f

_loglf(v)|+c]

1 1 8
=5 [log@—1)—log(4—1)] =3 log(5>-

1
2
x44+3x42
Solution : j ciil dx

0

x? 3x 2
—=+—=+—= | dx
VX \/ X X

3 1 1
(x24+3x242x 2)dx

]
(SN B Y &Y

3 1 1
12 xl
+3<3/2)+2(i/2)]
0

3 L1
+2x1+4rz:|
o

I
O w
L

\

N

X

3

(12 +21)2 4+ 4(1)2 ]—(o+o+o)

(S0 5 U'IIN

1
QN e ——— ©

+
N
+
'
Il

|

3 x dx
&£u+mu+m

A x
Solution : Let I = —————— dx
. {(x+2)(x+3)

Leth—z———-=—A—+—B~
(x+2)(x+3) x+3 x+2
x=A(x+2)+B(x+3)
Put x +3=0, i.e. x = —3, we get
-3=A(-1)+B(0) JA=8
Putx+2=0, ie x=—2, we get
~2=A(0)+B(1) “B=-=2
: x 3 (=2
TG+ +3) x+3  x+2

3
. 34213
-’-Hxa*uz I"-‘
2

=[3log(x +3) —2log (x +2)]Z
=[3log(3+3)—2log(3+2)] -

[3log (2 +3) —2log(2+2)]
=3log6—5log5+2log4
=log6® —log5® +log4?
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=log216 —log 3125 + log 16
log (216 %16Y _| 3456)
=08\ 3125 )T %B\3125 )

x* +6x+5

2
6 | et
1
P4
1 X2 +6x+5

_} dx
TG 46x+9) -4

Solution :

2 1
=l evar—er

=11
‘20)[°g
i)
=7 1085~ logg
l 3 6 11 9
=5o8(573)='8()

dx

xf3—2
x+3+2

x+1172
x+5]|],

L |
],='4[‘°g

a
7. If | (2x+1) dx=2, find the real values of ‘a’.
0

a
Solution : Let I=[ (2x+1)dx
)

o5,
=a*+a—0=a’+a
. I=2givesa* +a=2
Lat+a—-2=0
L @+2)a—-1)=0
', a+2=0 or a—1=0

=-—2 or a=1.

"
8. If | Bx? 4+ 2x+ 1) dx =11, find “a’.
1

L ad+at+a—14=0

@ —-8)+ @ +a—6)=0

L (@—2)@*+2a+4)+@+3)a—2)=0
L (@—2)@*+2a+4+a+3)=0

o (@—2)@*+3a+7)=0

“a—2=0 or a*+3a+7=0

3+ /538

4 =2 =
a or a 2

The latter two roots are not real.
. they are rejected.
. a=2

iiﬁﬁ

Solution :

.[ 1

0y l+t+\/;c

=jl' \/1+x—\/x
o./1+;\+\/x \/l—x—\/x

NVARELNLN

1+>. —-x

(V1 x—\/;c)dx

l

(1+ x)zdr — Zdr

"_
. @)
[( er);];—3 x2 0

@2 -1)-3(1-0)

(1 + x)2

!
1
i
/2
3

20
3
2

(22—1—1)_7(2\/2 2)

4
. L ==(/2=1).
Solution : LetI = j (3x2 +2x + 1) dx ! 3
1 } _—— = =
x3 x? a /
= - 2( - 1
3(3)+ (2)+x]1 Ojgx_ldx
=[x3+x2+x]a Solution :
5 2 3x
=@ +a+a)—(1+1+1 T di= [ it
( feut ) " j e
=a*+a*+a-3 dt
Put3x= JL 3dx =dt Sode=—
. I=11 gives a® +a? +a—3=11 utor=t — =3
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Whenx=1,t=3x1=3
When x =2, t=3x2=6 )
6 | 1 If f(x) = a+ bx + cx?, show that

- ( ADDITIONAL SOLVED PROBLEMS 6 (4) |

6
t dt 1 2t )
) I= Kz dt b :
Jt’—l 3 6Jt2—1 : jf(x)dx=1-[f(o)+4f<1>+fu)].
3 3 o 6 2
1 6 d ) 1 1
= —[logl tz—li] [ — (t2—1)=2t] I Solution : [ f(x)dx = | (a+ bx + cx?) dx
6 s dt { - % °
1 " 1 1 1
= [log 35 —log 8] o o=a(ldx+b [xdx+c|x?dx
6 0 0 0
“110 (35> _[ax+l£+c‘£~|l
=% O\.8 f— 2 Bl
Alternative Method : : b ¢ 2
: .: =a+i+§ (1)
3x ) !
Lﬁ dx ! Now, f(0) =a +b(0) 4 c(0)* =a
f .
‘ 1 1 1\? b ¢
2 ) | =l Y = b - L o
1 18x ; f(2> a+b(2)+c<2> “hgls
=—J - ]dx {
il s [ andf()=a+b@)+c@)P=a+b+c
= |4 |9x2 —1| i I\ 1Lf(0)+4f(1>+f(1)]
6 8 ol ! L6 2
1 2 e ,@ e ‘ _l b ¢
.“[.dx(9x 1)—18xandjfx)dx—]ogv(x)|1 —6[u+4(a+§+;i>+(a+b+c)]
1 }
= [log 35—1log 8] j =é[a+4a+2b+c+a+b+c]
L. (38 ' ¥
=% \g/) =6[6a+3b+2c]
3 | =“+§+§ )
11. Jlogxdx ]
' ... from (1) and (2),
4 ) Pl 1 1
Solution : Jlogxdx=J.(log x)-1 dx g f@x) dx:g \‘f(o)+4f(§> +f(1):|
1 1 ry
3 L dx
3 d i 2. Evaluate : | ————.
=[(log x)lj‘ldx]l—”;a(log x) 1 d,\-— dx ; ° \/xz_x+1
1 { 1
3 ! . - dx dx
i Solution :I — _—= | ———— -
3 1 t v
=[(]ogx)x]:—jrxxdx 5 0\/;2—’-"‘1 \/(xz—x+-1>+3
l' ! 0 4 1
3 } 1
(3 log 3—log 1) Ild =
=(3 log 3 — lo - X = =
1 1 | ,.(—1 2 [ /Ay
s 1 S \/ X—i +(““2)
=3 log 3 —[x]; w [ log1=0] | A
o))
=log 27 —2. ! 2) N 2 2 o
: 1
[ Note : Answer in the textbook is incorrect.| | = [log (x—%) + /% —x+1 }
: 0
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=log

%+\,f'1—1+1‘—1og‘—%+\ﬁ|

=log§—log;=]og3.

[

§

3. Evaluate : J; 2;4; 5
1 } 1
x? +4x — 5 5 (0% +dx +4)— 9

5
Solution : j
2
1

|

1
4. Evaluate : | log i+
0 1+x

1log(1 +x)
1+x

dx.
Solution : Let I = I

og (1 +x) —dx

ov.—,»—

Put log(1+x)=t

1
T
Tl

When x =0, t =log1=0
When x =1, t =log2

) log2 2 7 log2
= tdt—li]

0 0

1 1
= il(logz)z —-0]= 3 (log2).

2
=4e? —2[{xe’}; — [ 1-¢* dx]
0

2
=402 —2(2e*—0)+2 [ ¥ dx

0
=4e2—4e2+2[e‘]g
=2(e*—1).

3 dx
6. Evaluate : j' ‘:\_ D

le

3
Solution : Letl—-—j
2 X
Put x® =t L Bx%dx = dt

x%dx =

w8

When x=2,t=8
When x =3, =27
A T
\I=!l o3

127 g—(t—1)

R Lo me
31 - ¢

1 1
(t—1_7>dt

=_[log |t —1|—1log |t|]

j|2’7
8

s(a7) -5 s)]

26 8 1 208
log| 577 ) =318 {1 )}

ey
wo—

I

1l
Wi Wie W wua w =

g DN e

{\ EXAMPLES FOR PRACTICE 6.1

)

1. Evaluate the following definite integrals :

Loodx - dx
2
= Fe—== QS —
5. Evaluatezgxze"dx. . 0/x+3 'i Y+ 1—/x
‘ 1 2 1
2 2rd ! 3x — 4 +1 . 1
Solution : gx‘e" dx=[x* ¢ dx];—j; I:d?(xZ)jex dx] dx @) j. \/x dx @) £2x+5dx
2 3xd4+2x -2 44x2 -2
(2,12 " & T s A
—[). e"]o—gbe"dx (5) £ x3(x—1) d (6) £ x3 dx
2 5 2x dx 2 1
= (4e? ~0)—2[ x-e* dx Neeo  O@loa—a®
=4¢? —2[{;\*[6‘ dx}: —_2[ (i (x) (e‘dx) dx] ©) } /L (10) I xe™dx
! 0 To\dx 0 /x*+2x+3 0
236 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)

www.saiphy.com



www.saiphy.com

2
(11) | x logx dx
1

1
e 2 1
20y =
(13) _[ (log x)*dx (14) jl' GIDETD) dx
3 1
(15) j (x + 1)(x +2) s (16) '1[ x(14+ rz)
. Evaluate the following definite integrals :
dx 1
W { x(log x)'73 @ I x(2+log ,\)2
(3) j 221 - x’)’dx (4) [ x5 /1 —x? dx
0
x5 log 2 o dx
© | i & © | s

b
() If j x*dx =0 and [ x*dx =§, find both a and b.
a a »

k

(2) If | 4x*dx =16, find k.
0
4

(3) If I (3x2 + bx + 5)dx =93, find b.
1
2

(4) If [ (3x% +2x +4)dx =32, find a.
a

1
(5) If | Bx*+2x +a)dx =0, find a.
0
Answers

w2e-5 o ok

(4) ; log (Z)

(7) 4 log (Z) (s) (5 +4/17 )

5~4/17
5+3\/3

©) log (1+\/3> (10) (30 +1)

1 e
(12) 5 log (i)

5
(5) log 2 + % (6) log 20

3
(11) 2 log2 X

(13) e~2 (14) | log<6>
(15) log(ﬁ) (16) log 3 — % log 5.
log 2 2
W0 @B @
8 8 1 6
@iz O (©) 5 log (3)
. a=—-1,b=1 @k=2 @b
4) a= -2 5)a=—

[6.2 : PROPERTIES OF DEFINITE INTEGRALS)

In this section, we shall state few properties of definite
integrals (without proof) using which, we can evaluate
definite integrals without finding the antiderivatives or

primitives.

Property 1 : jf(z) dx =0
b n
Property 2 : [ f(x) dx = — [ f(x) dx
] ]
b b
Property 3 : j'f(x)dx: [ fByat

b c 13
Property 4 : [ f(x)dx=| f(x)dx + [ f(x)dx,

wherea <c<b

Property 5 : }f(x)dx = }f(a—x)dx
0 0

Property

b b
60 [flx)dx=] fla+b—x)dx

~3

Property

20 a
o[ f)dx = | [f(x)+f(2a —x)]dx
0 )

a e
Property 8 : [ f(x)dx=2 [ f(x)dx, if f is an even function
-a 0

=0 , if f is an odd function

Note : f is an even function if f(—x)=f(x) and f is an
odd function if f(—x)= —f(x).

| EXERCISE 6.2 | Textbook page 148 |

Evaluate the following integrals :
9,3
1. | - 5 dx

Solution : Let I = I == dx

3

Letf(x)=4——_- 3

3
f( =x: ) — —_:‘—
", fis an odd function.

9
[ ) dx=
-9

9 3

, X
ie. :[94_x2 dx=0.
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a 3
2. [ x*(a—x)*dx
0
Solution : We use the property

}f(x)dx = }f(a — x)dx
0 0

2 j“' x%(a —x);dx=} (a—x)*@—a +x);dx
0 0

Q 3
= [ (a® —2ax + x*)x? dx
0
P 3 5 7
= [ (a®x* —2ax* + x*)dx
0
a 3 a 5 a 7
=a? [ x2dx—2a [ x*dx + | x*dx
0 0 0
5 14 7 )4 9 4
xl xZ x2
=a?| —| —=2a|-=| +

HINRIGINE))

4.

5 /;
N7 dx
£\/§+«/7—x

Solution :

5
LetI= VE dx )
':‘!.\/x—k\/?—'r

]
We use the property, _[f(x)d:t = .\'f(a +b—x)dx.

Hence in I, we change x by 2 +5 —x.

\/2+5

245- x+\/7 -2-5+x

} \/7 w2}
2

I—f dx

V7= A+\/\'

Adding (1) and (2), we get

! Y
2 7 9
—ZLIZ Ol—g[a1—0]+g[a2—0] | =?}/x+\17—xd
23 4923 12 4 2\ C\ ivetalr—
a a4 -at= < —) i 5
5 7 9 779 V=Y x—[x] =5-2=3
126 — 180+70 a; E % ; %
= 315" i § 7\®
_ — — - T ] 2
| ¢ \/; 3
x+5 . Hence, | . dx==
3. 3 'y S 2
[ Wy
Yx+5 2 fo
Solution : Let I= I—— . (1) 5 N dx
1 \/x+5+ > 9 {\/3:+\/;
We use the property, jf(x)dx: ].f(ﬂ +b—x)dx Solution : Refer to the solution of Q. 4.
‘ \ ' 1
Hence in I, we replace x by 143 —x. ﬂ Ans. 5
1= J1+3-x+5 {7 7 4
1143 -x+5+39-1-3+x Ve } LA
3 \1/9 ! z\/r+\,’9 x
=~[ Jo—x+ \/x+5 * i(2) Solution : Refer to the solution of Q. 4.
Adding (1) and (2), we get b ATIS 5 :
21—3 LS (LY | ’
Jrx+5+3-x  138-x+ ‘/*‘5' Ta¥el
oA
13/—5+\’9 v | 7£og<:c 1>dx
3/ ! 1 1 -
' \/1 ¥ +5+ Y 9-x Solution : Let I= [ log (} — 1) dx = | log (171’) dx
0 x 0 x
=_f1dx=[x]l a a
! We use the property, [ f(x)dx = [ f(a —x) dx
=3-1=2 0 0
. 1 (1 — ») 1
A 1= | log [%] dx = | log (l'x—x>dx
3 3/ 0 —x o —
Hence,’[x—+5dx=1. 1 oy 1 1
1 Yx+5+.9—x = —log(—)dx:—jlog(T)dx
0 0
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SoIl=—1 f' \,x+\,a—x
L= nI=0 S D~y e
1 1 ) é
Hence, | lo < —1)dx=0. = ] i P v p
6( B\ _g dt—[x] =a—0=a .. 1 5
: | Hence }L_ dx=2
8. | x(1—x)%dx “OxtJa—x 2
0 !
Solution : We use the property, 2

2. Evaluate : .[ f(x) dx, where

2
f(x): 3—-4x,x<0
34+4x, x=0.
) 2

0 2
Solution : Izj’(x) dx = j'zf(x) dx + {j(x) dx

Aozl e —dyas
0 0

1

B - —x)’dx:j' (1 —=x)(1—1+4x)°dx
0 0

=.1[ (1 —X)x’dx=f (x® — x6) dx o .
° ’ = [ (3—4x)dx+[ (3+4x)dx
2 0

y .
= [ x5dx — ( x5dx 270 272
§rde—le : =[3x—4-x—:| +[3x+4-’i]
3 | s 2 |
=l%6]l_lxﬂl —[0—(—6-8)]+[6+8]—0]
0 0 j =14 + 14 =28.

1 |
~<(1-0)~2(1-0)

2 2
3. Evaluate : |

2
. z y Y
6 7 2 i Solution : Let I= | ;;—ldx
) L, -
| Note : Answer in the textbook is incorrect. | e
1\ N N ) Letf(x):xz_l
( ADDITIONAL SOLVED PROBLEMS-6 (B) ) ’ (—x)? b2
o Thenf( x) ( X)z =ﬁ =f(x)
1. Evaluate : “ \/ \/5& ) b 2is an even fuznctlon.
0 /a+o/a /_x [ f)dx=2{ f(x)dx
0
Solution : Lctl——j e N - dx e (1) ‘ 2 2
o\/x+\/a—x i I=2I g o
b o X2 —1
a a
We use the property, [ f(x) dx = | f(a— x) dx. 2(x*—-1)+1 p
0 0 =2£ po
Hence in I, we change x by a —x. 2 1
J =2£<1+1~2_i)dx
1= i dx | 1, |x=17?
0 a—x+Ja—a+x _; =2|x+3l08[2 ] |,
n / - ) N | 1
T \/a—x+\/x !
i 1
Adding (1) and (2), we get =4+log 3
— } 2 2 1
[ I 1 -
A= \/J_i dx+j' Ja— > Hence, _jlxz_ldx—4+log3.
o\,x+\/a—x na/a—1+\/x }
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4. Evaluate : | x*/a®—x? dx. L2, (1) g (2) 3 3)2 (4 g
s ! 2 2 2
i _t s 3 b—a
Solution : Let I= | x3./a* —x* dx L3 M3 (@0 (3 & (4) S
a )

Let f(x) =x3,/a% —x?

(=)= (=232 —(—x)t= —x3/a? —xt=—f(x)

. fis an odd function.

[ f@dx=0 | MISCELLANEOUS EXERCISE-6 |

(Textbook pages 148 to 150)

LMo @0 B2 log(§>_s.

a .
ie. | x*/a*—x%dx=0.
2 (1

Choose the correct alternative :

/

. EXAMPLES FOR PRACTICE 6.2 j L 19 TR =
} (@0 (M3 ()9 () -9

Evaluate the following definite integrals :

1 3 2 ) 9 p _d£_=
1 (1) [ x(1—x)*dx @) | xz\/'IZ—X dx Tl x+45 U
: 9 ! 8 8
(3) 'sz 3—xdx 4) }xz(Z—x)g dx () _IOg(é) ®) Yeg (5)
0 0 ! 3 3
1 3 1 ) e — o
(5) fx2(1 —x)? dx (6) [ x(1—x)" ax. i (c) log (8) @) —log (8)
0 ) A\ x
=1 b8 dx= s
2.(1)j+—/;5dx 2 E%dx ! lxz_l/s .
0\/x / X 001X J7—x )
) log (= b) —log (=
L on() o ()
\/x+ Ja+5+3P—x 2 L (0 11og(§) @ Fhog S
oS ! 2 3 2 3
(4) j dx. 9 dx
c+ \/ ll +c—Xx 4, J‘j = osedbohee
4 X
2 1
\/12 X ( )9
3. ( v ! a9 (M4 ()2 do
£ \/12 a
) 5. If [ 3x?dx =8, thena=.........
@ [ g oo
H1+/46-2) @2 o ©F @a
) } W) o ’
2
“fl( )‘) g ...
@ ( i dx. pt
(x) +f(a +b—x) i 1 5 5 211
‘ @y ®; @y @ %
) |2 ()b & Ry 2
' j 4+x <y | 7.j'e”dx= .........
41
@ | 1:,2-dx. @e-1 B)l-e ()1-e (@ el
4
b
Answers 18 _“f(x) A
4 128./2 144./3 512./2 a ) b
1. (1) 35 (2) 10\5/ (3) 3; 69\3/ (a) {f(x)dx (b) —{f(x)dx
16 1 ! e
6) 35 (6 PR 5 (c) —{f(x)dx d) g_f(x)dl
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7

9. L . (I11) State whether each of the following is True or
o § g P en ol
7 b a
()7 (b)49 (c)0 (d) 2 b ;Ef(x)dx= —{f(x)dx.
# l [Note : Question is modified. |
10. f # A% scivives } b b
24/X+/9—x 2 [f)dx=][f(Hadt.
7 ®)2 (7 @:2 P 0
(a) - (b) C a
2 B 3. [ f(x)dx= [ fla—x)dx.
0 ]
Answers b b
|4 [ fx)dx= | f(x—a—Db)dx.
8 1 8 n 2
1. (a) 0 2. (b) log (= 3. (c) z log (= : " "
3 2 3 ! X
B s dx =0,
211 { s X447
4, (c)2 5.(a)2 6. (d) 7. (d) e*—1 ! 2 ™ 1
o I 6 [ — VE N W
X 5 1/3—x+ \/; 2
8. (¢) —[f(x)dx 9.(c)0 10.(b) >. 7 = 9
v 2 7 [T i
2 \/§+ L 2
(I1) Fill in the blanks : \ g ( (11 —x)? 3
2 ';,(11—x)2+x7' 2
1 g €= yyan0ss Andekss
o j.x Ao : 1. True 2. True 3. False 4. False
2 | 5. True 6. True 7. False 8. True.
w o\ "1
3. £ 2 +5: """"" (IV) Solve the following :
) 3
: x
& 5 DL
4. If [ 3x* dx=8, thena=......... ) 2 (x +2)(x +3)
0 | Solution : Refer to the solution Q. 5 of Exercise 6.1.
2.1
N LI i 3456
3 x i Ans. log <3125 l
3 ® | [Note : Answer in the textbook is incorrect.]
6. [ 5——dx=......... y &
2%°—1
- 2 x+43
7 j§ RL.. - ! "(x(x+2)
. 5 x +5 T e seassans » 1
9 3 ! Solution : Let I = il 3— dx
8 | - gdx= } x(x+2)
; e LSl |
’ ) "'\ﬁ —é+ B_
Answers ) x(x+2) x  x+2
G B B 211 | . x+3=A(x+2)+ Bx
e 5 © Put x=0, we get
3
3, %log (g) 3=AQ)+BO) .. A=}

Putx+2=0, ie. x= —2, we get
—-2+43=A(0)+B(-2)

1 8 8 i
4.2 5.2 6. -lo <—) 7. lo (—) 8. 0. ]
298 \3 &\3 { . 1=-28 .. B=-
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(g) (_1) . Whenx=0,t=0
x+3 2 s ! Whenx=1,t=1

2 dt 11
SI=fet—== [t dt
jetg=2]

3 12 1 L ten? —~f1e'd!

2
3.%1 5
2t e 2
-
3 2 1 ) 2 (c—O)— Ir’]
=5 llog |1} -3 [log |x +2[]} "2
. el
3 { = —— 3—1
=2(logZ—logl)—;(log4—log3) } 2 2(( )
8 1 g RN
2[0g2—~l()g4+ log 3 w [ log1=0] | 2 2 N
i VN2, 1 1
= (3 log 2 —log 4 +log 3) 5_{ezx<;_z7)dx
1 B N
5(1058 log 4 +log 3) ) Solution : Let I= [ ¢* (:\——
4 1
1 8x3) 1 ;
pes = i Put2x=t J. 2dx =dt
21g< 4) 2log6. ﬂ
| o AR N & ¢ Y . \\dt it
o d;\—2 and x=3

3
3. | x* logx dx }
1 ! Whenx=1,t=2

3 3 £
Solution : | x? logx dx = [ (log x)-x? dx ; Whenx=2 t=4
1 1 )
4 2V2N\Ndt 14
3 ! AR ) === [
= [(log x) | x*dx]} — | [%(log x)szdx:I dx f {"’ ( ) 22 J; f ( )dt
1 :
BN S %8 ! Letf(t)=g
_[(log x) (5)]1 —jl';c X3 dx ;' f
1 13 : . 1\ /-2
=5[x" logx]:—éj;xldx , Thenf(t)=2(—t—2)=72—
1 [P . g I8 i
=-[27 log 3—-0] — e [ log1=0] 1 o I=Z[ e [fO+F(1)] dt
3 3.8k | 23
1 i 1 [, 27
=9log3—=(27—1) , Lo =1 e ]
83-3 _ slefOl =5] ¢ )
26
=9log3 -, ; a2 22
9 ; 2 e X e sz
1 ] ol
sjden -
0 )
1ez2 3 1'(;2 2 9
Solution : Let [ = X% dx = x?exdx 1
‘ e - Ji
i/x
Put x*=t S 2xdx =dt i ; A
Solution : Refer to the solution of Q. 1 of Exercise 6.1.
2 xdx:ﬂ | Ans. 2.
2 -
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3
7. |
_jzx+5

Solution : Refer to the solution of Q. 2 of Exercise 6.1.

Ans. log (g)

%
8. ﬁx _ldx

Solution : Refer to the solution of Q. 3 of Exercise 6.1.

1 8
Ans, 3 log (5)

x* +3x+2

:

1
>
.Hnlulmn
32
Ans. 5
dx
\/;\+4+ /fx— x—2
j. dx
3 /x+4+/x—2
5 / A S5
,( 1 : ><\,Ix+4 V!,'\ 2 i
3/x+4+ /-2 Jx+4—=x-2

5
10. |
3

Solution :

}\/"x+4—\,’x—2
3 X+4—x+2
1
6

dx

[(x+ 4)2 —(x— 2)2] dx

5
|
3
3y 5
[(x+4)2_ (x—2)

) ).

1 ~ ,‘,5

9 x+4)2—x—2)2
=5/ (c—20]"

1 3 3

_ 2 2 —_ (72 —
9[(9 -3%)—(72-1)]
;<27 3,/3-7/7+1)
1 oz oo
=5(28-3,/3-7/7).

3
1 £x +1
3 %

Solution : Let l=.2[ - dx
Putx*+1=t | 2xdx=dt
. dt

.xdx_i

: Refer to the solution of Q. 4 of Exercise 6.1.

When x=2, t=4+41=5
Whenx=3,t=9+1=10

Loy Mldt 101
= {iz 2j - dt

[log |t|]

(log 10 —log 5) = Iog <10>

r—' Nir—- Nlu—l

log 2=log V

2
12. | a%dx
1

2 X372
Solution : _[xzdx= [ :|
1 3 1y

1

3

7
=5 6-1)=3.

1§
13. | Lax
4 X

Solution :

;[i%dx=[log [x|] i

=log | 1| —log | —4|

=log1—log 4

= —log 4. neme oG

log1l=

0]

! 1
14, | ——pdx
g./l+x+\/§

Solution : Refer to the solution of Q. 9 of Exercise 6.1.

Ans. 5(,/2-1)

% 1
15, | ————dx
x242x+3
4
Solution : I ——]—
x?+2x+3

4 1
[——xx
0/ (X2 +2x+1)+2
?_1—

0 /(x+1) +(,/2)
[ +12+ /21
=[log|(x+ 1)+ \/x2+2x+3|]0

=[log |(x + 1) + \/(

6. DEFINITE INTEGRATION
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=log (5+ \/27) —log (1+ \,f'g)

e (5 + 3\/3])

T44/3)

4
x
16. | 55—
{x2+1

Solution : Refer to the solution of Q. 11.

Ans. log <l7>

dx

1

1
17. (‘; 3 dx
. ~[log |2x -3/
Solution : 2‘) 3dx_|\¥__2—4|0
1
§[log|—l|—log|—3|]
1
=5 (log 1—log 3)

—% log 3.

5x?
18. [ —5———dx
§x2+4x+3

5x?

LetI= [ 5——— d>
<k 'l[x2+4x+3 3

Solution :

5(x% 4 4x +3) —5(4x + 3) "
x24+4x +3

[ _20x+15 7
x*+4x+3

20x+15  20x+15 A
x24+4x+3 (x+1)x+3) x+1

" 20x+15=A(x+3)+B(x+1)
Putx+1=0, ie x= —1, we get
20(—1)+15=A(2) + B(0)

5

' —=5=2A

Put x+3=0, i.e. x= —3, we get
20(—3)+15=A(0) + B(—2)

: . p 45
. —45=-2B B—2
) 1=

20x+15 \ 2 . 2
"x*4+4x+3 x+1 x+3

244

x+3

www.saiphy.com

5 45
=5[x]: +§[log |+ ll]f - f[log |x+3|]f
=52 1)+ (log 3~ log 2) ~ > log 5 ~ log 4

+-(5log 3 —5 log 2 —45 log 5 + 90 log 2)

N - N‘—‘

=5+_(5log 3 + 85 log 2 — 45 log 5).

Answer in the textbook is incorrect. |

[Note :

! 2
C X Jl.sur(1+log x)?
. [ log 1=0]
:LetI=

Solution

S0 7

dx
(
I 1

(1+log x)? x

£
.

Put1+logx=t 3 J—cdx=diL

Whenx=1,t=1+logl1=1+0=1

When x=2, t=1+1log 2
1+log 2 1 I+log 2
[ ad= |

1 1

i 1]l+lugz 1:|1+logz
Sl

N

! - _h +7iog—2v_l:|

" _ [1-(i+log 2)]
= 1+log 2

t2dt

y. 1

(1)
& log 2
1+log 2'

9
20.
£ +\/x
9
_—1_ dx
1

) Solution : Let I = £ 5 \/;
Put \/'E =t ie x=12
| odx=2tdt
When x =0, t=0
When x=9, t=3

ik J

—tht
ol+t
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Ara+6-1 1
_29)[ 1+¢ ]d‘ =;10g(1_x)dx . (2)
1 ; ’
=2j‘<1_1 )dt : Adding (1) and (2), we get
0 +¢ i
=2[t—log [1+4]; o [0 log1=0] | 21:}10g[1_xx X ]dx
=2[(3~log 4) 0] |
1
=6—2log4=6—4log 2. - jlog.dx—j[)ax @
' 0
ACTIVITIES | Textbook pages 150 and 151 8 48
4. I - —2dx
Complete the following activity : g l—x
b ! 5
1. If | x* dx =0, then f(x) = a2
a
pean ! _(—-x)’_ —x?
[z] - : f(_X)_l—xz.—l_—xzr
e ;
- 1 | Hence fisfunction.
"71(_)=0 e
- ([ -0 ) \
—=0 as a*+b*#0 ’ACTIVITIES FOR PRACTICE
L b=+4|al !
+[q] | /
L I £ .
' 1. Evaluate £x2+6x+5
2. Wx > LW AR dx 2 dx
2. ! Solution :
g4+x—xz ; '[ x*+6x+5 'I(x2+6x+9)—’:]
2 dx : ;.
_g —x2++|z| / 1(x+3)2 D
='2[ dx L /1 [logx+3—[j]2
! —x2+x+‘1i—+4 ] 1
= lesl)
2 I =—=]log |5 —longI
- dx Y,
1\? \/17 o i _L]
O - ;= og |.
(" 2) ( 2 ) A
1 0g(20+g\@7>
V17 °\20-4,/17/ Ly
N v | 2. Evaluate: | : = dx.
! 0 —-X
T
1 Solution LetI=j dx
3 jlog(——l)dx 0 /1—x%
0 )
; 1-x | Putl—x2=t |o—2xdx=dt e
= | log <—>dx e GLYF 8 P it I:]
0
1 1—-(1-2) When x=0, t=1
- fiog ()
gog( ) When x=1, t=0
6. DEFINITE INTEGRATION 245

www.saiphy.com



www.saiphy.com

jq =[log t —log I:'];o
1 ; = (log 10 —log |:|) — (log 2 —log D)
0o 1 1 ) — _

N S [tht ; =log[_]-log[ |
1 0 ‘ =log [:'

1-L 1 a =1£°<1 1 )dt

1 )¢ {
1| e 1 L - J' |
Akl T L ! 2—-x
E (2> . [:] ‘: | 5. Evaluate : j' log <2+x) dx
1 ] . 2 — X
=(1-0) _lj(l —~0) i+ Solution : Let I = j Iog dx
1 ‘ 2—x
=1 _li]:l:]‘ .: Lctf(x)—log( )
74 { : Then f(— a)—log[§+§- r;-l log (;iz)
3. Evaluate : [ log x dx. :
e _f g —
e e i . .
Solution : [ log x dx = [ (log x)-1 dx fis an :] function.
1 1 )
o 4 N 2= FN s
- ‘ ..I—_jslog(m)dz—:L
=[(log x) | ldx], — J[d—x(log x)-f1 dx:| dx
1 :
H 1
=[(10g -")I:I]e o % xl:]dx 6. Evaluate : _j'l f&x)dx, if
£ 1 )

flx)=4—3x, forx<0

=(e—|:])—§|:|dx

=3x+4, forx > 0.

e ) 1 E] 1
=8—U:Hl ! Solution : [ f(x) dx = j fx) dx + If(x) dx
i 1 AT [
=e-[]=[} s 1
- =] @-3x)dx+ | de
3 y ! O
2 ¢
4, Evaluate:fx(l+xz) dx. =l44’—3'DJD1+[3|:|+4[:|][1]

3 {
Solution : Let I !x(1+12) ! =[0—(D ]+[:|—0]
- A
R |
1 1 \
Put 1422 \ 2 J ! L OBJECTIVE SECTION )

Whenx=1,t=1+1=2 : MULTIPLE CHOICE QUESTIONS ’

When x=3, t=1+9=10 Select and write the correct answer from the given

- o 1 dt alternatives in each of the following questions :
3 Hl+1) } ¢ 2
10(1+t)—|:]d i If£(3x +2x+1)dx =14, then a=.........
= ——dt !
j,: t(1+1) ' (a)1 ()2 (c) -1 (d) —2
246 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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. If | 3x%dx =8, then the value of « is
0

(@0 () -2 ()2 (d) £2
9 ! s
[RYE - x A
4
10 19 38 38
(@) - (b) 3 (c) 3 (d) 9
2 1
£2x+l 5
(a) ;log 7 (b)log7 (c)2log7 (d)log7+1
5 x
_S 215 Axm e
15 1 15
(a) log ( 7 > (b) 5 log( 77)
15 7
(c) 2 log( 7—) (d) log <15)
2
{ Jxlde=.........
1
@5 ®0 @1 @3
L X
£x+x 7 it CIPIT
(a) log2 (b) 5log2 (c) élog2 (d) —élogZ
s L|: xlogxdx=........
1
(a) log2—> (b) 210g 2+
1 3
(C)ZIOgZ—Z (d)210g2—z
X ?(u b ) dx=1ii0nies
0
1 1
(a) log _lbg b (b log (ab)
a 1 L
© 1og ) @ fog a tiog b
Ifj'\/ﬁdxx_ TN - , then k is equal to
(@) V222-2)  (b) %2 2-2/2)
(0 222 @ 42

3

L1

12.
‘ 13.
14.
15.

b 16.

L 17,

|18,

19,

- 20,

je—x (1+xlogx)dx=.........
1%
(a) &

b) #—e (c)ef+e (d)1—¢

. 1 1
'![Iog x (log x)z] ——
(a) e—2 (b) e+2 log,e

(c) e—2log,e (d) e+2log2

- _\/x —_\/3 =% 4

1 1+%/3—x

@-1 ®0 ©1 @;
2a

.. s, N -

o f()+f(2a—x)

@0 (e ()20 @3
} /11 \/x = Ax =N Nioee
35 —x+\,x

3 7 11
(a) 5 (b) E (c) 3 (d) b}

5—x%

_f lcg(m};) dl ..........
(a) =1 ()0 (¢)1 (d)2
j \/ = dx is equal to

1-—-

1 2 3

(a) 1 (b) 3 (c) 3 (d) 2

?1o
dx is equal to

B —

og X
x
(a) . log(ab) log (b) (b) log (ab) Iog(Z)

(c) log (ab) log (Z) (d) ; log (ab) log(Z)

Jfla+x)+fla=x)]dx=.........

(a) é, fx)dx

=

() 2 () dx
0

2 2
() [ flydx  (d) [ fx)dx
0 a
'l -
j'xz\/'l—x dx=.........
(a) (b) (c) (s
ﬁ _ﬁ ﬁ 105
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Answers

L2 2 ()2 3. (¢) Sf

1 1. (15 5
4. (a) ilog7 5. (b) ilog(7> 6. (d) 5

1 3 1 1
7. (C) 5]0g2 8. (d) 2 |0g2—4 9. (a) i@—l(gb
10. (d) 42 11 (a) ¢ 12. (c) e — 2log,e
13.()0  14.(b)a 15. (b) ;
16.0)0  17.(b)~  18.(a) - log(ab) 1 (”

3 . 3 - (a) 5 log ab) log a>
2a

: 16
19. ¢)dx 20, =
(c) i!)f(x) x (a) 105

TRUE OR FALSE

State whether the following statements are True or

False :

1. If f(a —x) = —f(x), then }f(x) dx =0.
0

N

. If f(2a —x) =f(x), then 2j?f(x) dx=0.
0

1 5 1
3. ‘([x(l—x) dx=4—2.

=

=1

o

b b
. [ flodx =] fa—b+x) dx.

]

. [ fx)dx = —Ef(l) dt.

=

b b
7. If [ x*dx =0 and | x%dx =i, thena=1b= —1.
a a s

8. If f(x) = f(a — x), then j xf(x)dx=a }f(x) dx.
0 0

o

5 dx =log (\,,-"5 +1).
X

- 1
'g\/4+

10 B o a s
i T4x T8 '

Answers
1. True 2. False 3. True 4. False 5. False
6. True 7. False 8. False 9. True  10. False.

| FILL IN THE BLANKS

Fill in the following blanks with an appropriate

words/numbers :

1
1. If [ (Bx2+2x +a)dx=0, thena=.........
0

2

5. If f is an even function, then | f(x)dx=.........
a

k=2

3 5
x4 [ fx)dx =
1 3
8. j—j‘t’ de—: .........

5
10. | x*[f(x)—f(—2)]dx=.........
5

Answers
1 - 1

1. =2 2. 5 ~1) 3.3

" B
4.0 5. 2 f(x)dx 6. [ f(x)dx

0 1
7. odd Y G 9. 2007

e
10. 0.
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APPLICATIONS OF DEFINITE INTEGRATION

CHAPTER OUTLINE

# Important Formulae

7.1 Standard Forms of Parabola and their Shapes

7.2 Standard Forms of Ellipse
7.3 Area under the Curve

* Objective Section
Multiple Choice Questions
True or False
Fill in the Blanks

< IMPORTANT FORMULAE . (

1. The area bounded by the curve y=f(x), the X-axis

and the ordinates x =a and x =b is given by

- Ef(x)dx )

K=

b
j ydx

2. If the two curves y =f(x) and y = g (x) intersect each

other at x=a and x =5, then the area between the

curves is

b b
j’f(x)dx—_[g(x)dx’.

3. The area bounded by the curve x = g(y), the Y-axis and

the abscissas y =c and y =d is given by

d d
A= dey’= Ig@)dy‘-

| INTRODUCTION

We have studied definite integral and the properties
of definite integral in the previous chapter. The defi-
nite integral has many applications in Science and
Mathematics. In this chapter, we shall study the
geometrical application of definite integral, particularly,
finding area under the curve.

259
260
260

AND THEIR SHAPES

~ 7.1: STANDARD FORMS OF PARABOLA 7

1. y*=4ax . 2. y*= —4dax
dt 1Y : Y td
L(a ) Plx, v I
M " ' < |o|
: ' 5 Q
§ 2 : |
. : . x
X zZ ] 1S@0 X ! X S(-a0): 0 |z X
o : i ]
Il ' T
< \ - '
3 L(a,-1) :
® :

Y : ¥
.......................................... ' O RO, (L0 WO
3. x> =4dby 4. x*= —dby

Y Y
Zly-b=0
8{(0, b)
A — ) X 0
X o X L g6
Z|y+b=0 d
¥ Y'

....................................................................................

L (ae, I

7. APPLICATIONS OF DEFINITE INTEGRATION
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=
~

3. Consider the two curves y =f(x) and y = g (x) which

intersect each other at x =4 and x = b as shown in the

+35=1(a<b)

§|5‘.
9]
SIS

figure. Then the area between the curves is

{ b b
Bo.s | [ f(x)dx — | g(x) dx where f(x) > g(x) fora <x <b.
Y
+s
(0, be)
X
d { X 0 (a.0) 5.0 X
: b

‘ If the relative position of the curves is not known, then
[ 7.3 : AREA UNDER THE CURVE ) the area between the curves is

- b b
Jf)dx — [ g(x)dx|.

out proof) to find the area under the curve. { A\ %
Remarks :

Area under the curve : We state only formulae (with-

1. The area bounded by the curve y =f(x), the X-axis and

the lines x =4 and x =b i given by . 1. The area of the portion of the curve lying above the

b b / X-axis is positive.

{ ydx= { flx)dx. | 2. If the curve, under consideration, is below the X-axis,

ul ¢ then the area bounded by the curve, X-axis and the
lines x=a, x=>0 is negative. So we consider the

absolute value in this case.

b
Thus, required area =||[ f(x)dx|.

x O X

2. The area bounded by the curve x =g(y), the Y-axis

and the lines y =c and y =4 is given by

d @ ¢ :
[xdy=[3@)dy. ; Y
‘ c = 2 If the curve crosses the X-axis, i.e. some part of the

curve lies above and some part lies below the X-axis
Y

250 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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(see the figure), then we find the area of the regions
ABC and CDE separately by definite integrals. The
definite integral corresponding to the area CDE is
negative. We make it positive and then add the areas
of the two regions.

EXERCISE 7.1 Textbook page 157

1. Find the area of the region bounded by the following
curves, the X-axis and the given lines :
@) y=x'x=1x=5
(i) y=/6x+4,x=0,x=2
(iii) y=\/16_—x1, x=0,x=4

[Given: | /a® —x*dx=

:\m*zsm ‘(Z)andsin l(l)=§'
sin 1(0)=0.]

(iv) 2y=5x+7,x=2,x=8

(v) 2y+x=8,x=2,x=4

i) y=2+1,x=0,x=3

(vii) y=2—x, x=—-1,x=1

Solution :

5
(i) Required area = _|' ydx, where y =x*

-feac[5]

4
(iii) Required area= [ ydx, where y =./16 —x?
0

I

16 —x%dx

4

N

i ;
[ (]
: |: j‘ P —x?dx= m«&-{;—zsin"(g)]

=0+8sin *(1)—0—-0 .. [ sin 1 (0)=0]

sin‘1(1)=g]

8
(iv) Required area = | ydx, where 2y =5x+7
2

=8xg=4nsqunits. [

. 5x+7
1.e.y=T

]3
=§j (5x 4+ 7)dx
2

3
=
2
=1
20
1
5[160 +56—10—14]
1
= 5(192) 96 sq units.

4
(v) Required area = [ ydx, where 2y +x=8
2

ie.y= .
NN T
= [3125—1] = Sl sq units.
5 5 4/8x 14
={ (T) j (8 —x)dx
2 2
2 —
(ii) Required area = [ ydx, where y =/6x + 4 1 8 X
0 =27/ |,
2 2 1 1
=] 6x+4dx=] (6x+4) dx =51(32-8)~(16-2)]
0 0
2 1
_[6x+4? 17 =-(24 —14) =5 sq units.
3/2 6 1o 2
32 N
2
[(6x +4) ]o (vi) Required area= | ydx, where y=x>+1
[
1 3
=5l64—8] =[ (x* +1)dx
0
56 . #3 3
=-g 9 units. =[§+x]
0
[Note : Answer in the textbook is incorrect. | =9+3 —0=12 sq units.
7. APPLICATIONS OF DEFINITE INTEGRATION 251
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1 ) S 2 2 _
(vi) Required area= | ydx, where y=2—x? 3. Find the area of the circle x* 4 y* =25.
=1 — S—, 2
1 [Given : J\/az —x? dx:%f\,’a2 —x? 4 %sin ’1(2)
= [ @—xdx :
-3
. andsin"(l)=g,sin"(0)=0.]
=2[(Q—x%dx
0 Solution :
.. [ flx)=2—x?is an even function]

Y
31 B
3]
=2[2—%—0]
X 0 A(,0) x
()
=359 units. v

. . By the symmetry of the circle, its area is equal to
2. Find the area of the region bounded by the parabola

y* =4x and the line x = 3.

Solution :

4 times the area of the region OABO. Clearly for this
region the limits of integration are 0 and 5.

Y ' From the equation of the circle, y* =25 —x?%.

A In the first quadrant y > 0

L y=y25-12

.". area of the circle =4(area of region OABO)

5 s
=4 [ydx=4 [ /25—x%dx
0 0

;_’_‘"_2’§~*1’_‘5
v ; —4[2\/25 X\ + - sin (5 ]
Required area = area of the region OABO
=2 (area of the region OACO)

3 j
=2[ ydx, where y> =4x, i.e. y =2/x ! =4Hg \/25—25+2—253in’1(1)}—
5 !
3 { ) a
=22 /xdx 0 2D =y
: : 12\.23 0+25m (0)
3 1 :
i {42
4}," ¢ =4-§-E=25n $q units.
R 2
3 )

AT ¢ [ 5 .- T, _ ]
=] | = | v | osinT (1) =, sin ! (0)=0.
1 | m=3 )

g, 33 f
== [x2 2 .2

3%l 4. Find the area of the ellipse%+g~§=l.

8 ‘ . . 2 .
=5(3\/§_0) , |:Given g J \/az—.\'zdx=§v"a2 -x*+ a—sin“(i)

2 2 a

=8/3 sq units. and sin"(l):%,sin"(0)=0.]
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Solution :

B (0,5)

AR,0)0 X

o
By the symmetry of the ellipse, its area is equal to

4 times the area of the region OABO. Clearly for this

region, the limits of integration are 0 and 2.

From the equation of the ellipse,

2 2 442
L

25 4+ 4

=2
In the first quadrant, y > 0
5 o

y=i\/ —X

". area of ellipse = 4(area of the region OABO)

2

=4Jydx
0

=4 Jlg V4 —xtdx
0

2
= le' \A—xzdx
o
_1ol* a1 (2T
_1o[z\ﬁr‘§‘+2sm (2)]o
2
| [ s ()]

=1o[{§ J4—4+2sin! (1)} - {g\,/‘ﬁusm- l(0)}]

=10>\2>fg=107zsqunits.

ADDITIONAL SOLVED PROBLEMS-7

L

1. Find the area of the region lying in the first quadrant
and bounded by y =4x%, x=0,y=2 and y=4.

Solution :
The equation of the curve is y =4x?, i.e. x* =%

1

C VY
e 2

» |0
(]

Required area = area of the region ABCDA

-

4 Jy
= [ xdy, where x =~
2 2

2. Find the area under the curve y =3 —2x—x?, up to
the X-axis, bounded by the ordinates at x= —1 and
x=3.

Solution :

Whenx= —1,y=3+2—-1=4

Whenx=3,y=3-6—-9= —12

This shows that some portion of the curve lies below the

X-axis.

The curve intersects the X-axis, where y=0

.. putting y =0, we get 3 —2x —x*=0

—— %o
[ sin”* (1) =7, sin l(0)=0-] xt4+2x—-3=0 .. (x+3)x-1)=0
) % xe=—8,x=1
7. APPLICATIONS OF DEFINITE INTEGRATION 253
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Since, x=1 lies between given ordinates x=—1 and
x=3.

.". the portion of the curve between x= —1 and x=1
lies above the X-axis and the portion between x =1 and

x =3 lies below the X-axis.
Area under the curve between x = — 1 and x = 1 is given

by

1 1
[ydx=] B—2x—x?)dx
“1 1

2 P
=[3x—2-?——§]1

1 1\ 16
Area under the curve between x =1 and x = 3 is given by

3 3
Jyde=[ (3—2x—x?)dx
1 1

xz x.\ 3
=[3x-27—§]1
= [3(3) —(3)*— @] - [3(1) —(1)2 = @]
3 : 3

0 XS
=(9—9—9)—(3—1—§)=—3—

2
The magnitude of this area =§3—

16 32 48
". required area=—+ — =—

Tl =16 sq units.

_ EXAMPLES FOR PRACTICE 7.1

1. Find the area of the region bounded by the curve
y=x?, X-axis and the lines x=1, x=3.

2. Find the area of the region bounded by the parabola
y? =9x, X-axis and the lines x =4, x =9.

3. Find the area of the region bounded by the curve
9x? —y? =36, X-axis and the lines x =2, x =4 in the
first quadrant.

4. Find the area under the curve y =2x + 3x* between
y=0,x=0and x=2.

5. Find the area under the curve y=(x?+2)*+2x
between the lines x =0, x =2 and the X-axis.

6. Find the area under the curvey =4,/x—1,1 < x <3
and the X-axis.

254

¢

t
!

10.

11.

12,

13.

14.

10.

12.
14.

26 g
. 5 Sq units

. 12 sq units

. —— Sq units

. Find the area of the region bounded by the curve

y=x?—2x+2, the X-axis and the linesx=1 and x=2.

. Find the area of the region bounded by the parabola

y*=16x and the line x =4.

. Find the area under the curve y=5—4x —x? up to

the X-axis, bounded by the ordinates at x= —1
and x =2.

Find the area of the region bounded by x*= 16y,
y =1,y =4 and the Y-axis, lying in the first quadrant.

4
[Hint : Required area = [ xdy.]|
1
Find the area of the region bounded by the curve
y=2x% and the line y =4. Y
[Hint : Required area=2 | xdy.|
o

Find the area of the circle x? + y* =12
[Given : J Vfaz—xzdx=g,/a2—xi + sin” ‘(E)

and sin” l(1)=g,sin"(0)=0.]

. \ 2. ¢
Find the area of the ellipse 144+81—1.
[Given: j\faz—xzdx=§\/a2—x2 < sin"(%)

and sin"(l):%, sin"(0)=0-]

2

2
Find the area of the ellipse Z—l +

. -
b

- r PR - X o s R
[Gwen : J \/a‘—x’d:rc=i,/nz—xz + sin ‘(;1)

and sin“‘(1)=g, sin“(0)=0.]

1.

Answers

3 2. 38 sq units

. 12,/3 - 6log (2 + /3) sq units

R0 i
815 4

. 72 sq units 7. %I:\/E+log(l+ﬁ)]squnits

128 9 2 sq units
3 e

56 4 32 .
3 59 units 11. 3 & units

nr* sq units 13. 1087 sq units

nab sq units.
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-~ ~~ ~ ~ ~ -

\ MISCELLANEOUS EXERCISE -7 \‘J

(Textbook pages 157 and 158)

(1) Choose the correct alternatives :
1. Area of the region bounded by the curve x? =y, the

X-axis and the lines x=1 and x =3 is

26 : 3 -
(a) 3 $q units (b) % sq unit

(c) 26 sq units (d) 3 sq units

2. The area of the region bounded by y* = 4x, the X-axis
and the lines x=1 and x=4is
(a) 28 sq units (b) 3 sq unit

@2

28 sq unit

28 X
(c) £ sq units

3. Area of the region bounded by x?=16y, y=1 and
y =4 and the Y-axis, lying in the first quadrant is

(a) 63 sq units (b) 5% sq unit

(c) 5?6 sq units (d) ? sq unit

4. Area of the region bounded by y =x* x =1, x=>5 and

the X-axis is

142 124
@) 3T — (b) B'T &yuolts
(c) 313£ sq units (d) 31%1 sq units

5. Using definite integration area of circle x* + y* =25 is
(b) 47 sq units
(d) 25 sq units

(a) 57 sq units
(c) 257 sq units

Answers

1. (a) 23—65q units 2. () 23—85q units

3124

3. (c) 5gésq units 4. (b) &5 sq units

5. (c) 257 sq units.

(1) Fill in the blanks :

4. The area of the region bounded by the curve x* =y,
the X-axis and the lines x=3 and x=9 is .........

5. The area of the region bounded by y? = 4x, the X-axis
and the linesx=1and x=4is .........

Answers
2
1. 3—15 . sq units 2. 497 sq units 3. 5?:6 sq units
4. 234 sq units

[ Note : Answer in the textbook is incorrect. |

28 .
5. 3 sq units.

(111) State whether each of the following is True or
False.
1. The area bounded by the curve x =g(y), Y-axis and

bounded between the lines y = c and y = d is given by
d

y=d
[ xdy= £ W) dy.

¢ y=c

2. The area bounded by two curves y = f(x), y = g (x) and
X-axis is

b ]
jf(x)dx—{ g(x)dx

3. The area bounded by the curve y=f(x), X-axis and

linesx =g and x=bis

b
J feax ‘

4. If the curve, under consideration, is below the X-axis,
then the area bounded by curve, X-axis and lines x =a,
x=b is positive.

5. The area of the portion lying above the X-axis is
positive.

Answers

1. True 2. False 3. True 4. False 5. True.

(IV) Solve the following :

1. Find the area of the region bounded by the curve
xy = ¢?, the X-axis, and the lines x=¢, x =2c.

Solution :

2c 2
Required area= [ ydx, where xy=c? ie.y= =
c

x
1. Area of the region bounded by y =x*, x =1, x =5 and , s
c <
the X-axis is ......... & (
e X-axis is =Jc—dx=cz 'Lix
2. Using definite integration area of the circle x> + y> =49 % = %
18 s 2¢
=c*[logx],
3. Area of the region bounded by x* =16y, y=1, y =4
and the Y-axis lying in the first quadrant is ......... = c*(log2c —logc)
7. APPLICATIONS OF DEFINITE INTEGRATION 255
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2c
=2
=c log( c)

=c?-log2 sq units.

2. Find the area between the parabolas y?=7x and
x?="7y.

Solution :

For finding the points of intersection of the two parabolas,
we equate the values of y* from their equations.

Nk
From the equation x? =7y, y*> = -

4

X o e
: 49—7x . x*=343x
©ox*—=343x=0 © x(x*—343)=0

S x=0 or x3=343 ie. x=7
When x=0, y=0
When x=7, 7y =49 Ly=7
", the points of intersection are O(0,0) and A (7,7)
Required area = area of the region OBACO
= (area of the region ODACO) —
(area of the region ODABO)

Now, area of the region ODACO

= area under the parabola y* =7x, i.e. y = /7 /x

3

7 xz

=_£ ’7~tdx— /7[3/2]
= 202 27 . =
— / 2 gl /7 —

_\/7>r3[7 0] 3 [7./7 0]

_%8
3

7

Area of the region ODABO = Area under the parabola
2

x> =7y i.e.y:%

256

TP Lo (|
T L8 78
7

2%
3 3
. 98 49 49
. required area = 733 M units,

3. Find the area of the region bounded by the curve
y=x” and the line y =10.

Solution :
Y F=y
A|(0, 10) —
B y=10
C
X 0 X
v

By the symmetry of the parabola, the required area is
twice the area of the region OABCO
Now, area of the region OABCO

10 ~
= [ xdy, where x> =y ie. x=,/y
0

3 3
y: O 102 2x10,/10 20,/10
—Ify[3/2] B~ 3 = 3
o
", required area =2 [20‘4 10]

40,/10

y7s 9 units.

xl yZ
4. Find the area of the ellipse 16 + o

Refer to the solution of Q. 4. of Exercise 7.1.
Ans. 127 sq units.

Solution :

5. Find the area of the region bounded by y =x?, the

X-axis and x =1, x =4.
4

Solution : Required area = | ydx, where y =x?
1
4
=]
1
27 4 1 -1 :
_[3] e =21 sq units.
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6. Find the area of the region bounded by the curve
x? =25y, y=1, y=4 and the Y-axis.
Solution :

4 -
Required area = | xdy, where x* =25y, i.e. x=5,/y

2 3 10 S
— w P e L] s 2y2 _
5x3[4 1] 3[(2) 1]
10 70 3
—?[8—1]—? sq units.

7. Find the area of the region bounded by the parabola
y* =25x and the line x =5.

Solution : Refer to the solution of Q. 2. of Exercise 7.1.

Ans. 1003‘/5 sq units.
ACTIVITIES = Textbook pages 158 and 159 |

From the following information find the area of the

shaded regions :

1. Y

Solution :
The shaded region is bounded by the curve y=x?, the
X-axis and the lines x=1, x=3.

3

2 Y

Solution :
The shaded region is bounded by the curve y? =4x, the
X-axis and the lines x=1, x=4.

4 f
. required area = | ydx, where y* =4x, ie. y=2,/x
1

3 4
4 s xi
_2.‘[ \/IdX—Z[m]l

= B 2 _8 23
=2x3[4-1]=3[-1]

=§[8—1]=—53—6squnits.
1\ ./ \}
P
Z v=4
X o C(4,0) X
Q
v

Solution :

We take the equation of the parabola as y* = 4ax.

The shaded region is bounded by the curve y* = 4ax and
the line x = 4.

By the symmetry of the parabola,

required area =2[area of the region above X-axis]

4 —
=2 [ ydx, where y* = 4ax, ie. y=2./a /x
0

. required area = | ydx, where y =x? 4
1 =2(2,/a)[ Jxdx

} 2 4y 03. 3
=X o xz 42

1 —4%1[3—/2‘[:—4\/“[3_/2—0]

ST 3 126 o 3 6afa
=[§]1=3—§=?squmts =4\/ax§[(22)2]=—;/ sq units
7. APPLICATIONS OF DEFINITE INTEGRATION 257
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Solution :

We take the equation of the parabola as x* =4by

The shaded region is bounded by the curve x* =4by,
the Y-axis and the lines y=1, y =4.

.". the required area

xdy, where x* =4by, i.e. x=2./b/y

-, o

3 /b
=2\/5 x g[(22)2 —-1]= M[8— 1] oL sq units.
3 3 3
5. \ Y y}:,\'2
y=4
X o X
Y
Solution :

The shaded region is bounded by the curve y = x? and the
line y =4.
By the symmetry of the parabola,

- ACTIVITIES FOR PRACTICE

From the following information, find the area of the

shaded regions :

1. Y
X 0 AZO x
-
- 2 3 X 3 2 aZ | x
Given: [ \/a® —x dxzi\/a —2% +sin( =
a

and sin 1(1)=7—22, sin ‘(0)=0.]

; [t d X g @ (%
Given: | \/a —xtdx =7 /0" —x* + Ssin”H —

and sin 1(l)=1§t, sin“(0)=0-]

3. r A
required area = 2 [area of the region in the first quadrant] . 24
4
=2| xdy, where x* =y, ie. x=/y y'=x
) s -2
4 - y2 —
=2 .«-'ydy=2|:—] =
0 ¥ 3/2 0 X 0 X
28
=2x2[2}? -0
x31@% -0l
4 32 . :
—5[8]-—?squmts Y
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4. ) ' 5. The area enclosed by the parabolas x*=4ay and
yr=4bx is
(a) @ sq units (b) 3—2;? sq units
X 0 $2.00 X “ (c) 8—;1’ sq units (d) MTab sq units
6. If the area enclosed by the parabolas x* =4y and
v y*=4by is % sq unit, then b is equal to

1 1 1

1
(a) i (b) Z (c) g (d) i-é

( OBJECTIVE SECTION )

| 7. The area bounded by the parabola y* = 16x and the
\ MULTIPLE CHOICE QUESTIONS ‘, line x = 3 is 4" (,/3) sq units. Then m is equal to

Select and write the correct answer from the given @1 MA ©@-1 @3

alternatives in each of the following questions : . 8. The area bounded by the parabola y* =4ax, X-axis
1. The area of the region bounded by the curve xy =1, | and the lines x =0, x=a is
; — P ' 2 2
X-axis and the lines x =4, x =4a is f (a) 8% 4 tinits ®) 4; S lts
(a) 2log2 sq units (b) log2 sq units
- 2w N L
(c) (log2)?* sq units (d) fog2 sq units (c) 3 Bqumnts (d) —3 5q unts

9. The area of the region bounded by the parabola

2. The area bounded by y=4./x 1, X-axis and the |
y?=16x and its latus rectum is

linesx=1,x=3is

8./2 4./2 3 (a) . sq units (b) i sq units
(a) —‘3— sq units (b) —\é— sq units ; 3 3
] 128 256
/n /o (c) —— sq units (d) = sq units
(c) 16; c $q units (d) 23\‘_/_2 sq units 3 3

10. Area of the region bounded by the curve y* =4x,

: 2 . Av
3. The area of the region bounded by the curve y* =4x, Yeaxis and the ifefy =3 is

X-axis and the lines x=1, x =4 is
| (a) 2 sq units (b) ? sq units
(a) 1—36 sq units (b) %8 sq units 4
9 . 9 ’
8 (c) = sq units (d) = sq units
(c) 3 sq units (d) 9 sq units 3 B

11. The area of the region bounded by the curve y = x*

4. The area of the region bounded by the curve el v is

y=2x*+1, X-axis and the lines x=0, x=2 is
16 g 32 s

a (a)  sq units (b) = sq units

p 54 units. Then a — b is equal to 3 3

(c) 6—43 units (d) §s units
@2 ®5 ©F @ 3 % 3%

12. The area enclosed by the parabola x* =4y and its
. The area of the ellipse 2x? +y? =2 is

B ! . 8 : :
(a) 2r sq units (b) /27 sq units ;‘ latus rectum is &m 59 units. Then the value of m is
n . . |
(c) —= sq units (d) 2,/2x sq units @2 1 () % (d) %
3
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14.

10.

11.

12,

13.

14.

15.

. (¢)
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The area enclosed by y =3x + 2, X-axis, x =1, x =2is

(a) L sq units (b) & sq units
2 2
(c) 251 sq units (d) %3 sq units

The area of the triangle enclosed by the line
x—./3y=0, X-axis, x=0, x=11is

(a) 1‘—? sq units (b) Zﬁ sq units
1 ) 2 ]
(c) —= sq units (d) —= sq units
2/3 V3
Answers

. (a) 2log?2 sq units

16;’/2 sq units

. (b) = sq units
3
. (d) 19

. (b) \/in sq units

16ab

. (a) ra sq units

.(d)%

. (b) 2

al

8
. (a) e sq units

128 ;
(c) == sq units
3
(b) f’—: sq units
(b) 3;)—2 sq units
1
(c) 5

(d) ? sq units

1
~ §q units.
2 \/‘; 3 q

(c)

" TRUE OR FALSE

State whether the following statements are True

or False :

1. The area enclosed by an unbounded curve and a
straight line cannot be found using integration.

2. If the area enclosed by y = f(x), X-axis, x =a, x =b and
y = g (x), X-axis, x =4, x = b are equal, then f(x) = g (x).

3. A, is the area enclosed by y=f(x), x=a, x=b and
X-axis, A, is the area enclosed by y =f(x), x=c, x=d
and X-axis. If A, =A,, thena=c, b=d.

4. The area of an ellipse found using integration is equal
to the area found using formula.

5. Using integration, area of a region can be found even if
part of the region lies above the X-axis and part of the
region lies below the X-axis.

Answers

1. False 2. False 3. False 4. True 5. True.

| FILL IN THE BLANKS
Fill in the following blanks with an appropriate

words/numbers :

1. The area enclosed by y = x, X-axis and the lines x =1,

3. The area enclosed by y = x? and its latus rectumiis ......

4. The area of the triangle formed by O(0,0), A (4,0),
B = (4,2) using integration is ......... .

5. The area enclosed by y = ,/x —2, X-axis and the lines

Answers
1. 4 sq units 2. 64 sq units
1
3. A unit 4. 4 sq units
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\ IMPORTANT FORMULAE

1. An equation which contains one independent and

one or more dependent variables and their deriva-

. dy dy
tives d,‘(‘f’ "1}5,

Differential Equation (D.E.).

or differentials dx, dy is called a

. A differential equation in which the dependent
variable y depends only on one independent variable
x is called an ordinary differential equation.

. The order of a differential equation is the order of the
highest order differential coefficient appearing in it.
. The degree of a differential equation is the degree of
the highest order derivative occurring in it, when the
differential equation is so written that the derivatives
are free from negative or fractional indices.

. Order and degree of a differential equation are

always positive integers.

1}

6. The general differential equation of first order and

first degree is of the form M + N % =0, where M and

N are the functions of x and y.

. If the differential equation can be put in the form

[ (x) dx + f, (y) dy = 0, then such differential equation

are said to be in the variable separable form.

The solution of this equation is

[ i) dx + [ f, (y) dy =c.

. A differential equation of first order and first degree

is said to be homogeneous, if it is of the form

dy _filx, y)
dx  fo(x, y)

degree in x and y.

, where f, and f, are functions of same

Such an equation can be reduced to the variable

separable form by substituting y = vx.

8. DIFFERENTIAL EQUATIONS AND APPLICATIONS 261
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9. The general form of a lincar differential equation of
the first order is
ZZ +Py=Q
where P and Q are the functions of x only or constants.
The solution of the linear differential equation is
given by
y (LF.) = [ Q(LF.) dx 4 ¢, where LF. =e¢
10. If the linear differential equation is of the form

dx
dy

| Pdx

+ P-x=(Q, where P and (Q are functions of y or

constants, then its solution is

x-(LF.) = [ Q:(LF.)dy + ¢, where LF. = pt? o)

11. The solution of the differential equation in which the
number of arbitrary constants is equal to the order of
the differential equation, is called the general
solution of the differential equation.

12. The solution obtained from the general solution by
giving particular values to the arbitrary constants is
called the particular solution of the differential
equation.

13. If x denotes the amount or quantity (which grows or
decay) at time £, then rate of change of x w.r.t. time ¢
o S0
is -

In case of growth, x increases as t increases.

% dj is positive. Hence, é =kx, where k > 0.

dat dt
In case of decay, x decreases as t increases.
dx dx
% it is negative. Hence, T\ N kx, where k > 0.

14. The solution of the differential equation d:ii: =kx is in

the form x = ae*!, where a is the initial value of x.

INTRODUCTION
We represent the rate of change of y with respect
dy
to x by T

Let x be the quantity of radioactive disintegrating
material at time £. It is found that the rate of decay of
the material is proportional to the quantity of disinteg-
rating substance.

ie d—xocx
Tt

262

)

ie. %: —kx, where k > 0 and is called constant of

proportionality (the negative sign indicates rate of
decrease).

dx
Here we have a relation between 5 and x.

This relation is called differential equation.

( 8.1 : DIFFERENTIAL EQUATION )

An equation which contains one independent and
one or more dependent variables and their derivatives
& &7
dx” dx*
a Differential Equation (D.E.).

The following are some differential equations :

) (@)2 sl

or the differentials dx, dy is called

dx
(2) y?dx +x*dy=0

d? d
®) ngz_ d—Z-yzo

3
@Y 45 _yo,
8.1.1 : Ordinary Differential Equation

A differential equation in which the dependent vari-
able y depends only on one independent variable x is
called an ordinary differential equation.
In this chapter, we will study only ordinary differential
equations.
Notes :
1. The following notations are used for derivatives :

d d? , d*

gz =Y, IEZ =y ;Z
2. If y=f(x), then f'(x), f"(x), ..., etc. are used for

derivatives.

=y", ..., etc.

8.1.2 : Order of a Differential Equation
The order of a differential equation is the order of the
highest order derivative occurring in it.

8.1.3 : Degree of a Differential Equation

The degree of differential equation is the degree of the
highest order derivative occurring in it, when the D.E. is
so written that the derivatives are free from negative or

fractional indices. OR
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The degree of a differential equation is the power of the
highest order derivative occurring in a differential equa-
tion, when it is written as a polynomial in differential

coefficients.

Remark : The order and degree of a D.E. are positive
integers. Hence, in order to find the order and degree
of a given D.E. we have to remove the negative or

fractional indices, if they occur in the D.E.

8.1.4 : Solution of a Differential Equation
A relation between independent and dependent vari-
able which does not involve differentials is called a
solution of a differential equation, if this relation and
the drivative obtained from it satisfy the differential

equation. e.g. consider the differential equation

dy=e’

dx
Then y = ¢* + ¢, where ¢ is a constant, is the solution of

this differential equation.

Note : There are two types of solutions for a differential

equation :

1. General solution : A solution of a differential equa-
tion in which the number of arbitrary constants is
equal to the order of the differential equation, is called

the general solution of the differential equation.

2. Particular solution : A solution of a differential equa-
tion which can be obtained from the general solution
by giving particular values to the arbitrary constants
is called the particular solution of the differential
equation.

For example:y=¢"+c is the general solution

d
of the differential equation : s

h=r’whereasy=e‘+5is

its particular solution.

_1

| EXERCISE 8.1 | Textbook page 162 |

1. Determine the order and degree of each of the

following differential equations :

. d¥x | [dx

L (PY N (dy
0 () +(a) =

i By ay T
(iii) E“[H(E”

(iv) (y")*+2(y")* +6y +7y=0

W \/%%%)3

dx
o ody d*y
(vi) =T

o (dy\s
(vi) (a:‘{)":a

Solution :

i A . dRe fdeN
(i) The given D.E. is e +(dt) +8=0

24

d
This D.E. has highest order derivative -d?;- with

power 1.

.'. the given D.E. is of order 2 and degree 1.

- : . (d¥y\  [dy
(ii) The given D.E. is (@) +<£) =q*
d*y
This D.E. has highest order derivative o with
power 2.
.. the given D.E. is of order 2 and degree 2.
\ . dYy dy\* P
(iii) The given D.E. is 2T [1 + (ﬂ) ] y
14,
This D.E. has highest order derivative £Y with
dx*
power 1.

", the given D.E. is of order 4 and degree 1.

(iv) The given D.E. is

" +2(y") +6y +7y=0

This can be written as :

ady\* L (dPy\ dy
(d;‘) +2(5cﬁ2> +6d—):‘+7y_0
3

This D.E. has highest order derivative g—\“’; with
power 2.

. the given D.E. is of order 3 and degree 2.

(v) The given D.E. is

3
1 [dy\2
Ty

dx
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On squaring both sides, we get ! Solution :
1 (dy)-‘ | @) xy=logy+k
1+ ==z !
‘_iZ) dx Differentiating w.r.t. x, we get
dx dy i
dy 2 dy\® ol R
%) +1=(3
¥ dy 1dy
X=4y=—
y ; W (7 -~ dx y dx
This D.E. has highest order derivative = with -
power 5. ! y ) dx
". the given D.E. is of order 1 and degree 5. . (xy—1\dy
- (“ z “)a; -
y , . o Ay Jdy ! 2 2
(vi) The given D.E. is = —7dx-—z—. ANV . Y if xy #1
dx xy—=1 1-xy
This DE, has highest order @pfative 2 witht Y
his D.E. has highest order derivative 3 with | Ly s ifay#1.
power 1.. | Ly (L —xy) =12
. the given D.E. is of order 2 and degree 1. Hence, xy =logy +k is a solution of the D.E.
(vil) The given DE. i L y-ay =y
d*y\e dy
(@) =9 ie -3 =9° L) y=x"
at Differentiating twice w.r.t. x, we get
This D.E. has highest order derivative —Z with |
dx ; dy _d 1
] “L=—(x")=nx""
power 1. : dx  dx
*. the given D.E. is of order 3 and degree 1. ; and@:-[i(nx"’ 1)=ni(x"“l)=n(n—1)x"’2
i dx* dx dx
2. In each of the following examples, verify that the xZ‘iZ—nxd—y—kny
given function is a solution of the corresponding | dx dx
differential equation : ! =x2nn—1)x""% —nx-nx" "L+ n-x"
[ x: i - — 1" — 2" 4+ nx"
Solution D.E. =L g
, . =M —n—n®+n)x"=0
@ , By =108y + ¥ , ya=ay) = This shows that y =x" is a solution of the D.E.
~ oy dy : ddy  dy
(i)  y=a" -d g sty - 0 | xzdx’ —nxo ey = 0.
[
d
(iii)  y=e" dz =y | (iii) y =¢*
! Differentiating w.r.t. x, we get
(iv) y=1-—logx lxldjyzl : dy
; dx? 3 ==y
x
V) y=ae" +be ™ &y =1 : Hence, y = ¢* is a solution of the D.E. ay =y.
y= dx* Y ) ! dx
dy  (dy\:  dy -
; 2 - el TR Civ) y=1—logx
(vi) ax®+by*=5 xydx’+x<dx) Y x . y &
Differentiating w.r.t. x, we get
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dy d d i

e d_x(l) = d_x(log x) & EXAMPLES FOR PRACTICE 8.1 j
1 1 i
= P /1. Find the order and degree of the following differen-
Differentiating again w.r.t. x, we get tial equations :
2y d, " f AN
- F S | o (G )*(‘a’;) =t
247y :
S | () f+\"i‘ll+y 0
Hence, y =1 —logx is a solution of the D.E. ‘
P . @ (& 5) 3<¢§>2 i
Yo, dr? dt a
dx }
d*y  (dy
(V) y=nc"+be * ’ (4)d3+<d) +y=e*
Differentiating w.r.t. x, we get 3 "
d*y  d*y
i (6) 55+655+y=0
ZZ:a(e‘)+b(—e %)= ae* — bi-* Y
i 3 2,02
Differentiating again w.r.t. x, we get ] 6) xg,z - (34{ ) -0
] x x
d*y |
—2=a(e*) =b(—e*)=ae* 4 be * =1
& ’ (7) y+{iyz+x(zy_x2
%y dx dx
Hence, y = ae* + be* is a solution of the D.E. v 2
(8) sz+(d =Y
(vi) ax?+by?=5 : /i
Differentiating w.r.t. x, we get ©) dy _ (@)
i dx
a(2x)+b(2ygy) 0
P
& (10) y= x53!+5 1+(Zy)
Loax + by <= i~
{ d y dy = / @
Differentiating again w.r.t. x, we get i (12) dy 2x+3
A [y (), v dy i * (%
¥l =0 ydx(dx>+dx dx ) dx
. d*y (dy ) (13) /y"+y =2
'a__b[ydx’+(dx)] 4o s 2)
N | (14) =% = /
Dividing (1) by (2), we get d ( )
dy 3 273/2
v o[+

T (dYy dy\? !

() (&) |
2)-(2 ool
dy (N Ly '

LAxyS X ( ) =y 52 g

dx? dx dx (17) (i X+ ) = Z

Hence, ax? 4 by? =5 is a solution of the D.E.
&y (dy dy L) .
xydx2+x(dx) y(dx) _J =0
' *ix
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2. Show that y=2(xz—1)+ce‘"2 is a solution of the
D.E. Zy +2xy =

4%
- is a solution of x——% +2-

dy
- =0.

3. Verify that y=a he £ =

2
4. Verify that y = e ™ is a solution of . }/ v (ZZ)

5. Show that ¥% + y* = r? is a solution of the D.E.

_ dy')i
y—.xdx+r.\/l+(dx .

6. Verify that y =¢ ¥+ Ax + B is a solution of the D.E.

d*y
et <dx2 ) =1.

7. Verify that y = ae* + be >, a, beR, is a solution of the

dty  dy
D.E. T 2er =2y.
dy
8. If y =e*, show that X =ylog y.

Answers

1. (1) order=2, degree =2
(3) order=2, degree =3

(5) order =3, degree =1

(7) order=1, degree =2

(9) order =2, degree =3
(11) order =3, degree =1
(13) order=
(15) order =4, degree =2
(17) order=3, degree =5

(2) order =2, degree=1
(4) order =3, degree=1
(6) order =3, degree=1
(8) order=2, degree=1
(10) order =1, degree =4
(12) order =1, degree=2
(14) order =2, degree =2
(16) order =1, degree =2

3, degree =1

8.1.5 : Formation of a Differential lqlnllun

If a relation between variables x and y containing a

number of arbitrary constants is given, then we can form
a differential equation from it by differentiating the given
relation enough number of times so as to eliminate all the
arbitrary constants.

If an equation contains only one arbitrary constant,
we differentiate it once. Thus we get two equations, From
these two equations, we eliminate the arbitrary constant.

If an equation contains two arbitrary constants, we
differentiate it twice. Thus we get three equations. From
these three equations, we eliminate the two arbitrary
constants.

Hence to eliminate n arbitrary constants, we have to
differentiate n times successively and the final equation
will be of the n™ order.

266

(18) order =1, degree =2.

EXERCISE 8.2 | Textbook page 163

1. Obtain the differential equation by eliminating

arbitrary constants from the following equations :

(i) y=Ae3"+Be’3"'
i3 c
(i) y=c, +;‘
i) y = (¢, + ;1) ¢
(iv) y=c,e™ +c,e®

V) ¥’ =(x+o

Solution :

() y=Ae* 4 Be > . (1)
Differentiating twice w.r.t. x, we get
1 Y _ Ae¥ %3 4 Be ¥ x (~3)
! dx
i ay =3Ae* —3Be %
dx
d%y
and —%5 =3Ae* x 3 —3Be~¥ x (—3)
dx
=9Ae¥ +9Be” 3
=9(Ae* + Be ) =9y . [By (1)]
.y _
" A =%

This is the required D.E.

” ¢
(i) y=cz+;1

Lxy=c6x+c
Differentiating w.r.t. x, we get
dy
xéﬁ-y'l =cyl1+0=c,
: d
! xdz ty=¢

Differentiating again w.r.t. x, we get

dy dy.,d, dy_
dx( >+dx Tt gm0

dly dy

4 dy _
.xa +d 1+d’x-—0

2

Ly ody "
X3 + de =0 is the required D.E.
(iii) y = (c; + cpx)

ety =cy+ex

Differentiating w.r.t. x, we get

L =
"-E"{+y-e (—1)=0+c¢c, x1
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Differentiating again w.r.t. x, we get

-X d_{‘y_dl +<‘Ly
dax? dx dx

fd*y dy dy
£ i L
¢ (dx dx  dx “’) 0

—y)-e"‘(—'l)=0

Ay dy
“dx* Tdx

This is the required D.E.

+y=0

(iv) y=c,e* +c,e™ (1)
Differentiating twice w.r.t. x, we get
gz =3c,e% + 2c,e%* vosi(2)
2
ZT:Z=9c,e"”<}-4c2e2Jr . <))

These three equations in ¢,e** and c,e** are consistent.

", determinant of their consistency condition is zero.

y 11
dy
e 3 2|=0
d*y
o 9 4
L y(12—18)— 1( ) (d—y— EZ>=O
; . ég dy dy . d%y _
. —6y 4dx dx2+9dx3 =0
dly dy
This is the required D.E.
Alternative Method :
Y =0, 6% + ¢
Dividing both sides by e*, we get
e By=c e+,

Differentiating w.r.t. x, we get

d
e “dz+y-e Z(—2)=c," +0

e 2"(55 —Zy) =,

Dividing both sides by ¢*, we get

e““(%—@):cl

Differentiating w.r.t. x, we get

_apf 4%y 4y _
Sxficmdd gt 3x
¢ (dx dx)+(d. 2) (=2i=0

8. DIFFERENTIAL EQUATIONS AND APPLICATIONS

dy _dy dy
(dx Rk +6y)

LAy _dy
" dx? Sd

This is the required D.E.

+6y=0

V) y*=(x+c)? sant (1)
Differentiating w.r.t. x, we get

Zy‘—;)‘y_=3(x+c)2>('l)=3(x+c)z

2y dy
3 dx

3 (x+c)5=<2~y.‘~i~y—)l

L (x+co)i=

3 dx

8y* (dy

. 22 e

Y= 27 <dx)
dy\?

) 4 _g.af %Y

. 27yt =8y (dx)

| 27y = 8(5")

(@) 2
“\dx) 8

Ldy 3
'E=§\3’6)

This is the required D.E.

- [By (1]

2. Find the differential equation by eliminating arbit-
rary constant from the relation x* + y* = 2ax.

x? +y? =2ax i (1)

Differentiating both sides w.r.t. x, we get

Solution :

u+@g=

Substituting value of 2a in equation (1), we get
x% +y? =[2x+2y3¥]x
=22 4+ ZXy%

dy

3 2xya—£ =y* —x* is the required D.E.

3. Form the differential equation by eliminating arbit-
rary constants from the relation bx + ay = ab.

Solution : bx +ay =ab
ay= —bx+ab

y b

. Yy= —‘—11+b

Differentiating w.r.t. x, we get

267
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O e S G

dx a a
Differentiating again w.r.t. x, we get
a?y

i 0 is the required D.E.

4. Find the differential equation whose general
solution is x* +y* = 35 ax.

Refer to the solution of Q. 2.

Ans. 2x* —y +"3ty2§y

Solution :

5. Form the differential equation from the relation
x* + 4y? = 4b%
x? + 4y? = 4b*

Differentiating w.r.t. x, we get
N
2x+4 ( 2y£) =0

ie x+ 4y:—z =0 is the required D.E.

Solution :

| EXAMPLES FOR PRACTICE 8.2

1. Form the differential equations by eliminating the
arbitrary constants from each of the following

relations :

(1) y*=4ax (2)y=a+f—c

(3) y=x+2ax? (4) x*+y* =4ax
(5) x* +cy* =4 (6) x—a)+y*=1
(7) y=cx*+¢? (8) y=Ax*+Bx

©) y=Af*+Be™™
(11) xy =ae™ +be >
(13) y =A™ + Be ™

(10) y=c,e™ +ce
(12) xy=Ae* + Be * + x?
(14) y = Ae** + Be*

(15) Ax® + By* =5 (16) y=ax+f7r

(17) ax?* +-by* =7 (18) (y —a)* =4(x —b).
2. Form the differential equation of the family of lines
having slope m and y-intercept 5, where m is an
arbitrary constant.
3. Form the differential equation of the family of lines
having x-intercept @ and y-intercept b.

Answers
dy
1. (1) y=?_xd—x 2) x(x+1) +y 0
o d_y 3 3 2 .‘/
(3) 2y—x(1+dx) (4) 2x* —y* +3xy 5= =0

268

1]
]
1
!

2
5) (x2—4)d—y=xy ®) ﬂ(%) +1] 1
(7) ) —Sxy
(8)x—% 2xj—y+2y 0

d?y
(9)d2 25y =0 (10) ——4y 0
ey
(11) x 2d 9xy
(12)x -de—ya—ch-M2 2=0
dzy dy
(13) S5 7 —6y=0
2
Y _3% Lo
(14) e 3dx+2y 0
d*y dy dy
4%y dy
(16) x E’z’f‘x‘? =)
a? dy\* d
(17) xyd'zwtx(di) —yd—z=0
a® 257+ ( ) —o.
dx

2. y=xZ—z+5 [Hint : Equation of the lineis y =mx +5 |
d*y

3. W—O-

" 8.2:SOLUTION OF A DIFFERENTIAL
EQUATION

In this section we shall study the method of solving the
differential equation of first order and first degree.
8.2.1 : Variable Separable Method

A D.E. of the first order and first degree is of the type

[l y) +fr(x y)

functions of x and y. For convenience, this equation is

53\/ =0, where f, (x, y) and f,(x, y) are

also written as f, (x, y)dx + f, (x, y)dy = 0.

We are going to deal with differential equations of the
type f; (x)dx + f, (y)dy =0 or which can be put in this
form. Such differential equations are said to be in the
variable separable form. The general solution of such a
D.E. is obtained by directly integrating it. Thus its general
solution is [ f; (x)dx + [f, (y)dy =c.
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EXERCISE 8.3 | Textbook page 165

% jy*zdy—J;dgﬁ-jx“zdx+J;dx=c

=

o
B y;i—log|y|+~_

1. Solve the following differential equations : 1
- +log|x|=c

1
(i) % =x*y+y

) 1 1
dy ; —g—log|y|—;+l()g|x|—c

Solution : £=x2y+y 1
" loglx|—logly|= 4+ +c
% gz=y(x2+l) ;dy=(x2+‘l)dx Y

This is the general solution.
Integrating, we get

1 .
J dy = [ (x* 4+ 1)dx _‘_‘_2* dy
v s M
; e
.+ logly| = 3 R Solution : 3_11}/=xd}/
dx dx
This is the general solution. dii.. 3 d
P = Y4 )
il ) dx dx dx
()—=—k(9—9o) : dx dy
SRR TY y_3
Solution : —= —k(0—0,) | Integrating, we get
g S } dx =
g 0= —kat B L
Integrating, we get ; R \ YT g A ——1+c
: glx "( 2) 2y

[ L do= —k| dt

0—0, v . 2y*log|x+1 | =2¢y? —1 is the required solution.
" log |0—0y|= —kt+logc, ¥ , A\ y 1y

. log|0— 04| —logc, = —kt | 2. For each of the following differential equations find

the particular solution :

_ 0—0,
- log o | —kt () x—y’x)dx—(y +x’y)dy=0, whenx =2, y=0.
0-0, " Solution : (x —y?*x)dx —(y +x*y)dy =0
& o ¢ La(l—ydx—y(1+x?)dy=0
L 0—0g=ce™®
o 4
00y =" e ™, where ¢, = ¢ ’ 1+x‘d'x l—y’dy 0
. _ o=k
f 0—BymeThtre 2w
This is the general solution. T

(i) &* —yx*)dy + (y* + xyH dx =0

Solution : (x* —yx*)dy + (y* +xy*) dx =0

x*(1—y)dy + y* (L +x)dx =0

Integrating, we get

Y T+x
d +f =
_[y %

TGl

&

c

Integrating, we get

2 Lo .
I1+x dx+.[1_—y§dy—c,

Each of these integrals is of the type
J %dx—log[f(x)l +c
" the general solution is
log |14 x?| +log|1—y?|=logc, where ¢; =logc
. log| (14 x2)(1—y?) | =loge
A4l -yH)=c
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When x =2, y =0, we have .. from (1), the general solution is
1+4)(1-0)=c 5 oe=5 log |x log x| —log |y| =log ¢, where ¢, =logc
. the particular solution is (1 +x?)(1 —y?)=5. . log x log x| _ loge _x_l&;gj e

(ii) (x+1)%-1=2e-v,wheny:o,x:L « wlogr=gy

This is the general solution.

Now, y =e?, when x =¢
Solution : (x+1)3¥——1=28 y =

" eloge=ce* 1=ce o [ loge=1]
. dy 2 Rt C o= 1
..(x+l)dx—cy+l—rey ™
! 1
Y : i ion i =( -
L dy = E'S i | .. the particular solution is x log x <e)y
24¢¥ x+1 -
A S y=exlogx.
Integrating, we get
y !
NLARYRY S Y ; METHOD OF SUBSTITUTION
24 ¢ x+1 !

Some differential equations, which are not in the
S logl24+e¥|=log|x+1|+loge
variable separable form, can be reduced to this form

. [ ‘%(2 +e¥)=¢¥ and f’% dy =log|f(y) |+ c-‘ by appropriate substitutions. In the question papers,
: substitutions are expected to be given. The following
'+ log|2+¢'| =log|c(x + 1) example will make the procedure clear.

S 2+ =c(x+1) T\ \ - 1l

This is the general solution.

(iv) d—y=4x+y+1, when y=1, x=0.
Now, y =0, whenx =1 dx

p (1T
& ZipatmpitE) Solution : d—y=4x+y+l
. 3=2c ce=3/2 dx
". the particular solution is . Putdx+y+l=v
3 P dy _dv
2+ey=»2(1+1) "4+dx_dx
o 4428Y=3x+3 v, d__|/=z£)_
't 3x—2e¥—1=0 C T dx dx
/.. the given D.E. becomes
N - - . do Cdv
(iii) y (1 +logx) xlogx =0, when x=¢, y=e*. = —d=yp 44
dy ¥ dx " dx
Solution : y(1 +log x) Z;—xlogx=0 { v?_4= X
| Integrating we get
lx_:tloix aa= v 9 dg s
8 Yy J—vv-=jdx
. [ 1+log B dy @ vt4
") xlog x * Y > ;o loglv+4l=x+c
Put x log x =t. oS loglax+y+1+4|=x+c

d d ie logldx+y+5|=x+c
e [x'dx (log x) + (log x)'d.x (x)] Mgt This is the general solution.
o Now, y=1 when x=0
& [»xr+(logx)(1)<‘ de=dt .. (1+log x)dx=dt . log|0+1+5[=0-+¢, ie. c=logé
. J 1+log x J" dt .". the particular solution is

2~ log || =log |x log 3
x log x e e log|4x+y +5|=x + log6
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) dx+y+5 T YA
..log.T (m)dx "ty + x?e¥ =¥ + x%e

[Note : Answer in the textbook is incorrect. | i dy e (E 1)
dx
) ) 1
‘ ADDITIONAL SOLVED PROBLEMS-8(A), = - dy = (¢* + x?) dx
. Integrating, we get
fe¥dy=|(&+x?)dx

Solve the following differential equations :

1. @) log(%):2x+3y e Y %2
) _—1=ex+ 3 +c

o W2y ‘
(ii) 2 T =xe | -1 48
fbime— el o - C
dy [ 3
(iii) d;=e’“’y+x2ey.
f —1~+e'+x:+c—0
Solution : (i) log (Zz)=ZY+3}/ dy:(.’h‘sy ¢ 3

ax ¢ This is the general solution.
BY | - A\
el ; " -
' £ _w [fop _ 2
e~ Wdy = ePdx N\ 2 N =%/ 2=
L feFdx—[e¥dy=c, P\ oy ) R
e Yy Solution : E:g’\,?_s_x
N 72* ot 3 =0 !
¥ dy=x\/2ﬁm
5 B |
: B2 | Integrating, we get
. 3¢ +2¢~ % =, where ¢ =6c, j.dy=j‘x\/2ﬁdx+cl
This is the general solution. In RHS, put 25 —x* = c oxdy—dt
b —dt
: Adx——z—

(ii) dy +x? =x%%
dx

—di
E j’dy=j\ﬂ-(v2t—)+cl

Ay 20 3 dy 2
s =xie¥-1) =x*d.
= x*(e ) R | T
W [dy= t2dt + ¢,
e Iy b 2
% mdy=x2dx ! 3
—e , 1 g
) - e y—_i 37—2*+Cl
. szdx:l[»lr_e Hyd]/ (1) . ’
T 22
Soy=—z(25—-x*)2+c,

[s

t
Put1—e¢ ¥ =t Then e ¥ dy =L; 3 (25 2); 3
‘| By=— — +5¢,

.. from (1), the general solution is o By+ (5 _xz)g =¢, where ¢ =3c,

%’zé J’ # Z% log| P TR This is the general solution.
¥ 1 3. 26" dx — 3dy = 0.

o —§=510g|1—e 7 +e i Solution : 2e* * W dy — 3dy =0

" x*=log|l—e"¥| +3¢c, 2¢%-e¥dx —3dy =0

L x*=log|l—e ¥|+c, where 3¢, =c¢ 2erdx_e%ydy=0

8. DIFFERENTIAL EQUATIONS AND APPLICATIONS
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Integrating, we get i wsggliyoil log xX—y—a
2[ ¢Fdx—3[ e ¥dy=c, J X—y+a
. e % l s o |x—y-a
: 23’-3-(_—2)=c1 } & 2c, +2y =alog e
. -2y ! s
Sl 24 . c+2y=alog 22YR where c= —2c,
", 4€° +3e” % =, where c=2c, x—y+a
This is the general solution. This is the general solution.
dx xlogx !
4 —=—, » dy = e Uiy, o
dt t . 6. Solvey . =x(x —1) by substituting x* +y* =u.
. dx xlogx |
Solution : e ! Solution ; y<‘1“—/—y)=x(x~—1)
i dx
5, 1 !
" xlogx ﬁfd’ . yj%—y‘:x‘—x
Integrating, we get ‘
(1/x) 1 ‘: Jr+y‘i‘-}{=\'2+y2 e (1)
J '(~dr ! dx
]ogx )
: < 2.2 dy du
; log]logrl—log|t|+logc o Putx®+yt=u . 2x+2yd o=
[ —f(logx)——and jjig)dx'=logl.f(x)l+f:| g No dy 1 du @
ol — { Ve Yax=2" =
". log|logx|=log|c !
SHER g . From (1) and (2), we have
" logx=ct ! . 4
g ! u , Gl
= = =¥\ 2dx
This is the general solution. } )
M | K PV = ! On integrating, we get
dy 1=
5.(x——y)2£=a2. fudu_Z.[dx
: . dy " logu=2x+c oo log (k2 +y?)=2x+c¢
g P AR
Puluilons (x=y) ax "’ o (1) This is the general solution.
du _dy j
Putx—y= SoxXx—u= A N ‘ /
s Sl | dx  dx ! 7.y—x:vxy=a(y2+dl)
. (1) becomes, u (1 - g—:) =q? - dy dy
J Solution : y—‘rd a(y +E;[)
0 L !
a e i g gt Y,
” i ey = 4 +a 2% Soy—ayt=x e s
A u’—u2=u‘dx dx=ur ydu 3 3 ;
' B . 14 X Yy
L y(l=ay) = (x+a) == et
Integrating, we get _ y(L=ay) = +4) dx x+a y(l—ay)
(u* —a?) +a* Lo dy ;
jdx J.v———dll ' o m—,[m_cl (l)
du dy (1 —ay) +ay 1 a
$ = 2 - -=
cx=f1ldu+ta ,[u‘—az | Now’Jy(l—ny) I ya-m) ¥~ j(t/ 1—m/)dy
=u+a? log }J,-cl =10g|y|+al,°,5!i;“,y|
; —y—a y
; 7 =1 —log|l—ay| =1
X=x— y+ =yta +¢y ) ogly|—log|l—ay| Ogll—uy
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" (1) gives, log|x+a|—log}1_y—ay! =logec,

where ¢; =log ¢

‘. log W‘ = logc
y
LG ) —ag) =y

y
This is the general solution.

8. Find the particular solution of the differential equa-

tion logiyc = 3x + 4y, given that y = 0, when x =0,
Solution : Ioggz =3x +4y

. dy c3x-4y=!,3x_‘,4y

" dx
# e}ydy=e3’dx

On integrating, we get

2.

Solve the following differential equations and find
its particular solution :

(1) xdx+ydy=0, whenx=3, y=4

(2) ZZ +xy=xy* wheny=4,x=1

W _azby i€e_ v
(3)dx_3 Jifx=y=0

dx dy

@ it+2+y+2

=0, whenx=1, y=2

(5) xdy =y (1 —y)dx, if y=2, when x = —4.

. Solve the following differential equations using the

substitution shown against them :

dy
(1) (x+y)&;+y—0,x+y—u

@ (x—y)(l—g)=c",x—y=u

Y

(3) x+ysx=x2+y2, it yi=u.

[eay={ ™ dx 4. Solve the following differential equations using the
oM o ' substitution shown against them :
% =—+0
=& (1) (2x—2y+5)%:x—y+3,x—y=u
| —3e” Y =4e% + 12¢,
. 4% 43¢ = ¢, where ¢ = —12¢, (2) (x+2y+1)dx—(2x+4y+3)dy=0, x +2y=u
This is the general solution. (3) Z_y v, %, 3x—2y=u
Now, y =0, when x =0. ¥ N
46041360 =¢ “ E= 5. Solve : (2x —2y +3) dx — (x —y +1) dy =0.
. the particular solution is 4¢™ 4 3¢ /=7 Also, find its particular solution whenx =0 and y = 1.
c 46 430" 7 =0, Answers
2% - .2
N\ LM SHG-De=c @ G-IEx+D=cx
"/\ EXAMPLES FOR PRACTICE 8.3 / X3
(B) #¥+4¥=c (4)@V=E‘+?+c
1. Solve the following differential equations : (5) A +x)A+y?) =c (6) \/"i—ix" 4 \//1’ Tyi e
(1) xe Ydx+ydy=0 .
(7) 3log|1+e*|+y=c (8) ey —1)="+c.
(2)y—xd—y=3(1+x‘4¥) 2
dx dx
" 2. (1) x* +y*=25
(B) L =44y 4 1 4
dx (2)%+log g—z—l—’=i+log<§)
d
@) L=y atey (3) 3 +37¥=2
(5) x(1+y)dx +y (1 +3?)dy =0 (@) oy 420 +y) =8
6) yJ/1—x2dy +x/1—y*dx =0 ©) 2=~y
) 3¢*dx + (1 +¢) dy =0 3. () y@x+y)=c
g) W _% () (x—y)=2¢"+c
()ya—‘,—y- (3) log(x* +y*)=2x+c.
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4. 1) x—2y +loglx—y+2|=c
(2) log|4x + 8y +5|=4x—8y +c
(3) 4x —2y —2log|3x —2y +3|=c
5. 2x—y)—logl(x—y+2)|=c
(2x—y)—logl(x—y+2)|+1=0.

8.3 : HOMOGENEOUS DIFFERENTIAL
EQUATION

Homogeneous Function :
A function f(x, y) is said to be homogeneous function of
degree 1 in x and y, if f(Ax, ly) =A"f(x, y).
For example :
1. If f(x, y) =x* 4 3x%y + 2x%y* + %, then
fQx, 2y) = A%x* 4+ 32333 Jy + 22%x2- A% 4+ 2%y
=4t + 3% + 2% + )
=, ).
.. f(x, y) is a homogeneous function of degree 4.
2. Ifh(x, y) =
h(Ax, iy) = A%x3 + 3Ax-Jy = A3x® +3A%xy # A"h(x, y)

for any n

x* 4 3xy, then

". h(x, y) is not a homogeneous function.

Solution of a Homogeneous Differential Equation :

A first order, differential equation of the form

filx, y)dx +f,(x, y)dy=0 is said to be a homogeneous
differential equation, if f, (x, y) and f, (x, y) are homogene-
ous functions of the same degree in x and y.

This homogeneous differential equation can be put
in the form
dy _ _hx y)
dx  fiolx, y)°
Such an equation can be reduced to the variables separ-

fule P +hil ) =

able form by the substitution y = ox.
Note : If the differential equation is of the form

g—;‘ = F(x, y), where F(x, y) is a homogeneous function of

degree zero, then we use the substitution x = vy.

[xdx+2[ydy=c,

2 2
B %+2(‘%)=c,

. x?+2y*=c, where c=2c,
This is the general solution.
[ Note : Question is modified. |

2. y?dx + (xy +x*)dy =0
yrdx + (xy +x*)dy=0
"y +x2)dy = —yrdx

Solution :

o I

Sy -y
Tdx  xy+x*

. dy do
Put y =vx .E—v-i-xa

Substituting these values in (1), we get

v+xdv— —v’x? | -7
dx xox+x* v+1
xdv_ - v_—v‘—v’—v
dx v+1 = o+1
xdv_ —20°—v 2v2+v)
. ov+1 v+1

1

% Y ———dv ———dx

20% +v

Integrating, we get

v+1 1
fm“”—‘f;"*
: v+1 (1
p J‘v(21;+1) —J;dx
v(2o+1) - X

-t 1 1

& J(5—2v+1>d0“ der
1

.J;dv—Jz —dv I dx

% loglvl—ilog|20+ll= —log|x|+logc

". 2log|v|—log|2v+1|= —2log|x|+2logc

EXERCISE 8.4 | Textbook page 167 ", log|v?|—log|2v+1|= —log|x?| + logc?
Solve the following differential equations : . v? ‘ 2
. log|z——=[=log|=
1. xdx +2ydy=0 v+1 &
Solution : xdx +2ydy =0 v? 2
Integrating, we get ‘w4l A2
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yZ
(F) c2 yz 2
W Gl e
2(Z)+l x xQy+x) x
X
Layt=ct(x+2y)
This is the general solution.

Remark :
The answer can also be given as follows :
v+1
J.Zv +v J. o
(4v+l)+—
T 2% +v j o
g & [ 2ok] v+§ X dv= — 1dx
"4 ) 20*+0 4 )20°+v x
. 4v+1 20+1) - 20 ldx
' 4 202 +v 4 v(2v +1)

4v +1 3

K 1
2v2+vdv+i j(v 2v+1)

% ilog)sz+v|+2[log|v|—log|22)+1|]=

fdx

—logx+c
[ —(2v +v)=4v+1 and

ff(( ))dv—log[f(v)l +c}

% —logQZv +v|+- log +1

()
2(3)+

3 y
+ilog[x+2y:|_

This is the general solution.
[Note

l— —logx+¢

2y
x

- log = lo

i n = —logx+c

2y +xy
x2

" logx+ ilog

: Answer in the textbook is incorrect. |

3. x*ydx— (x* +y*)dy =0 (4 marks)
Solution : x*ydx —(x*+y3)dy=0

L (P +yd)dy =xPydx

LAy Xy

“dx 4y - @
. dy dv

Put y =ox 5 E—v+xa

8. DIFFERENTIAL EQUATIONS AND APPLICATIONS

. dv  x*ox v
.(1)becomes,v+xdx po g ms
x@_‘ v _‘v—v—v“
dx 1+7° 1+9°
. do  —v*
R e
dx 1+79°
S
1+4v e L
v x
Integrating, we get
J‘l+v dv——J 1
% j(%+1)d0= —J'ldx
vt o x
% jv“dv+.[ldv= —J.}dx
v x
v’.i
= ——3+10g|v|= —log[x|+cl
1
i ~— +log|v|= —log|x|+¢c,
1 y
% (}1)3 ;‘_ —log|x|+¢,
X

3y,,+log|y]—log|:c|— —log|x|—logc,
where ¢, = —logc
3

Y x——lo c+lo
. 3y3_ g gY

3

X
’ 3y3-l°8|0yl

Thls is the general solution.

dy x-— 2y _
% dx+2x y

Solution : % + ;x_——zz -0

)
TdxT \2x—y
dy dv

s E=U+XE

. (1)
Put y =ox.

". (1) becomes, v+1@= _(

x— 2vx)
dx

2x —vx

275
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xd_v_ —14+2v—2v+v?
dx 2—v
dv _v=1
dx 2—v

. 2-v 1

g *2—_—ldv=;dx

Integrating, we get

2—v 1
J.v‘——ldv=I:;dx
) 1 20 1
s 2 — 2fvz_]dl7—J‘;dX
L 2% log ——loglv —1|=log|x|+logc,

(&)

[ div(v2 1)= vadjf()

v—1 . 1
", log m’—logl(v'—l)ﬂ:loglc,xl
v—1
L log | —— ———=|=1
Co-1 1 ex
’ v+1 \/DZ_I_ =
J_
% 1
y— . =cx
7 y
x+1 P_1
i .
Cytx Vyi—x? !
—-X 5
’ i?”wyz—x'
. y—x —
.y+x=cl\/y-—x-\/y+x

3
LA Y—x=c,(y+x)?
Ly—x=c*(x+y)?
. y—x=c(x+y)?, where c=c,?

This is the general solution.

www.saiphy.com

2

¥ =
2

) 1
. log m _2_’108 =log|x|+logc,
- tog|“=%| - T1og|y? — x*| + L 1ogx* = log x| + logc
> y+x| 2 2 l
T _110 |x* —y?|+ log|x| = log|x| +logc
i ogy+x 7108 y glx|=log 861
afia x yl__loglx —y?|=loge,
log| ¥ +lloglr2—yzl=l°8C
. x_y 2 3 v

where logc= —logc,

[Note : Answer in the textbook is incorrect.]

5. (x* —yHdx + 2xydy =0
=log|f(x)|+c] f Solulian : (x’—yz)dx+2xydy=o
5 Z‘X‘ydy: _(xz_yz)dx=(yl_x2)dx
! d T
R 2 o
} dx 2xy
Put y =vx _y_v_’_x@
\§ Tdx dx
: vix? —x3
L (1)becomes,v+xd—x_ —
3 Z)_l_x@_v’—l
| dx 2o
: \c-d_v_vz—l_ _ 20"
Tdx 20 - 2
/. x@_ _1—7’2_ _(l+vz)
' v dx— 2v - 2v
. 2v 1
Tyt = %

’ Integrating, we get

; JH’ de

", log|1+9*|= —logx +logc

f&)

. 4 2y _
[ %(l+v)—20and =)

dx—loglf(x)|+c]

yz

Remark : ", log|1 o —logx+logc
The answer can also be given as follows : o
. - T
. s—1l 1 . . log =log Z
. log e ~iloglv —1|=log|x|+logc,
P4yt
v x? - X
: 2 o gt
. log | =— ——log 2—- =log|x| +logc, » XY Tmer
L This is the general solution.
x
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6. xyj—i=x2+2yl

Solution : xy —y =x24 Zyz

dx
L dy x*+2°
Tdx xy

dy dv
Put y =ox. Then g = UEE

do x*+20°x? 1«{»2'02

. (1) becomes, v +x——

dx xoox v

dv 1420 = 14+20%-9°
YT o B v

do_1+79?

dx v

. v 1
. mzdv —;dx

Integrating, we get

v 1

B O 1 _“1
> 2J1+v dv | xdx+logc,

7 %logll +2%|=log|x| +loge,

. log|1+v?*|=2log|x|+2logec,
" log|1+9*| =log|x*| +logc,*
". log|1+v*| =log|cx?|, where c=c,*
1+t =cx?
2

% 1+y—2=cx2
X

L P =t

ThlS is the general solution.

(1)

2

7. x2%=x2+xy—

Solution :

« (1)

*. (1) becomes

v+x§—§=1+v—v2
xZ—Z=1—v2

b _ix
"1-02 x

Integrating, we get

dv dx
. | —

17 X

»le |1+4+v

: Elog - =logx +logc,

o

: 110 N =log (xc,)
x

", log 1%‘l!\=2log(xcl)
=log (x?c,?)

. Xty

: =cx?, c=c,?, is the required solution.
x—=y

’ ADDITIONAL SOLVED PROBLEMS—S(B)'

Solve the following differential equations :

1. (1+e”’y)dx+e‘”(l~§)dy=0

Solution : (1+e‘”)dx+e”( y)dy 0
% (1+e'-’!)d—x+e*"¥ (1—§)=0
dy y
Put =u . x=u : ‘E—u+ g
Y . Yoy Yay

*. (1) becomes, (1 +¢*) (u +y3—:)+é‘(1 —u)=0

d
] u+ue"+y(1+e“)d—:+e“—ue‘=0

. . du_
. (u+e )+y(l+e“)@—
dy Lge¥
% du=0
y  u-+e

4 Jd—yi-.f l+eudu—('l
Y u-+e

—(u+e)—1+d‘andJ‘ du—loglf(u)|+c

flu)

8. DIFFERENTIAL EQUATIONS AND APPLICATIONS
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*. from (2), the general solution is
log|y| +1log|u+e*| =log c, where c; =logc
" logly(u+e')| =log c

X
5 —-+e"/y)=c
y(y

This is the general solution.

Lylutet)=c

Lx4yeV=c

2. (x* +3xy + y?)dx —x*dy =0
Solution : (x* +3xy +y*)dx —x?dy =0
x2dy = (x* + 3xy + y*)dx

dy
. 2 -
. (2 +xy)
oy _ yl
“dx x2+4xy - @

- . dy dv

Put y=vx i kA
v¥x? v?

y (1) becomes, () +xdx m 1+o

dv v? 2 —p—0v?

xE=1+v—v_ 1+v

Cdy x*+3xy+y? dv_ —v
Cdx = = @ R s g
. dy do 1.l § 1
Put y =vx i e o dv= xdx
3 ; Integrati e get
(1)becomes,v+x‘—ig—x+—xvzxﬂ egrating, we g
dx x
1+v
% L. SO J( ) J dx
dx
dv 2 1 1
xa-——v +20+1=(@+1) J(_+1>dv=_j_dx
v x
. ST 1 r1
| TRt A Jz—)dv+jldv=_J;dx
Integrating, we get c. loglo|+v= —log|x|+c
(1
S
Jle+d) dv—J;dx+c1 " log ¥|+§—:=—log|x|+c
C(e+1)7?
' 1 =log|x|+¢, % logly]—log|x|+%= —log|x|+c¢
§ ] y
T L SHlogly|=c
. 1 =log|x|+¢, This is the general solution.
241
x y
g —ﬁ=loglxl+cl \ EXAMPLES FOR PRACTICE 8.4 y
5 Solve the following differential equations :
B RN T
g Cdx x
". log|x|+——=c, where c= —¢, &
wky 2 (x+y)d—=y
This is the general solution. a
dy
3. xy—>=x*+y>
4y dy W =¥ i
Yt T
24y 2
4. x“==xy—y
5 dy dy dx
Solution : y* —x?-Z=xy->
dx dx 2, 2% dy
5. y*+x*==xy-=
dy_,_x dy dx dx
Y YT y 6. (x* +y?)dx—2xydy=0
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dy

2 2

7. ¥ e 3xy—2y*=0
dy y?

5 Yax * x

dy 4x—3y

% dx 3x—2y

10. (1+¢) dx+2¢*""(1 —';)dy=o

11. (x? +y?)dx =2xydy, whenx =1, y=0
12. (x? +y*)dy =2(x* + xy — y?)dx, y(0) =2

Answers

L y+/x*+y*=cx?
yZ

2. ylogly|=x+cy 3. A7=2k>g|x|+c
4.;=Iog|x|+c 5.¥—log|y|=c
6. x*—y*=cx 7. y=cx*(x +y)
8. x=ce*'¥ 9. > —3xy +2x*=¢2
10. x +2ye=c 11. x> —y?=x

12. 2x+y)’(x —y) +8(x +y)* =0.

[ 8.4 : LINEAR DIFFERENTIAL EQUATION

The general form of a linear differential equation of the
first degree is
dy
dx
where P and Q are the functions of x only or constants.

+Py=Q o (N

d
eg. (i) ;j';:/_+xy=x2
(ii) xz—z+y=x3

oy Ay
(iii) = +y=¢
are linear differential equations.

The equation (1) may not be in variable separable form.

To solve equation (1), we multiply both sides of (1) by
| Pdx
e

oI P Ay

— o
=y-e P+ i

=e]‘de[s_:y( +Py]
.. (2) can be written as :
%[y_e; de] —Q.elP%
Integrating both sides w.r.t. x, we get
y-ejpdx=_[Q-edexdx+c we (3)
This is the required general solution of the differential
equation, where ¢ is the constant of integration.
Note :
(i) The function eI Péx is called integrating factor (LF.)
of the given equation.

(ii) The solution (3) can be written as :
y-(LF.) =[] Q-(LF.)dx +¢

Working rule to solve the linear equation of first order
and first degree :

Step 1 : Write the given equation in the form

Y py=0

where P and Q are functions of x only or constants.
Step 2 : Find the integrating factor (LF.) = g

Step 3 : Multiply both sides of the equation in step 1
by LF.

Step 4 : Integrate both sids of the equation obtained in
step 3 w.r.t. x to obtain

y-(LF) =] Q(LE.)dx +c

This is the required general solution of the differential

equation.

Note : If the equation is of the form Z—; +P-x=Q

where P and Q are the functions of y only or constants,
then ILF. =¢' "%

and the solution of this equation is given by

x-(LE.)=[ Q(LF.)dy +c.

, we get
g | EXERCISE 85 | Textbook page 168
e“""'-[—y+9y]=q-e“’"‘ e (2)
dx Solve the following differential equations :
d( jpax\__d( jpix jPax dy . -
Now,dx(ye )—ydx<e >+e a5 1. dx-}-y—e
=y~e“’dx%(j de)_‘_edex.Z_i Solution : Z—Z-i-y:e" e (1)
8. DIFFERENTIAL EQUATIONS AND APPLICATIONS 279
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This is the linear differential equation of the form

%+P-y=Q, where P=1and Q=¢"*

. LR.=e
", the solution of (1) is given by

y-(LF.)=[ Q-(LF.)dx +¢
Soye=[e *efdx+c
Ly=[ldx+c
L ey=x+c

fPax_ fldx_ »

L ye&=x+c
This is the general solution.

dy
2. E;+—y-&

Solution : Z—z +y=3
This is the linear differential equation of the form

g¥+p-y=Q, where P=1, Q=3

. LE.=elPdr _ pfldx_ o |

*. the solution of (1) is given by

y-(LE) =] Q(UE.)dx +c 3‘

. ye=[3edx+c=3¢+c Z

L yeF=3+c !

This is the general solution. :
dy

3ox g +2y= x%-logx.

Solution : xj—z +2y=x*logx

v AN
.‘—1;+(;>y—xlogx

This is the linear differential equation of the form

()

dy 2
a+Py—Q,whereP—;andQ—xlogx

Pax  [Zax  2flax

=g X =pgi'x

- IR.=é

_ p2loBr _ Jogr _ 2

", the solution of (1) is given by
y-(LE.) =] Q-(LF.)dx + ¢

L yx?={(xlogx)-x*dx +c

Lxty=[x*logxdx+c
=(logx)jx’dx~J[dix(logx)jx3dx]dx+c

280

x4 8
= (logx)-—4— —J;-de+ c

1 1
=;ix"logx—;_[ x¥dx+c
4

% .‘c2-y=‘1x‘logx—}1 %+c

Ly TR X

This is the general solution.

dy _
4. (x+y)Ei—

Solution : (x +y)ix_y =

(D)

This is the linear differential equation of the form
dx
dy
, LF.=¢
. the solution of (1) is given by
x(LF)=[ Q-(LF.)dy + ¢

Lxe¥=[yeYdy+c

+P-x=Q, where P= —1 and Q=y

Pd o L 2
y:e‘[ y::e y

? e‘%x=y5e‘ydy—J[%<y)Ie"dy]dy+c

-y
= e—l Jl —dy+c

—ye Y+ [eYdy+c

e ¥
b e = —ye"y+—l+c

et xdyeYt+eV=c

e ¥x+y+1)=c
Lxt+y+l=ce

This is the general solution.

5. ydx+ (x—y*)dy=0.
Solution : ydx + (x —y*)dy=0

|oydx= —(x—y*)dy
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This is the linear differential equation of the form

dx 1

~—~+P-x=Q, where P=-and Q=

dy y Y
1

L LR=el P =l glogy —

". the solution of (1) is given by

x-(LE) =] Q-(LF.)dy + ¢,
Lay=[yydy+c,

Lay=[ydy+e
3
‘. xy='l—/§+c,
L 3y =y +3c,
", 3xy=y*+c, where c=3c,

This is the general solution.

6. %+2xy=x.

dy
Soluti :
olution d

— + vy =
Jc+yr

This is the linear differential equation of the form

Z-‘Z+P-y=Q, where P=2x, Q=x

;. LR =elPdx — pf2xdrx

— 2| xdx =e2(f) =

*. the solution of (1) is given by
y-(LF)=] Q-(LF.)dx +c
Lyt =[ xeYdx+c

Put x> =t C. 2xdx=dt

1
oxdx=—dt
R
.. (1) becomes
ye*' =% J‘e'dt+c

', ye* =%e" +c

This is the general solution.

5 (1)

. (1)

« @)

dy
7. (x+u)a— —y+a.

Solution : (x+a)%+y=a

3 NEL v
"dx xX+a y—x+a

This is the linear differential equation of the form

dy 1
d—x+Py—Q, whereP—m, Q=

a
x+a

[ 1

I.F.=efpd"=eJ ‘"‘dx

=eloglcta) _x 4 g
", the solution of (1) is given by
y-LE)=[Q-(LF.)dx+c

% y(x+a)=J <x—_‘:—a>(x+a)dx+t

=afdx+c
Soyle+a)=ax+c
This is the general solution.

8. dy + (2y) dx =8 dx.
dy + (2y) dx =8dx

Solution :

A dy \\ /
] E+2y—8

This is the linear differential equation of the form

%+I’y=Q, where P=2, Q=8

LR =elPdx—p2fdr _ o2

. the solution f(1) is given by
y-(IF)=[QUF)dx+c

L oye¥=[8eXdx+c

= 8<e;) +c
Sy =4+
This is the general solution.

[Note : Question is modified. ]

- (1)

« (1)

ADDITIONAL SOLVED PROBLEMS-8(C)

Solve the following differential equations :

dy - F
1. (x+a)2;—3y—(x+a) .

Solution : (x +a)% -3y =(x+a)®

8. DIFFERENTIAL EQUATIONS AND APPLICATIONS
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This is the linear differential equation of the form

dy e ne. -3 e 4
dx+P y=Q, whereP—x+aand Q=(x+a)

-3 o

* 1F =e[de=e,,x+ard’=e”3_'x4+ndt

=e—3103|xd-¢| =elog(x+¢) 3

— —3
=) T (x+a)?

", the solution of (1) is given by

y(LF)=[ Q-(LF.)dx +c
: '#=J.(x+a)‘-———1 dx +c
Y aray (x+a)*

4 MLaP=j(x+a)dx+c

) y _(x+a)?
- TP 3 +c

L 2y=(x+a)’+2c(x+a)
This is the general solution.

e

dy
2. (1 x)! + 2xy =x(1 —x%)%.

. ; 04y 2y
Solution : (1—x )d—x+2xy=x(l—-x )?

. dy+( 2x ‘)y x
o _ 2 = l
dx \1-—x 1 x2p

This is the linear differential equation of the form

dy 2x X
E+P-y—Q, where P_l—xz and Q=

1= xz)%

ro2x
dx
LRl

=5
=e - =c—log<l—x‘l

| 1
_ ’0851' =1 1
1—-x2

.". the solution of (1) is given by
y-(LF.)=] Q-(LF.)dx + ¢

282

« (1)

1]
¢
¢

!

(1—-x2p
y x
a rz)_ gdx+c
(1—x?2)?
Putl—x*=t —2xdx =dt
dt
xdx——i
y _[1 (=
1—x2" t% 2
3
1—yx1=_%,[t 2dt+c
i
A NENES
-2 (=1 t¢
Y 1
T-x" I\
(1 —2x?)2

Sy=J1-x24c(1-x%)
This is the general solution.

( EXAMPLES FOR PRACTICE 8.5

j'y

1. Solve the following differential equations :

@ Y _ 2 dy — 53
(1) i x—Zx,x>0 (2) 4dx+8y—56

2y YoM\ dy \Y_.a_
(3) = @) S +2=x*—3

X

g d
(5) xj—i+y=xe‘,x>0 6) xd—Z—y=(x—1)e"

7 +X")Z—¥ +6xty=1+x?
(8) (x+2y°)dy = ydx

dy _ dy _ !
(9)3;—x+y (10) dx—y+2:x.

d
2. Solve the differential equation ‘g —y=¢€.

Hence, find the particular solution for x=0and y =1.

Answers
(D) y=x+ex (2 y= —Ze’3’+ce’7‘
x> 3
B) y=@x—1)+ce (4)W=E—§x2+c
Y (et PPINL .
©) y—( = )e"*'x (6) y=e*+cx
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3 A g6
3 L N8

(7) y(1 +x3) =x+z+tgtete

8) x=y>+cy ©9) x+y+1=ce*

(10) y+2(x+1)=ce .
2. y=(@x+oe, y=x+1e".

’ 8.5 : APPLICATIONS OF
DIFFERENTIAL EQUATIONS

We studied about the differential equation, its forma-
tion and the solution of the differential equation of first
order and first degree.

Differential equations have wide range of applications.
In most of the physical problems, the relation between
the variables can be expressed in terms of rate of change
of one variable with respect to another. Hence, in all such
problems, we have to deal with differential equations.

In this section, we shall study about some of the
applications.

8.5.1 : Population Growth and Growth of Bacteria

Generally the population of a city or country, the
number of bacteria in the culture increases, i.e. grow
with time.

If the population P increases at time ¢, then the rate of
change of P is generally proportional to the population
present at that time.

% oL « P 4E = kP, where k is a constant.
dt dt
This is the differential equation of first order and first
degree.
‘%) = kP can be written as
dP
S kdt

On integrating, we get
(1

JI—)dP=kjdt

.. logP=kt+c

. P=elttemelef

. P=a-eM, where a =¢

This gives the population at any time t.

disintegration is always proportional to the amount
present at that time.
If x is the amount at time ¢, then

‘—;f;= —kx, where k is a constant and k > 0

The negative sign indicates that x decreases as t increases.

dx .
= —kx can be written as

dt
L= —ka
x
On integrating, we get
Jldx= —k [ dt
2 A
C logx==kt+c

| ox=e Mro—p R oc

K when a=e¢°

. xXx=ane"
If x, is the initial amount of radioactive element,
i.e. x =x, when t =0, then

Xo = a-e? A=

R X i
This expression gives the amount of radioactive element

at any time f.

EXERCISE 8.6  Textbook page 170

1. In a certain culture of bacteria, the rate of increase is
proportional to the number present. If it is found
that the number doubles in 4 hours, find the number
of times the bacteria are increased in 12 hours.

Solution : Let x be the number of bacteria in the culture

at time f.
d
Then the rate of increase is d—: which is proportional to x.
T— oc X
Cdt
dx
N7 . kx, where k is a constant
d
| T kat
x

On integrating, we get

Id—x—kj'dt

x_

S logx=kt+c
8.5.2 : Radioactive Decay Initially, i.e. when t =0, let x =x,
We know that the radioactive element like radium S logxg=kx0+c . c=logx,
disintegrates and there is a decay in its mass. The rate of .. logx =kt +logx,
8. DIFFERENTIAL EQUATIONS AND APPLICATIONS 283
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.. logx —logx, =kt

log(xio)=kt wia (1)

Since the number doubles in 4 hours, i.e. when t =4,
X =2x,

Iog(zxi:)=4k

t
.. (1) becomes, log(xi ) - log2
0

. k=l
o k—4log2

When t =12, we get

x 12
log(x—o)= ZlogZ =3log2
. X =
: log(XO)—logS

‘ x_0=8 . x=8x,
. number of bacteria will be 8 times the original

number in 12 hours.

2. If the population of a town increases at a rate
proportional to the population at that time. If the
population increases from 40 thousands to 60 thou-
sands in 40 years, what will be the population in

another 20 years?
) /3
(Given : | -=1.2247)
V2

Solution : Let P be the population of the city at time .

dP
Then Tl the rate of increase of population, is propor-

. P
When t =40, P = 60000

5 i (60000

5 ‘0000 = 40%

R 3\*0
e 40000=(§)

We have to find P in another 20 years
ie. at t =40+ 20 =60

If t =60, then
60 3 .
L_<§)“°_(§“_§ [3
40000 \2) 2) 242
. puf000 X34 5 may ... [By data]
=73482

*. population after 60 years will be 73482.

3. The rate of growth of bacteria is proportional to the
number present. If initially, there were 1000 bacteria
and the number doubles in 1 hour, find the number

5 =
of bacteria after 3 hours. [Given : /2 =1.414]

tional to P.
, P o P Solution : Let x be the number of bacteria at time ¢.
Codt
d
P Then the rate of increase is ~£ which is proportional to x.
C = kP, k is a constant
s S==0E
4P dt
L —=kdt
P . odx .
3 . ——=kx, where k is a constant
Integrating, we get dt
dpP dx
fp—kfdf L=kt
.. logP=kt+c On integrating, we get
Initially, i.e. when ¢ =0, P =40000 g
-, 1og40000=0+c .. c=log40000 < —klat
.. log P =kt +1og 40000 . logx=kt+c
.. logP —1log40000 = kt Initially, i.e. when t =0, x = 1000
284 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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. log1000=k x0+¢
.. logx =kt +1og 1000
". logx —1og 1000 = kt

. x —
' Iog(i'o'(—)*d)—k' e (1)

Now, when £ =1, x =2 x 1000 = 2000

". ¢=1og1000

. 2000 g
. x -
.. (1) becomes, log(looo)— tlog2

Ift:g, then

lo (L)—:?lo 2=lo (2)3"
8\ 1000 ) "2 98-8

% 3 -
b —_— = 2 = =
L <1000) (2)* =4./2 =4 x 1.414 = 5.656
‘. x=05.656 x 1000 = 5656

‘. number of bacteria after g hours = 5656.

[ Note : Answer in the textbook is incorrect. |

4. Find the population of a city at any time £, given that
the rate of increase of population is proportional to
the population at that instant and that in a period of
40 years, the population increased from 30,000 to

. P

Now, when t =40, P = 40000

 Log (40000
-+ %8\ 30000

1, (4

". (1) becomes, log(Lo)=4i01°8(g)=10g<g)‘E

. L_(‘E)fo
30000 \3
t
: 4\
: P—30000<5)‘°
t

*. the population of the city at time t = 300()0(;)“o

)=kx40

Vv
5. The rate of depreciation % of a machine is inversely

proportional to the square of f+1, where V is the
value of the machine t years after it was purchased.
The initial value of the machine was T 8,00,000 and
its value decreased ¥ 1,00,000 in the first year. Find
the value after 6 years.

Solution : Let V be the value of the machine at the end

of t years.

Then ‘ﬂ’, the rate of deprediation, is inversly propor-

40,000. dt
Solution : Let P be the population of the city at time t. tional to (f +1)%
L . A \lation ; v 1

en ar’ the rate of increase of population, is VLT (t+1)7
proportional to £, ., &Y = — _k 4 k > 0 is a constant

dp todt (t+ 1)21

AP ) N (t + 1)2

e kP, where k is a constant. Bn integrating, we get

dP dt

. —=kdt N lra- &
P 1 4 k I (E+1)?
On integrating, we get =1
1 % V= — kl:t—_l ] +c
J ~dP =k | dt T
i k
.. logP=kt+c Vemrite
Initially, i.e. when t =0, P =30000 Initially, i.e. when t =0, V = 800000
.. log30000 =k x 0 +c ". ¢=1og30000 k
o logP=kt+log = 800000=i+c=k+c aws (1)
.. log P —1log30000 = kt Now, when ¢t =1, V = 800000 — 100000 = 700000
8. DIFFERENTIAL EQUATIONS AND APPLICATIONS 285

www.saiphy.com



www.saiphy.com

. k k

S 700000—m+c—i+f (2)
Subtracting (2) from (1), we get
100000 = 12k .. k=200000
.. from (1), 800000 = 200000 + ¢
". ¢=600000

V=20 + 600000

t+1
When £ =6,
V=2007000+60
= 28571.43 + 600000

=628571.43 ~ 628571
Hence, the value of the machine after 6 years will be
X 6,28,571.

ADDITIONAL SOLVED PROBLEMS—B(D)I

1. If the population of a country doubles in 60 years;
in how many years will it be triple (treble) under the
assumption that the rate of increase is proportional
to the number of inhabitants ?

(Given : log2 =0.6912, log 3 = 1.0986)

Solution : Let P be the population at time f years. Then

Z—I:, the rate of increase of population is proportional to P.

dp
dp

& = kP, where k is a constant

dp
. 5 =kt

On integrating, we get

dTI,-)=kjdt+c

C. logP=kt+c
Initially i.e. when t=0, let P =P,

Since, the population doubles in 60 years, i.e. when
t=60, P=2P,

Iog<%>=60k

.. (1) becomes, log(lg) = édlogZ
()

% k=6%log2

When population becomes triple, i.e. when P=3P,, we get
3P, t
log(P—o>—éalog2

.. log3 =gtdlog2

Co log3\ _ 1-0986
' '_Go(logz)_m(o-sm)
=60 x 1-5894 = 95-364 ~ 95.4 years

", the population becomes triple in 95.4 years
(approximately)

2. The rate of disintegration of a radioactive element at
any time t is proportional to its mass at that time.
Find the time during which the original mass of
1.5 gm will disintegrate into its mass of 0.5 gm.

Solution : Let m be the mass of the radioactive element

at time f.

dm

it which is

Then the rate of disintegration is

proportional to m.

.-
todt
% Lirf: —km, where k > 0
dt
d
el it
m

On integrating, we get

Jldm = —k[dt

m

.o logm= —kt+c

Initially, i.e. when t=0, m=1.5

s c=log(;)

colog(1.5)= —kx0+4c

J.o logPy=kx0+c . c=logP,
.. logP =kt +logP, 3
.. logP —logP,=kt ;. logm = ““‘HOS(i)
" lo £)—kr (1) ", logm —lo §_ —kt
. log P, - . log gz_
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log(z?m>= —kt

When m=05= ;, then

2)(%
log = —kt

e log(§)= —kt

. log(3) " '= —kt
. —log3= —kt
. 1]

5 t—ElogS

. the original mass will disintegrate to 0.5 gm when

1
t=Elog3.

3. The rate of decay of certain substance is directly
proportional to the amount present at that instant.
Initially, there are 27 gm of certain substance and
three hours later it is found that 8 gm are left. Find
the amount left after one more hour.

Solution : Let x gm be the amount of the substance

left at time £.

Then the rate of decay is Z—’; which is proportional to x.

X .
- F €
% dx= —kx, where k > 0
dt
»1~dx=—kdt
x

On integrating, we get

1
J;dx: —k| dt
cologx= —kt+c
Initially i.e. when t=0, x =27
colog27= —kx0+c .. c=log27

.. logx= —kt +log27
.. logx —log27 = —kt

log(%)= —kt (1)

Now, when t =3, x =8

log(%)= -3k

) 23 2
: —3k—log<5) —3Iog<§)
k= 2
Sok= —log(3>

.. (1) becomes, log(zi?) =t log(g)

When t =4, then

4
log(%)=4log<§)=log(§)

x 16 16

i_7=ﬁ . X=7

*. the amount left after 4 hours = 16 gm.

3

. The rate of growth of population of a city at any time

t is proportional to the size of population. For a
certain city it is found that the constant of propor-
tionality is 0.04. Find the population of the city after
25 years, if the initial population is 10,000.

[Take e =2.7182]

Solution : Let P be the population of the city at time .

Then the rate of growth of population is ap which is

dt

proportional to P.

4P
% d—P=kP, where k =0.04
dt
dP

1
. pdP =(000)t

On integrating, we get

1
J’ pP=(0.04)] at

. logP =(0.04)t+c¢
Initially, i.e. when ¢ =0, P =10000
. log10000 = (0.04) x 0+ ¢

". ¢=log 10000

". log P =(0.04) t + log 10000

". log P —1log 10000 = (0.04) t

: P \_
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When ¢ =25, then
log( —— ) =(0.04) x 25 =1
°g(1oooo>‘ : -

P .. -
|0g(m)=loge o [ loge=1]

. P =2.7182 x 10000 = 27182
. the population of the city after 25 years will be 27,182.

5. Radium decomposes at the rate proportional to the
amount present at any time. If p per cent of the
amount disappears in one year, what per cent of
amount of radium will be left after 2 years?

Solution : Let x be the amount of the radium at time t.

Then the rate of decomposition is Z—: which is

proportional to x.

When t =2, then

x\_ 100 -pY\ 100 —p\?

g5 ) =210 “ya” ) =1o8( 0 )
) i_(lOO—p)’

“xy \ 100

oo _(100—p\?* PN
x‘(T(To )x°_(1_100)"°

2
100>\( —%0) X

Xo

(i) ()]
(o8

2
Hence, (10-—%) % of the amount will be left after

. % left after 2 years =

2 years.

. dx R 6. A certain population of bacteria is known to grow at
4 a rate proportional to the amount present in a culture
ol dx = —kx, where k> 0 that provides sufficient food and space. Initially
it there are 500 bacteria and after seven hours
£ ldx = —kdt 800 bacteria are observed in the culture. Find an
x. ) expression for the approximate number of bacteria
OIS EOMAE, W g8t present in the culture at any time £.
f L= —k{at (Given : log,1-6 = 0-46998)
* Solution : Let x be the number of bacteria at time £.
o logx= —kt+c %
Let the original amount be xq, i.e. x = xo, when ¢ =0. Then the rate of growth is it which is proportional to x.
S logxg=—kx0+c¢ . c=logx, dx
ST ecX
.. logx= —kt +logx, dt
" logx —logxg = —kt 2 %= kx, where k is a constant.
x
o logl — |= —kt -]
g(xo ) ) = ‘% =k dt
o : .
But p% of the amount disappears in one year, On integrating, we get
. whent=1x=x,—p% ofxo,i.e.x=xo—% d%:kjdt
xo“%g .. logx=kt+c
o logl - S = =il Initially, i.e. when ¢t =0, x =500
*o ;. 1og500=kx0+c .. c=log500
- S logx =kt +1
cok= —log(l—-P»-):—log(@—E) g% 0500
100 100 . logx —log500 = kt
X 100 —p X
(1 , log| — )=tlog| ——— . log| = )=k wwarri(l
.. (1) becomes og(xO) t og( 100 ) Og(SOO) t (1)
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Now, when t=7, x =800

*. (1) becomes, log( . )

log<g%g)=7k k=;log(§)

t

8 t
500 7103(5)—§log(1.6)

i, log( 5%)) =t 046998 = (0.06714) ¢

7

%
— (0067141

500

. x =500 ¢ ©06714)¢

This is the expression for the approximate number of

bacteria in the culture at any time .

(

EXAMPLES FOR PRACTICE 8.6 )

1.

The rate at which the population of a city increases
varies as the population. Within a period of 30 years,
the population grows from 20 lakhs to 40 lakhs. Show
that the population will be 56.4 lakhs after a further
period of 15 years.

. Assume that the rate of growth of the population of a

certain country varies as the existing population. If

the population increased by 10% in 10 years, in how

many years will the population be doubled ?
(Given : log, o2 =0.3010, log, 1.1 = 0.0414)

. The rate of disintegration of a radioactive element at

time t is proportional to its mass at that time. The
original mass of 800 gm will disintegrate into its mass
of 400 gm after 5 days. Find the mass remaining after
30 days.

. The growth of a population is proportional to the

number present. If the population of a colony
doubles in 50 years, in how many years will the
population become triple?

. Bacteria increase at the rate proportional to the

number present. If the original number N doubles in
3 hours, find in how many hours the number of
bacteria will be 4N?

. The bacteria in a culture increases at the rate propor-

tional to the number of bacteria present at any time f.
The number of bacteria increases from 25 to 100 in
5 hours. Find in how many hours the number of
bacteria will be 200?

8. DIFFERENTIAL EQUATIONS AND APPLICATIONS

1}

8.

10.

5.
10.

. If the bacteria in culture increase continuously at a

rate proportional to the number present and the
initial number is N, show that the number of
bacteria at time t is given by N = Nye*.

The decay rate of radium is directly proportional to
its amount at any given time. If the original quantity
12 grams reduces to 6 grams in 4 hours, find the

amount left after another 4 hours.

. Radium decomposes at a rate proportional to the

amount present. If half the original amount dis-
appears in 1600 years, find the percentage lost in
100 years. (Given log2 =0.6912 and e~ %32 = 0.9576)
The rate of reduction of a person’s assets is propor-
tional to the square root of the existing assets. If the
assets dwindle from 25 lakhs to 6.25 lakhs in 2 years,
in how many years the person be bankrupt?

Answers
72.71 years AR5 4 SO(w) ears
. 7271y . 12.5gm " log2 years
6hours 6. 7; hours 8. 3 grams 9. 4.24%
4 years.

/

P L S Y

( MISCELLANEOUS EXERCISE -8 \‘J

(Textbook pages 171 to 173)

(1) Choose the correct option from the given alternatives :

1.

3 d3y

dy -
The order and degree of (Z\:) s +ye* =0 are

respectively

(a) 3,1 (b) 1,3
(c) 3,3 1,1
2
. The order and degree of [1+<Z—Z>3]3 =8§—:% are
respectively
(a) 3,1 (b) 1,3
(c) 3,3 d 1,1

. The differential equation of y =k, + k;z is

2
(b) x1¥+2%=0

d . dy
W Faag =0 dx? "4

dx

W_,

dy _dy
% @) x2g—25,=0

d2
(c) 24—

289
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. The differential equation of y =k, +k,e * is

d2
@) gz =y =0

2 2
@ dry® o0 @ Y+y=0
[Note : Option (a) is modified. |

. The solution of ‘Q=l is

dx
(a) x+y=c (b) xy=c
(c) X2 +y*=c d y—x=c

2

: 'Ihesolutionofd—y+x—2=0is
dx 'y
(@) x*+y>=7 (b) x*+y*=c
(c) ¥*+y*=c d) x+y=c

. The solution of x;—i =ylogy is

(a) y=nae*
(c) y=be **

(b) y =be™
(d) y=e*

. Bacterial increases at the rate proportional to the

number present. If the original number M doubles in
3 hours, then the number of bacteria will be 4M in

(a) 4 hours (b) 6 hours
(c) 8 hours (d) 10 hours
9. The integrating factor of Z—Z-&-y =e *is
(a) x (b) —x (c)er (d)e”*
10. The integrating factor of Z—z—y =¢€* is e *, then its
solution is
(a) ye *=x+c¢ (b) yeF=x+c¢
(c) yF=2x+c (d) ye *=2x+c¢
[ Note : Question is modified. |
Answers
1. (a) 3,1
2.(c) 3,3
dy _dy
d%y
4. (a) zx"z‘ —y—O
5. (d) y—x=c
6. (c) X*+y=c
7. (d) y=e*
8. (b) 6 hours
9. (¢) &
10. (a) ye *=x+c.
290

(I1) Fill in the blanks :

1.

G R W N e

The order of highest derivative occurring in the differ-
of the differential

ential equation is called
equation.

. The power of the highest ordered derivative when all

the derivatives are made free from negative and/or
fractional indices if any is called ......... of the differen-
tial equation.

. A solution of differential equation which can be

obtained from the general solution by giving particu-
lar values to the arbitrary constants is called

solution.

. Order and degree of a differential equation are always

integers.

. The integrating factor of the differential equation

dy —
I Y=xis

. The differential equation by eliminating arbitrary con-

stants from bx +ay=ab is ......... :

Answers

. order

degree

. particular

. positive

c_x
d?y

=0

(111) State whether each of the following is True or

False :

. The integrating factor of the differential equation

B o
E—y—xxse :

. Order and degre of a differential equation are always

positive integers.

. The degree of a differential equation is the power of

the highest ordered derivative when all the deriva-
tives are made free from negative and/or fractional

indices if any.

. The order of highest derivative occurring in the differ-

ential equation is called degree of the differential

equation.

NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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5. The power of the highest ordered derivative when all | Solution : y=logx + ¢

the derivatives are made free from negative and/or | pjfferentiatin g both sides w.rt. %, we get
fractional indices if any is called order of the differen- 5 1 i P
tial equation. f d_z=a_(+0=} xd_z=1

6. The degree of the differential equation Differentiating again w.r.t. x, we get

dy { 2
ALY ; Py dy
e mas 18 not defined. | 2agd—=x x1=0
Answers . x%+gy 0
1. True 2. True 3. True 4. False ,
5. False 6. True. | This shows that y=logx +c is a solution of the D.E.
L d%y dy
[ X=%
(IV) Solve the following : " dx? dx

1. Find the order and degree of the following

differential equations : 3. Solve the following differential equations :

3 oo W
(i)[ﬂh\']z:@ | (x)d—x—1+x+y+xy
dx? dx? §
¢ : dy
Sol P ===
(u)x+‘.1_=1+(dy) [\ LN T
dx dx

\ ;—‘Z=(1 +x)+y(1+x)=1+x)(1+y)

Solution :
(i) The given differential equation is " lLdy =(1+x)dx
, Ty
d*y 2 (d%y { .
I:E-H:-I _(E) Integrating, we get
; ‘ﬁy.+x 3_(@)2 .[1+ydy='[(1+ﬂdx
U Ldx? —\dx? { £
Ly o log|1+y|=x+7+c
3 {
This D.E. has highest order derivative :T‘li with | This is the general solution.
power 3 ) M =
*. order =3 and degree =3 | Solution : e#=x %=logx
By ) b o dy=logxdx .. [1dy=][logxdx
(ii) The given differential equation is o log  dx = [ (og 2)(1) dx Q)

x+"_y_1+(d”)

d . =(logx)f1 dx—J-[;; (log x)-f 1 d;r] dx

7 1
This D.E. has highest order derivative% with power2. | = (log x)(x) - j FXdx=x log x — [ 1dx
", order =1, degree =2. =xlogx—x

. . ", from (1), the general solution is
[ Note : The answer to degree in the textbook is incorrect. | ) 8

y=xlogx—x+c ie. y=x(logx—1)+c.

2. Verify that y=logx+c is a solution of the | (i) dr=ard0—0dr

dy dy Solution : dr=ardf —0dr
£ tial t i v
Citersael equx g +dx g ‘0. dr+0dr=ardd
8. DIFFERENTIAL EQUATIONS AND APPLICATIONS 291
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S (1+0)dr=ard0
. dr_ad0

Cro 140
On integrating, we get

(£ 2,
r o J1+0

.. log|r|=alog|1+0|+c

This is the general solution.

(iv) Find the differential equation of the family of
curves y = e* (ax + bx”), where a and b are arbitrary
constants.

Solution : y =é* (ax + bx?)

. (1)

Lax+bx?=ye ¥

Differentiating (1) w.r.t. x twice and writing Z—XZ as y, and

d*y
o2 3 Y we get

a+2bx=y(—e*)+e "y,
La+2bx=e*(y, —y)
and a(0)+2bx1=e*(y,—y)+ y, —y)(—e ¥
L a0+2b=e*(y,— 2y, +y)
Eliminating @ and b from (1), (2), (3), we get

. ()

o (3)

x x? &y
1 2x  e*y,—y) |=0
0 2 e My,—2y,+y)
x 2 y
et 1 2x Yi—y =0
0 2 y,—-2y+y
... [Taking e * common from C;]
¥ & y
1. 2% Yi—V =0 L[ e #0]

0 2 y,—2y+y
Lx[2x(y, -2y, +y) 2@, —y)]—
x?[y,—2y, +y—0]+y[2—0]=0
" 2%y, —4xPy, + 2x%y — 2y, + 20y —
x?y, +2x%y, —x*y +2y =0
L xty, —2x%y, +xty —2xy, +2xy +2y =0
Ay, dy

i.e.xz—— S 757

dx? dx dx
This is the required differential equation.

7y +x%y+2xy+2y=0

292

dy x+y+1 B
4. Solved—x_x+y_1whenx_
Solution : y:ﬂLl
dx x+y-—1
; dy dv
Putx+y=v Sldg e
. QB0
Cdx dx
% (l)becomes,d—v—1=vJrl
dx v—1
@ _v+l . v+l+o-1
Tdx v-1" " o-1
Lde
Tdx v=1
., 21 Doy
v

Integrating, we get

f”—_ldv=2jdx
v

J(l—%>d0=2jdx+c

L. v—loglo|=2x+¢

L xt+y—loglx+y|=2x+c
Sologlx+yl=y—x—c
This is the general solution.

2 1
When x=3 and y =3 we get
| g+1 —l_g_c
2[373["373
1
logl=—§—c
0=—1—c .'.c=~1

.'. the particular solution is

1
1og|x+y|=y—x+§.

Wi

and

y

1

3

(1)

5. Solve : ydx —xdy = —logxdx.

Solution :
. ydx —xdy +logxdx =0
" xdy=(y +logx)dx

o dy y+logx y logx
, ——— =% d —
dx x x %
.4y 1 _logx
dx x 7 x

www.saiphy.com
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This is the linear differential equation of the form

dy

dx

+ P-y=Q, where P = —la nd Q= loix
1,
o IF.=e! "% =)~ _ p-logx
=cl°5(") '=}
X

" the solution of (1) is given by

=2

y-(LF)=[ Q-(LF.)dx +¢

1 1
._=J£.1 s
X X X

7 g=J‘log2xdx+c
x

X

g:(logx)jx‘zdx—J[dix(logx)Ix'zdx]dx+c

=1
y_ logz x .
x : -1
y_ _logx 1
X X X

L y=cx—(1+logx)

Thls is the general solution.

(N

6.

Solution :

ote : Answer in the textbook is incorrect. |
Solve : ylogy-:—; +x—logy =0.

ylogy- —y+1 —logy=0

) dx
- ylogy-@ =logy—x

. dx_logy—x
“dy  ylogy
Cdx 1 x

dy y ylogy
Lax, x 1
dy ylogy y
This is the linear differential equation of the form

dx

dy

+ Px=Q, where P = andQ:%

1
ylogy

(1)

¢

) J;d
\, LF.=el P¥ = /Y0¥ !

J(lly)

togy * Y _ olo8ll0gy =logy

. the solution of (1) is given by
x(LF)=[ Q-(LF.)dy + ¢,

" x-logy= J-;-logydy +cy
". (logy)-x= J-lo%/dy+c1

Put logy =t N ;dy=dt

" (logy)x =] tdt+c,
t2
¥ Jrlog_l/=§+o:l

" xlogy =%(logy)2 + ¢,

", 2xlogy = (logy)* +¢, where ¢ =2¢,

Thls is the general solution.

7. Solve : (x +y) dy = a*dx.

Solution : (x +y)dy =a%dx
Ldy_ @
Tdx x+y
; dy dv
Putx+y=v 145 ==
dy _dv _
dx  dx
2
(1) becomes, W 1=t
dx v
dv a* a?+v
L em=—t1l=
dx v v
X dv =dx
at+v
Integrating, we get
J dv = j'dr
a*+v
"
. J.wd”=jdx
a‘+v

J(l—ﬁ)dv f dx

1
) 1 —nd
J 1dv—n J.n’-HJ

v—a’log|a®+v|=x+c,

dv=|dx

8. DIFFERENTIAL EQUATIONS AND APPLICATIONS
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. x+y—ailogla® +x+y|=x+c,
. afloglx+y+at|=y—c,

—G_Y &

L loglx+y+at|=L52=L_ 9
glx+y | 23 pe. Sl
8y ¥ =

(n’ a* a" a*

L x+y+at=e =e ‘e

L x+y+at=c-e¥'”, wherec=e /"

This is the general solution.

[ Note : Answer in the textbook is incorrect.

LAy 2,
8. Solve.dx+xy—x.
dy

Solution : =
x

2 2
+;y—x

This is a linear differential equation of the form

. (D)

On integrating, we get

dpP

.. logP =kt +c

The population doubled in 25 years and present

population is 1,00,000.

", initial population was 50,000
i.e. when t =0, P =50000
.. log50000 =k x 0 +c¢
.. logP =kt +1og50000
When t =25, P = 100000
.. 1og 100000 =k x 25 + log 50000

.". 25k =10g 100000 — log 50000 = log (

.. ¢=1og 50000

100000
50000

)

dy
dx

—~ + Py =Q, where P =~

2 o

1’,
1
IF.=elPé = ¢ -['dx

—p2logx _ plogx* _ 2

the solution of (1) is given by

y-(LF)=| QUF)dx+c,

Loyt =[x2xldx+c,

=[x*dx+c,

x3

Lyxi="+c,

Thi

9. The rate of growth of population is proportional to
the number present. If the population doubled in
the last 25 years and the present population is
1 lakh, when will the city have population of 400000 ?

Sol

Then rate of growth of the population is lZ—I: which is

5
5x*y =x* + ¢, where ¢ =5¢,

s is the general solution.

ution :

proportional to P.

dp
Codt
dp

dpP
S e 2
- oc |
= kP, where k is a constant
7= k dt

294

Let P be the population at time ¢ years.

. 1
: k—iglogZ

;. log P = é log 2 + log 50000

If P =400000, then

log 400000 = —

Ztslog2+log50000

t
". 1og 400000 — log 50000 = % log2

(400000
. lo

50000

" log8=log(2)"*

) =log Q)=

s 8=

& (z)z/zs - (2)3

t

L az=3
25

S ¥=75

. the population will be 400000 in (75 —25) = 50 years.

[ Note : Question is modified. |

10. The resale value of a machine decreases over a
10 years period at a rate that depends on the age of
the machine. When the machine is x years old, the

! rate at which its value is changing is ¥ 2200 (x — 10)

per year. Express the value of the machine as a

function of its age and initial value. If the machine

was originally worth ¥ 1,20,000 how much will it be

worth when it is 10 years old?

Solution : Let V be the value of the machine after x years.

Then rate of change of the value is ‘—g which is 2200(x — 10).

NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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v
" dx
. dV=2200(x — 10)dx

On integrating, we get

[ dV =2200 [ (x—10)dx

=2200(x —10)

xZ
e V=2200[5—10x:|+c
Initially, i.e. at x =0, V =120000
.. 120000=2200 x 0 +c=c
". ¢=120000

2
V=2200|:%—10x:|+120000 =YT)

This gives value of the machine in terms of initial value
and age x.

We have to find V when x =10.

When x =10, from (1)

V=2200[%0-—100]+120000

=2200[ — 50] + 120000

= — 110000 + 120000

=10000
Hence, the value of the machine after 10 years will be
< 10000.

11. Solve : y*dx + (xy +x%)dy =0.
Refer to the solution of Q. 2. of Exercise 8.4.
Ans. xy*=c?(x+2y).

Solution :

12. Solve : x*ydx — (x* + y*) dy =0.
Refer to the solution of Q. 3. of Exercise 8.4.

.
Ans. log|y|—2—y3=c

Solution :

Y 2
13. Solve : ¥ = x> +2y

Solution : Refer to the solution of Q. 6. of Exercise 8.4.
Ans. x? +y*=cx*.

d!l

{ " — — ¥
14. Solve : (x+2y ) =y
Solution : (x+2y3)_-"_y

d
% x+2y3=y£

8. DIFFERENTIAL EQUATIONS AND APPLICATIONS

. (1)
This is a linear differential equation of the form

—y+Px=Q, where P = —;, Q=2

[l‘v

(1
Pd J d
I y=e yy=e /Y

. LE.=e

1
—logy loz(A) 1
=¢e =e Y/ =

L
.. the solution of (1) is given by
x-(LF)=[ Q-(LE.)dy +c

X 1
m= |2y =dy+c=2[ydy+c
F Jy 1< | ydy

(¥
(%)+
La=yy?+c)

This is the general solution.

15. Solve : ydx —xdy + logxdx =0.
Solution : ydx —xdy+logxdx=0
. (y+logx)dx=xdy

! y+logx_gz

) X dx

. K JOBA_dy
X x dx

/Y
"dx

This is a linear differential equation of the form

logx
X

(1)

1 .
x

log%

dy B __1 B
d—x+Py—Q,whereP— = Q= s

I.F.:g“’“":ef‘;"’:e*_[;"*

103(}[)

—logx \

.". the solution of (1) is given by

y-(IF)=] Q-(LF.)dx +c
% z=J‘lo——g—":-ldx+c
x X X

=|[logx-x %dx+c
=(logx)j'x"dx—'[[{%(logx)}jx”dx]dx

295
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x v
y_ logx 1
"2 %

. y=cx—(1+logx)

This is the general solution.

dy
16. Solve : =
dy
dx

=logx.

Solution :

=logx

S dy=logxdx
On integrating, we get
[ dy = [ logx-1dx

Sy =(logx)| ldx — J‘[{ %ﬂogx)}'f ld.\':ld;\'

(1
=(logx)-x—J ;-xdx
=xlogx— [ 1dx

.o y=xlogx—x+c

This is the general solution.

dx
17. ylogy - =logy —x.
y gydy gy
Solution : Refer to the solution of Q. 6.
Ans. xlogy = %(log y)? +c.

[Note : Question is modified. |

ACTIVITIES = Textbook page 173

Complete the following activities :

1. The equation Z—Z —y=2x is of the form

dy

L LR=d =[]

the solution of the linear D.E. is

y=_[2x(I.F.)dx+c
ye"‘=j'2tdx+c

whereP: and Q=

ye"‘=2jxdx+c
=2{xjc“dx—_fdx+d%dx}+c
=2{x e —Jﬁ i dx}+c
(-1) (—1)
LyeT¥= —er"+2de +c
=%

e
-1

y++=ce"isthe

= —2xe *+2

+C

;/ required general solution of the differential equation.

: b, ; d’y _dy
2. Verify thaty—a+; is a solution ofxﬁ+za—0.
Solution a+b
21 on : = -
utic y e
.
“de |
dly _|2b
f dx® | x3
o LAy L dy
Consider XP +2 i
¢ 2b b
2 —a+9isasol tion of x@+2‘2—0
£ i F dx? " Tdx
ACTIVITIES FOR PRACTICE

Complete the following activities :

1. Find the order and degree of the D.E.
5

ey oy oy
dv’ dx? | \dxt

Solution : The given D.E. is

On cubing both the sides, we get

ay dy\-_ (@)D
d® " dx? ) T \dx?
*, it follows that the D.E. has order

l:l and degree I:l

296 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 1) (COMMERCE)
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2. Verify that y = ae** + be > is a solution of the D.E. ( OBJECTIVE SECTION )
d*y v
Y | | MULTIPLE CHOICE QUESTIONS |
Solution : y=ae* + be . .
y . Select and write the correct answer from the given
Cdy - alternatives in each of the following questions :
“dx Daez: = 2)b‘:| v | 1. The order and degree of the differential equation
3= 4|:| 3 4|:| ( T dx =0 are respectively
E (@32 (b)2,3 ()63 (d)31
-] |
| 2. The order and degree of the differential equation
H dy\3 3 4z y
y=ae* +be > is a solution of the D.E.D l:l'*'(dZ) ] _7‘% are respectively

(@23 ()32 ()72 (@37
3. Form the D.E. by the eliminating arbitrary constants
3. The order and degree of the differential equation
a, b, ¢ from y=a+bx + cx’

) 3
: : 2 | l+—1 _(dzy)z respectivel
Solution : y=a+bx +cx ’ (‘iy)z_ dx? are respectively
Cdy 3 d
o g rel el ] L @21 ®23 (@12 (D22
] ; § E €
+[ e 4 The differential equation of y=c2+; is
Cdy { 4(41)2_ dy _ d’y dy
.= (a) x e =Y (b)d,+1d +y=0
3 LAy dy dy
2 Z%: is the required D.E. r A9 “3(;1;) +ag =Y (d) +“—y 0
5. The differential equation of y = A(x — A)* is
4. Solve : xdy + ydx =0 given that x =3, when y = 2. ! dy \? dy
! ( ) d_Y =IEY‘—2_I/
Solution : xdy +ydx=0 ! ’ ) ’
dy y
(b) (—--) =4y(:« -~ —Zy)
d d
a [ x

: f , )
[ ] = NS (‘33) +4xy +8y* =0
On integrating, we get o
o(l)-elta]
_dy+f l:,—logc dx dx
| 6. The differential equation of (x —a)> +y?=a?is
log I:l + logx=logc

dy dy 2
/ (a) 2xy===x%—y? (b) 2xy-==y*—x?
- og[ -t U (Ong-2-p) @i
| d d 5
x l:l = c is the general solution (c) nyzz =x?+y? (d) ?.xyﬁﬂz +y° =0

When x=3, y=2 ! 7. The differential equation of xy = Ae* + Be * +x? is
-D"D” :, (a) xﬁ,2+2d

it x2-2=0
2 l:, = 6 is the required solution.

2
(b) xdy+23y+ry ¥ 4+2=0

8. DIFFERENTIAL EQUATIONS AND APPLICATIONS 297
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dy

+2dx y

(c) x

(d)x +2~—xy x2-2=0

dx

8. The differential equation of the family of curves

y= c1e5" +ce s

(a) +25y 0 (b) —25y=0

(d) ——-—5 0

=1 is a solution of

dy d%
(a) Yo tVi=0

dy _(dy\:
(b) xydTZ+2(—y) -

(c) +yx+<§y)2=0

dy
(d) ydx2+r< x) +y=0

10. x?>+y* =177 is a solution of

_.4y dy
(a) y—xE;+r 1+(dx)

L dy\i !, f
(b) y=x 1+(d—x) +riy
d
(c) +x—y—y 0

(d) = +1)3; 3’

11. y =ae* + be ** is a solution of

d
(a) +y 0 (b) +xydy+y 0

2
d
+2—y—3y 0 (d) ,+x 9 iy=0

() 22 2

d
12. The solution of logay =ax+byis

(a) ae™ —be " =¢ (b) e=—eW=c ’:

by ax by
i @+ —=

ax
(el a b

13. The solution of differential equation

dy AW
y—xdx—3(l+x dx)ls

(a) (y—3)Bx+1)=cx

298

14.

15.

| 16.

17.

18.

19.

20.

NAVNEET MATHEMATICS AND STATISTICS DIGEST :

(b) y—3)+Bx+1)=cx
(c) y—3=c(Bx+1)
(d (y—3)—(Bx—1)=cx

The solution of nyg% =1-x2+y?—x¥ylis

2
(a) log(1 +y2)=log|x|+%+c
2
(b) log(1 +y2)=log|x|—%+c
o 1 x%
(c) log(1 +y )=;—!log[x|—z+c

2
(d) log(1 +yz)=%-—log|x|+c

The particular solution of d—y=xe¥ X when x=0,

dx
y=0is
(@) e**¥Y=x+1 (b) e*+ef=x+1
(c) e* ¥=x+1 (d) e* ¥=x-1

The particular solution of y (1 + log x)Z—; —xlogx=0,

when x=¢, y=¢?is
(b) xlogx=ey
(d) xlogx=e+y

(a) xlogx=y
(c) exlogx=y

The solution of x*ydx —

):3
(a) loglyl—z—y,=c

(*+y*)dy=0is

(b) logly| .2
0O +—5=C
g y 2y3

3 3

X X
(c) loglyl—aw (d) loglyl—;;—c

The solution of (x + 2y + 1)dx — (2x +4y + 3)dy =0 is
(a) log|4x +8y +5|=4x—8y +c
(b) log|4x +8y +5|=4x+8y+c
(c) log|4x +8y +5|=8x—4y+c
(d) log|4x +8y +5|=8x+4y+c

The solution of %—y =¢, y(0)=1,is

(x+1)e
(x*+1)&

(b) y=(x—1)¢
(d) y=1-x)¢&

(@) y=
(c) y=
The general solution of the differential equation
e'dy + (ye' + 2x) dx =0 is
(a) ye¥ +x*=c (b) xe* +y*=c

(c) ye +x*=¢ (d) yet —x*=c
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21. The solution of (x + 2y*)dy = ydx is dy dy
10. (a) y=x->+r 1+( )
(@) x=y*+cy (b) ¥*=y*+cy dx dx
=y3 + d =y +
e g . 1. (c )—+2Z—y_zy=o
22. Integrating factor of linear differential equation
d_l/ (d) PL by
i = x2 i 12, —_—
xdx+2y x’logx is b
(a) ;12- (b) }, (c)x (d)x? 13. (a) (y—3)3x+1)=cx
2
g 14. (b) log(1 +y2)=log|x|—%+c
23. The integrating factor of ylogy-d— +x—logy=0is
Y 15. (c) e*Y=x+1
1
(a) = (b) logy  (c) 2logy  (d) ylogy 16. (c) exlogx=y
3
24. Bacteria increases at the rate proportional to the 17. (a) logly|— Zx_us =
number present. If the original number N doubles in :
3 hours, then the number of bacteria will be 4N in 18:(a) log AN H D= =iy e
(a) 4 hours (b) 5 hours 19. (@) y=(x+1)e
(c) 8 hours (d) 6 hours 20. (c) ye' +x*=c
25. The decay rate of certain substance is directly propor- 21. (d) x=y*+cy
tional to the amount present at that instant. Initially 2. (d) x*
: x
there are 27 grams of the substance and three hours
later it is found that 8 grams are left. The amount left 23. (b) logy
after one more hour is 24. (d) 6 hours
1
(@) 5ygrams  (b) 55 grams 25. (a) 5 grams.
(c) 5 grams (d) 5.1 grams 4% i
Answers TRUE OR FALSE
1. (d) 3,1 State whether the following statements are True or
2.(a) 2,3 False :
3.b) 2.3 1. In a D.E. of order m and degree n, m <.
dy\* d
4. (a) X‘<%> _xd_i/'=y 7’ f(x) +g(x)y h(x) is a linear D.E.
dy\3 d d
5. (d) (d—y) =4y[ —y —Zy] 3. y=e¢" is a general solution of id =y.
x dx
dy d x—1
6. (b) 2xy—= =y* —x? & B Ry
(b) Yo=Y 4'I'F'°fdx+x2—1 xis [=03-
d¥y _dy p 5. y=ae” + be * is a solution of the D.E.
7. (a) xd?+2£—q+x —-2=0 .
d*y dy
—5+-=+6y=0.
d? Iy dx*  dx
8. (b) 5% —25y=0
dx
Answers
Y A
9. (b) xydxz = ydx 0 1. False 2. True 3. False 4. True 5. False.
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FILL IN THE BLANKS 3. If (131’ =ky, then Yy=c
dx

Fill in the following blanks with an appropriate 4. LF. of dx =y (x +y)dy is a function of

e e 5. The D.E. obtained by eliminating a, b from y =a + bx

d"l\y dv m 7
1. Degree of the D.E. () =y 05 vovevenns TR :
egree of the D.E Zom 1 (dx) x™ (m > 1)is
Answers
d 1
2. The D.E. —y=y—+ —— can be solved by using the 1.1 2.y =u0x 3. ¥
dx x  poylx ¥ Y
d*y
substitution ......... . 4. 5. —5=0.
substitution y T
ok
300 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XIT (PART 1) (COMMERCE)

www.saiphy.com



