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COMMISSION, BROKERAGE AND DISCOUNT

.......................................................................................

% Important Formulae
1.1 Commission and Brokerage Agents
1.2 Discount

< IMPORTANT FORMULAE

Abbreviations :
Invoice Price < IP

List Price (catalogue price) : LP

Present Worth :PWorP
Sum Due/Face Value :SD or FV
True Discount : TD
Banker’s Gain : BG
Banker’s Discount : BD

Cash Value HCV
Notations :

Period (in Years) in

Rate of Interest (p.a.) :r

(1) Invoice price = List price — Trade discount
(IP=LP-TD]
(2) The selling price/net selling price =
Invoice price — Cash discount [NP =IP — CD]
(3) Profit = Net selling price — Cost price

/

o

(%]

.. 10

1.1 : COMMISSION AND BROKERAGE ]
AGENTS

. Principal : An individual party or parties participa-

ting in a transaction is referred to as principal.

. Commission : The charges paid to an agent, for doing

the work on behalf of some other person, is called
commission. The commission or remuneration paid to
an agent is generally fixed as some percentage of the
value of the transaction.

. Different types of agents according to their specializ-

ation :

(1) Commission Agent: A commission agent is a
person who buys or sells goods on behalf of his
principal and gets commission for his service.

(2) Broker : A broker is an agent who brings together
the buyer and seller for the purpose of purchase or
sale. The commission the broker gets is called
brokerage. The brokerage is charged to both the
parties.

(3) Auctioneer : An agent who sells goods by auction

[P=NP—CP] is called an auctioneer. He sells goods to the
(4) Loss = Cost price — Net selling price highest bidder. The name of the principal may not
[L=CP-NP] be disclosed in the transaction.
(5) SD =PW+TD (4) Factor : An agent who is given the possession of
©) TD - PWxnxr goods and enters a contract for sale in his/her own
100 name is called a factor.
(7) BD _SDxnxr (5) Del Credere Agent: A del credere agent gives
100 guarantee to his principal that the party to whom
(8) BG —BD_TD he/she sells the goods will pay the sale price of
goods. If a buyer is unable to pay after the
©) BG — TD xnxr transaction is completed, del credere agent is liable
100 for the payment.
(10) BD =TD ( 14720 ) Agent gets additional commission other than the
100 usual commission for this. This is known as del
(11) Cash value =SD — BD credere commission.
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4. Discount : Discount is the reduction in the price of an
article, allowed by the seller to the purchaser. It is

expressed in terms of percentage.

w

. Types of discount :

(1) Trade discount: The discount allowed by one
trader to another is called trader discount. It is
given on the catalogue price, list price or marked
price of the goods. Also known as true discount
(TD).

(2) Cash discount : Cash discount is allowed in con-
sideration of ready cash payment (CD).
The buyer may be allowed both of these discounts.
The trade discount is first calculated on list (cata-
logue) price. The cash discount is then calculated
on the price obtained after deducting the trade
discount from the list price. This is known as the

invoice price.

EXERCISE 1.1 | Textbook pages 5 and 6 '

1. An agent charges 12% commission on the sales.
What does he earn, if the total sale amounts to
¥ 48,0007 What does the seller get?

Solution :

Agent’s commission at 12% on ¥ 48,000

12
=?48000><W)=?5760

Seller gets sale amount — commission
=% (48000 — 5760) =X 42,240.
Agent’s commission is ¥ 5760; Seller gets T 42,240.

2. A salesman receives 3% commission on the sales up
to T 50,000 and 4% commission on the sales over
I 50,000. Find his total income on the sale of
< 2,00,000.

Solution :

3% commission on the sales up to ¥ 50,000
3
=?50000xﬁ)=?1500 wo(d)

4% commission on the sales over ¥ 50,000
Sales over ¥ 50,000

=¥ (200000 — 50000) =¥ 1,50,000
i.e. 4% commission on ¥ 1,50,000

From (1) and (2),
total commission =T (1500 + 6000) =T 7500
Salesman’s total income is ¥ 7500

3. Ms Saraswati was paid T 88,000 as commission on
the sale of computers at the rate of 12.5%. If the price
of each computer was T 32,000, how many computers
did she sell?

Solution :

Commission at 12.5% on a computer costing ¥ 32,000

125
=T 32000 x 100 = 4000

Ms Saraswati received T 88,000 as commission on selling

computers.

The number of computers sold

total commission

~ commission on 1 computer
88000

e )

Ms Saraswati sold 22 computers.

4. Anita is allowed 6.5% commission on the total sales
1
made by her, plus a bonus of i% on the sale over

T 20,000. If her total commission amount to T 3400.
Find the sales made by her.

Solution :

Let the total sales made by Anita be T x.

Commission at 6.5% on total sales

xx 85 g 65
100~ 100

Sale exceeding ¥ 20,000 =¥ (x — 20000)

=X (D)

Bonus at %% on sale over T 20,000

1 1 1
—?(x—20000)x§xm—?(x—20000)x% e (2)

Total commission amounts to% 3400. ... (Given) ... (3)
From (1), (2) and (3),
6._5x i i 20000
100 200
*. 13x +x — 20000 = 680000
... (Multiplying both the sides by 200)

". 14x = 680000 + 20000

= 3400

.. 14x =700000 " x=>50000
=¥ 150000 x 130 =X 6000 s (2) Total sales made by Anita is ¥ 50,000.
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5. Priya gets salary of ¥ 15,000 per month and commis-
sion at 8% on the sales over T 50,000. If she gets
T 17,400 in a certain month, find the sales made by
her in that month.

Solution :

Total income = monthly salary + commission

.. ¥ 17400 =¥ 15000 + commission

‘. commission =¥ (17400 — 15000) =T 2400

Commission at 8% on the sale over ¥ 50,000

2400 2400 x 100

8% 8

*. the sales made by Priya in a certain month
=¥ (50000 + 30000) =< 80,000.

*. sale over ¥ 50,000 = =T 30,000

| Alternative Method :

Let the sales made by Priya in a month be T x
over < 50,000.

Commission at 8% on sales over ¥ 50,000

8
WO—? 0.08 x

.". Priya receives ¥ (15000 + 0.08x)
This is given to be T 17,400.
.". 15000 + 0.08x = 17400

=% x X Salary ¥ 15,000

.. 0.08x =17400 — 15000

., 2400
* 7008

*. total sales =T (50000 + 30000) =¥ 80,000
The sales made by Priya in a month is ¥ 80,000.]

.. 0.08x =2400 . x=230,000

6. The income of a broker remains unchanged though
the rate of commission is increased from 4% to 5%.
Find the percentage reduction in the value of the
business.

Solution :

Let the initial value of the business be ¥ 100.

Then the original income of the broker at 4% =% 4.

Let the new value of the business be ¥ x.

5
Commission at 5% on T x =T x x Wo-—-?%

It is given that the income remains unchanged.

x
" 20
The original value of the business is T 100.

4 . x=80

The new value of the business is T 80.

.". the reduction in the value of the business is ¥ 20.
This reduction is over ¥ 100.

.. the reduction in the value of the business is 20%.

7. Mr Pavan is paid a fixed weekly salary plus commis-
sion based on percentage of sales made by him. If on
the sale of ¥ 68,000 and ¥ 73,000 in two successive
weeks, he received in all ¥ 9880 and ¥ 10,180, find his
weekly salary and the rate of commission paid to him.

Solution :

Income of Mr Pavan = weekly salary +

commission on sales

Salary + commission on ¥ 68,000 =¥ 9880 . G 1)

Salary + commission on ¥ 73,000 =¥ 10,180 o))

Subtracting (1) from (2),

Commission on < 5000 [ 73000 — T 68000]

=% 300 [T 10180 — T 9880]

: . 300
.. the rate of commission = 5000 x 100 =6%.

Commission on < 68,000 at 6%

6
=?68000x@=?4080 ) (3)

From (1) and (3),
Salary =X (9880 —4080) =X 5800
Fixed weekly salary is ¥ 5800.

The rate of commission is 6 %.

8. Deepak’s salary was increased from ¥ 4000 to I 5000.
The sales being the same, due to reduction in the rate
of commission from 3 % to 2 %, his income remained
unchanged. Find his sales.

Solution :
Let Deepak’s sale be ¥ x.
Commission at 3 % —?xxi—?ﬁ
m= 100 100
*. his incomeis?(4000+3—x) (1)
ket 100

Now, the commission is 2%

: f:()mmission—?x\<~2——?2
’ S 77100 T 100°

But now the salary is ¥ 5000.

5 igeEs g 2x

IR hlSmcomEle(SOOO-{-m) eos (2)
There is no change in his income.

(4ooo+%)=(sooo+%) ... [From (1) and (2)]
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o ok 2% o X
.m—ﬁ)—5000—4000 o WO_IOOO
. x=1,00,000

Deepak’s sales is ¥ 1,00,000.

9. An agent is paid a commission of 7% on cash sales
and 5% on credit sales made by him. If on the sale of
% 1,02,000 the agent claims a total commission of
T 6420, find his cash sales and credit sales.

Solution :

Let the agent’s cash sales be T x.

Commission at 7% on cash sales

-
=?x;«ﬁ—?100 . (1)

Total sales is T 1,02,000
". agent’s credit sales is ¥ (102000 — x)

Commission at 5% on credit sales

i _ T (510000 — 5x)

100 100

Total commission is given to be ¥ 6420. 4 (3)

From (1), (2) and (3),
77x 4 (510000 — 5x)

=T (102000 — x) x 4(2)

100 100 - 0420
. 7x + 510000 — 5x = 642000
. 2x=132000 " x=66000

The agent’s cash sales is ¥ 66,000 and his credit sales is
¥ (102000 — 66000) =T 36,000.

10. Three cars were sold through an agent for
¥ 2,40,000, ¥ 2,22,000 and ¥ 2,25,000 respectively.
The rates of commission were 17.5% on the first,
12.5% on the second. If the agent overall received
14% commission on the total sales, find the rate of
commission paid on the third car.

Solution :

Commission at 17.5% on ¥ 2,40,000

17.5
=X 240000xm—?42,000 . (1)

Commission at 12.5% on ¥ 2,22,000

12.5
=?222000xm=?27,750 <0 (2)

Let the commission on third car be x %.
Commission at x % on T 2,25,000

x
=?225000><W0=?22501 .. (3)

Overall commission is 14 %
=14 % x T (240000 + 222000 + 225000)

14
=100~ < 687000 =% 96,180 .. (4)

From (1), (2), (3) and (4),
42000 + 27750 + 2250x = 96180
. 2250x = 96180 — 42000 — 27750

26430
X=—0

= 2643
2250x = 26430 2250
x> 1175

The commission paid on the third car is 11.75%

11. Swatantra Distributors allows 15% discount on the
list price of washing machine. Further 5% discount
is given for cash payment. Find the list price of the
washing machine, if it was sold for the net amount
of T 38,356.25

Solution :

Let the list price of the washing machine be ¥ x.

15% discount =T x x 11—5— =% 1—3—;
Invoice price = List price — Trade discount
*. invoice price=% | x [2% —?82
7 AT 100/~ * 100
5% discount on invoice price
8x 5 425x
=¥ 100 * 100~ < 10000
. netamount=% x - ¥ §§ + 9~5—A )
’ . 100 * 10000
925x 8075x
=¥ =% 30000 ~ < 10000

Net amount is given to be T 38,356.25

. 8075x 38356.25 x 10000
“* To000 = 3835625 S
. x=4.75 x 10000 . x=47500

The list price of the washing machine is ¥ 47,500.

12. A bookseller received ¥ 1530 as 15 % commission on
list price. Find list price of the books.
Solution :

Let the list price of the books be ¥ x.
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Commission at 15% on ¥ x

15 15x
=¥ %900~ 100
The commission given is ¥ 1530
. 15x . _ 1530 x 100 B

The list price of the books is ¥ 10,200.

13. A retailer sold a suit for ¥ 8832 after allowing 8 %
discount on marked price and further 4% cash
discount. If he made 38% profit, find the cost price
and the marked price of the suit.

Solution :

Let the marked price of the suit be ¥ x.

8
8% dlSCOlmt_?xXﬁ_?ﬁ ue (1)
IP=LP-TD
L. . . 8x 92x
.mvoxcepnce_?x—?loo zIO(_)
4% discount of invoice price = ?92x 4 ?&ﬁr (2)

100 ~ 100 100
From (1) and (2), total discount

*. selling price=% x—X 1(1)(6)(8);
s
3335; = 8832 x = 10,000

*. marked price of the suit is ¥ 10,000
38% profit on selling price T 8832

. 3 8832
. cost price = 0" X 100 =X 6400

Cost price of the suit is T 6400.
Marked price of the suit is T 10,000.

14. An agent charges 10% commission plus 2% del
credere. If he sells goods worth ¥ 37,200, find his
total earnings.

Solution :

10% commission on sale ¥ 37,200

10

— 3
100 T 3720
2% del credere on T 37,200

=Y 37200 x

2
=T 37200 x —— =T 744
*100

Agent’s total earning = (3720 + 744) =X 4464.

15. A wholesaler allows 25% trade discount and 5%
cash discount. What will be the net price of an
article marked at ¥ 1600.

Solution :

25% trade discount on T 1600

25
—?1600x160—?400

*. invoice price =T (1600 —400) =¥ 1200
5% cash discount on invoice price

5
—QIZOOxWO—!%O

". net price of the article
=% 1600 —X (400 + 60) = (1600 —460) =X 1140
The net price of the article is T 1140.

| EXAMPLES FOR PRACTICE 1.1 |

1. An agent charges 12.5% commission on the sales.
What does he earn, if the total sales amount to
T 36,000? What does the seller get?

2. A salesman receives 4% commission on the sales
up to ¥ 10,000 and 5% commission on the sales over
¥ 10,000. Find his total income on the sale of ¥ 40,000.

3. A salesman is allowed 10% commission on the total
sales made by him plus a bonus of 1.25% on the sales
over T 15,000. If his total earnings is ¥ 2175, find the
sales made by him.

4. A medical representative is paid a fixed monthly
salary plus a commission based on percentage of
sales. If on the sales of ¥ 12,500 and ¥ 13,200 in
two successive months he received ¥ 8737.50 and
¥ 8790 respectively, find his monthly salary and the
rate of commission paid on sales.

5. A wholesaler allows 25% trade discount and 5% cash

discount. What will be the net price of an article, if it
was sold for the net amount of I 1140.

6. A furniture dealer deals a chair for ¥ 7219.20 after
allowing 6% trade discount and 4% cash discount.
If he loses 4%, find the cost price and the marked
price of the chair.

1. COMMISSION, BROKERAGE AND DISCOUNT 9
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7. The income of an agent remains unchanged though
the rate of commission is increased from 5% to
6.25%. Find the percentage reduction in the value of
business.

8. The price of a TV set is ¥ 17,000. An agent charges at
3% and earns ¥ 25,500. Find the number of TV sets
sold by him.

9. A merchant gives his agent 12% commission plus
23% del credere on a sale of goods worth ¥ 52,800.
How much does the merchant receive after paying
the agent’s total commission?

0. The income of an agent remains unchanged though
the rate of commission is increased from 6% to 8%.
Find the percentage reduction in the value of business.

Answers

. ¥4500; ¥ 31,500 2. 1900 3. ¥ 21,000

. Monthly salary ¥ 7800; 7.5% 5. ¥ 3562.50

. Cost price =¥ 7520, Marked price = 8000.
.20% 8.50TVsets 9.%45012 10.25%.

1.2 : DISCOUNT )

discount : When
goods are sold on credit, the price quoted for goods

. Present worth, Sum due, True
includes a sufficient margin of interest for the period
of credit allowed.
Let the goods be worth ¥ 100, if the payment is made
on the spot. If a credit of 3 months is allowed, then the
businessman will quote the price by adding interest
for 3 months. If the rate of interest is 16 % p.a. then the
interest for 3 months will be ¥ 4. Hence, the customer
has to pay ¥ 104 after 3 months.

So, ¥ 104 due after 3 months at 16 % p.a. is equival-
ent to X 100 today.

¥ 100 is known as present worth (PW) of T 104 due
after 3 months.

¥ 104 is known as sum due (SD) and X 4 is known as
the true discount (TD) on the sum due.

Sum due (SD)=Present worth (PW)+ True discount

(TD).
TD=PW1XOS£ SD=PW+P—-—W1’;6'”
SD=PW[1 +"1(’;0']
10

el

. Drawer and Drawee : A person who draws the bill is
called the drawer (or creditor or payee).
A person on whom the bill is drawn is called the

drawee (or debtor or acceptor).

. Date of bill and Face Value : The date on which the
bill is drawn is called date of bill. The amount of
which the bill is drawn is called face value (FV) of the
bill. FV is the sum due on the present worth.

Period of the bill is the time after completion of
which the drawer receives the payment of the bill.

. Nominal Due Date and Legal Due Date : The date on
which the period of bill expires is called the nominal
due date. The buyer has to make the payment to the
seller on this date.

The buyer is allowed to pay the amount even 3 days
later. These 3 days are called the days of grace. The
date obtained after adding 3 days of grace to the
nominal due date is known as the legal due date.

. Discounting a Bill : If the drawer of the bill wants
money before the legal due date, then there is a facility
available at the bank or with an agent who can
discount the bill and pay the amount to the drawer. In
this case some amount from the face value of the bill is
deducted. This is called discounting the bill.

. Banker's Discount, Cash Value, Banker's Gain:
When a bill is discounted in a bank, the banker will
deduct the amount from the face value of the bill at the
given rate of interest for the period from the date of
discounting to the legal due date and pay the balance
to the drawer. This amount is known as Banker’s
Discount (BD).

The amount paid to the holder of the bill after
deducting banker’s discount is known as Cash Value
(CV) of the bill paid on the date of discounting.

The banker’s discount is called commercial dis-
count.

True discount is calculated on present worth and
the banker’s discount is calculated on face value (sum
due). Hence, the banker’s discount is always higher
than the true discount.

The difference between the banker’s discount and
the true discount is called Banker’s Gain (BG). It is

equal to the interest on true discount.

NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 2) (COMMERCE)
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| EXERCISE 1.2 = Textbook page 11

1. What is the present worth of a sum of ¥ 10,920 due
six months hence at 8% p.a. simple interest?

Solution :

SD =¥ 10,920, n = 6 months =% years, r=8%

nr
SD—PW(1+W)

})(8

2
14—

. 10920 = PW 100

; -+

1
. 920 = PW =,
. 10920 =P (1+25)

_ 26\ . .o 10920x25

: 10920_PW(E) % PW—_—Z—g——‘}ZOxZS
;. PW =% 10,500
The present worth is ¥ 10,500.
[ Alternative Methed :
n =6 months =% years, r =8%.
Let the present worth be ¥ x.

1
TD_PWxnxr_xA§XS_4_x X
© 100 100 100 25

SD=PW +TD

. x . _26x | 10920 x 25
% 10920—x+2—5 22 10920—25 Sox= %

. x=10500

The present worth is T 10,500. ]

2. What is sum due of T 8000 due 4 months hence at
12.5% simple interest?

Solution :

PW =% 8000, n=4 months=§ years, r=125%

SD=PW(1+n—r)

125
so(1+22)

o)

25 200000
Y pear T 8333.33

Sum due is T 8333.33.

= 8000 x

3. The true discount on the sum due 8 months hence at
12% p.a. is ¥ 560. Find the sum due and present
worth of the bill.

Solution :

True discount =% 560, r=12%,

8§ 2
n=3_8 monthS—ﬁ—gyears

PWxnxr

True discount = 100

PWx:—ZXIZ
. —60_ 3
. 560 = 100
. 560 x 100 =PW x 8

560 x 100

. PW= =3 7000

.. PW=3X7000
Present worth of the bill is T 7000.
Sum due =PW + TD

= 7000 + 560

=3 7560
The sum due of the bill is ¥ 7560.
Present worth of the bill is ¥ 7000.

3
4. The true discount on a sum is 8 of the sum due at

12% p.a. Find the period of the bill.

Solution :
True discount = z (sum due), r =12%
Sum due =PW +TD

3
‘. sum due =PW +§ (sum due)

*. sum due —g (sum due) =PW

100
1 . PW =g (sum due)
-x125
. - PW b
- SD=8000\ 1+ 100 True discount = 1):)(’)1 L
1. COMMISSION, BROKERAGE AND DISCOUNT 11
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3 ;(sumdue)xnxu
8 (sum due) = 100
3 8 12n
é(sum due) x 5 (sum due) ~ 100
L3 _lon
75 100
. 3x100
" 5x12
n=>5

The period of the bill is 5 years.

5. 20 copies of a book can be purchased for a certain
sum payable at the end of 6 months and 21 copies for
the same sum in ready cash. Find the rate of interest.

Solution :

Let the cost of one book be ¥ x.

Then the cost of 20 books =T 20x.

Now, cost of 20 books is same as the cost of 21 books.

". interest on ¥ 20x for 6 months at the rate r% will be
same as the cost of one book.

L xmrxixae o paiX2X100
2 100 20x

r=10
The rate of interest is 10% per annum.

6. Find the true discount, banker’s discount and
banker’s gain on a bill of ¥ 4240 due 6 months hence
at 9% p.a.

Solution :

Sum due =T 4240,

1
n==6 months=é years, r =9%

Banker’s Discount :

SD xnxr

PD==35

4240><;x9

———
_4240x9
200
_38160
200
. BD =190.80
Banker’s discount is ¥ 190.80.

True Discount :
Let TD be X x.

Then BD = TD + Interest on TD for % years at 9%

=x+<1x1xi)
27100
9x
. 19080 =x+ 5
209x
200
~ 190.80 x 200
209

38160

=

209
. x=182.58 ~ 182.60
True discount is ¥ 182.60.

Banker’s Gain :
BG=BD—-TD
=3 (190.80 — 182.60)
. BG=Y820
Hence, Banker’s gain is X 8.20.

*. 190.80 =

7. True discount on a bill is ¥ 2200 and banker’s
discount is T 2310. If the bill is due 10 months hence,
find the rate of interest.

Solution :

TD =% 2200, BD =X 2310,

n =10 months = —0

5 ears
267

BD =TD + Interest on TD for ¢ years at the rate r%.

A 2310=2200+(2200x X ——)

6 100
. 2310 — 22()()—5—3§
, 55 . 110x3
¢ 110*'57’ Lo r= 55
e =0

The rate of interest is 6%.

8. A bill of T 6395 drawn on 19" January 2015 for
8 months was discounted on 28" February 2015
at 8% p.a. interest. What is the banker’s discount?
What is the cash value of the bill?

Solution :

FV of the bill =T 6395, r = 8%.
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Date of drawing the bill = 19" January 2015
Period of the bill =8 months
Nominal due date = 19" September 2015
Legal due date = 22" September 2015
Date of discount = 28" February 2015
*. number of days from the date of discounting to the

legal due date is as follows :

Mar. Apr. | May June July Aug. Sept. Total
31 30 31 30 31 31 22 | 206

", period n= 20
P 365
BD = Interest on FV ¥ 6395 for 206 days at 8%

FVxnxr
100

_ 206 8
—6393X3?5x170

.. BD = 288.74*
.. banker’s discount is ¥ 288.74.

< BD=

Cash Value (CV) of the bill :
CV=FV-BD

=T (6395 — 288.74)

=% 6106.26"
The cash value of the bill is T 6106.26.

[*Note : Answer given in the textbook is incorrect.]

9. A bill of ¥ 8000 drawn on 5™ January 1998 for

8 months was discounted for¥ 7680 on a certain date.

". n=146 days
Date of drawing the bill = 5% January 1998
Period of the bill =8 months
Nominal due date = 5% September 1998
Legal due date = 8" September 1998
The number of days from the date of discounting to the
legal date is 146 days.
.". the date of discounting the bill is obtained by deducting
146 days from the legal due date, i.e. 8™ September 1998,

Sept. | Aug. July  June A May | April  Total
8 [ a1 | 30 [ 31 [ 15 | 16

. the bill was discounted on 15 April 1998.

10. A bill drawn on 5% June for 6 months was dis-
counted at the rate of 5% p.a. on 19" October.
If the cash value of the bill is ¥ 43,500, find the face
value of the bill.

Solution :

Cash value =¥ 43500, r =5%

Date of drawing = 5™ June

Period of the bill = 6 months

Nominal due date = 5 December

Legal due date = 8% December

Date of discounting = 19" October

". number of days from the date of discounting to the

legal due date is as follows :

Oct. Nov. Dec. Total
Find the date on which it was discounted at 10% p.a. 12 30 8 0
Solution : e . .
Face Value (FV) (SD) =Z 8000, r = 10%, : et % —
CV=X7680
Now, BD =SD —CV Let the face value (SD) of the bill be ¥ x.
= 8000 — 7680 BD = LYX 1 X1
=320 |®
5 5 X
SDxnxr = A SIS e S
Also, BD == 7 365 100 146
8000 x n x 10 Also, BD = FV — CV = x — 43500
" 320= 10 .
. —=x—43500
". 320 =2800n 146
320 . . X
n=gng 5 years . 43500 =x 146
: : _l6x—x
.n—gx365 . 43500 = 146
1. COMMISSION, BROKERAGE AND DISCOUNT 13
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", 43500 x 146 = 145x

_ 43500 x 146
- 145

. x=43800
The face value of the bill is ¥ 43,800.

11. A bill was drawn on 14" April for T 7000 and was
discounted on 6™ July at 5% p.a. The Banker paid
¥ 6930 for the bill. Find the period of the bill.

Solution :

Face Value (FV) or SD =% 7000, r =5%,

Cash Value (CV) =% 6930

BD =SD —-CV
= 7000 — 6930
=70

SD anxr
100

7000 xn x5
- 100

. 70 =350n

_70
350

% n=éx365=73 days

Also, BD =

70

n “'1' ears
. _Sy

To find the legal due date, 73 days are to be counted from
the date of discounting, i.e. 6 July.

July 7 Aug. 7 Sept.  Total
25 31 17 73

Hence, the legal due date is 17* September
. nominal due date is 14* September
Now, date of drawing is 14% April.
Hence, the period of the bill is from 14™ April to
14th September, i.e. 5 months.

12. If difference between true discount and banker’s
discount on a sum due 4 months hence is T 20, find
true discount, banker’s discount and amount of the
bill, the rate of simple interest charged being
5% p-a.

Solution :

True Discount :

Banker’s Gain (BG) =BD —TD
= Interest on TD for 4 months at 5% p.a.

. 20x60=x
. x=1200
True discount is ¥ 1200

Banker’s Discount :
BD=BG+TD
=20+ 1200
.. BD=1220
Banker’s discount is ¥ 1220.

Amount of Bill :
Let amount of the bill (Face Value) be T y.
BD = Interest on FV for 4 months at 5% p.a.

) 4 5
i lﬂo—yxﬁxﬁ

g y
S 1220 ==
\ 60

1220 x 60 =y
S y=73200
The amount of the bill is T 73,200.

13. A bill of ¥ 51,000 was drawn on 18" February
2010 for 9 months. It was encashed on 28" June 2010
at 5% p.a. Calculate the banker’s gain and true
discount.

Solution :

FV of the bill =¥ 51,000, r =5%

Date of drawing the bill = 18% February 2010

Period of the bill =9 months

Nominal due date = 18" November 2010

Legal due date =21* November 2010

Date of discounting = 28™ June 2010

*. number of days from the date of discounting to the

legal due date is as follows :

June July Aug. Sept. Oct. Now. Total‘
2 | 31 |3 |3 [3 [ 21 | 16|

", period »1—146——% ears
Let TD be 2 x. - pe =365 57000
14 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 2) (COMMERCE)

www.saiphy.com



www.saiphy.com

FVxnxr
BD==%
2 B
—SIOOOXEXW)
=% 1020

Also, BD = TD + Interest on TD for ; years at 5%.
Let TD be X x.

. 2 5
& 1020_x+(xx5xr,)
. 1000=x+ %

. 1020=x+

50x + x
50

. 1020 x 50 =51x

) ~‘_1020><50
T 51

o x=1000
True discount is T 1000.

1020 =

Banker’s Gain :
BG =BD —~TD
= 1020 — 1000
. BD=20
Banker’s gain is ¥ 20*.
["Note : Answer given in the textbook is incorrect. |

14. A certain sum due 3 months hence is ;—; of the

1 r
] W — i
PWx 2 * 100

1 1 r
o o =PW X = X ——
.20xPW PW x4x100
. AT
" 20 400
. 400
" 20

=20

r

The rate of interest is 20% p.a.

15. A bill of a certain sum drawn on 28"™ February 2007
for 8 months was encashed on 26" March 2007 for
¥10,992 at 14% p.a. Find the face value of the bill.

Solution :

Cash Value (CV) =% 10,992, r=14%

Let the Face Value (FV) or SD of the bill be ¥ x.

Date of drawing the bill = 28" February 2007

Period of the bill =8 months

Nominal due date = 28" October 2007

Legal due date = 31* October 2007

Date of discounting = 26" March 2007

*. number of days from the date of discounting to the

legal due date is as follows :

Niar. Ap; ] May ‘]unei W]uly -Aug. vSept.' Oct. -Total‘

5,13 |31 (3|31 |31 |3 |31 (219 ‘
present worth. What is the rate of interest? 219
Solution : . period n = 365 T cars
21 1 BD=FV-CV
SD = 20 (PW), n=3 months = 3 years
=x—10992
SD=PW +TD o
21 AISO, BD = —XH—XV
PW+TD=—26PW 100
219 14 3066x
L TD =20 PW —PW =% X365 X 1007 36500  0-084%
21 . x—10992 =0.084x
"TD:PW(EJ_I) . x—0.084x = 10992
/91 — " 0.916x=10992
- TD—PW (21 20)
20 _ 10992
1 ¥~ 0916
. TD=—xPW
20 . x=12000
Also, TD = FV.% Og o4 The face value of the bill is ¥ 12,000.
5 1
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( EXAMPLES FOR PRACTICE 1.2

7

1.

10.

11

13.

14.

15.

16

What is the present worth of a sum of ¥ 7488 due six
months hence at 8% p.a. simple interest?

. What is the sum due of ¥ 5000 due 8 months hence

at 12% p.a. simple interest?

. True discount on the sum due 9 months hence at

16% p.a. is ¥ 600. Find the sum due and present
worth of the bill.

3
. The true discount on a sum is 3 of the sum due at

15% p.a. Find the period of the bill.

. A bill drawn on 8% March 2010 for 6 months was

discounted on 18 April 2010 at 9% p.a. for T 2410.
Find the face value of the bill.

. A bill drawn for T 2190 for 7 months was discounted

for T 2142 on 5% August 2015. If the rate of interest
is 8% p.a., find the date on which the bill was drawn.

. A bill of T 6000 drawn on 4% January 2016 for

5 months was discounted on 26® March 2016. If the
cash value was ¥ 5810, find the rate of interest.

. A bill of ¥ 7500 was discounted for ¥ 7290 at a bank

on 28" October 2014. If the rate of interest was
14% p.a., what is the legal due date of the bill ?

. A Banker’s discount calculated for 1 year is 26 times

his gain. Find the rate of interest.
The present worth of the sum of ¥ 5830, due 9 months
hence is ¥ 5500. Find the rate of interest.

A bill of ¥ 2000 drawn on 15* February 2015 for
10 months was discounted on 13® May 2015 at

3‘:—:% p-a. Calculate the banker’s discount.

. Find the true discount, banker’s discount and

banker’s gain on a bill of X 36,600 due 4 months hence
at 5% p.a.

A bill of ¥ 2000 was drawn on 7" March 2017 for
6 months and was discounted on 17* April 2017 at
8% p.a. Find the banker’s charge. How much will the
holder receive?

Find the true discount, banker’s discount and
banker’s gain on a bill of ¥ 6300 due 6 months hence
at 10% p.a.

The difference between true discount and banker’s
discount on a sum due 4 months hence at the rate of

9% p.a. is ¥ 18. Find (i) the true discount (ii) banker’s
discount and (iii) the amount of the bill.

Answers

1. 37200 2.35400 3. SD :% 5600; PW : X 5000

4. 4years  5.%2500 6. 10% April 2015 7. 7.5%
8. 73 days, legal due date : 9th January 2015 9.4%
10. 8% 11.T 45 12. TD =% 600, BD =% 610, BG =X 10.
13. Banker’s charge : ¥ 64, The holder receives ¥ 1936
14. TD =¥ 300; BD =X 315; BG=Y 15.

15. (i) TD=¥ 600 (ii) BD=X 618 (iii) ¥ 20600.

P W e e O N N i i Y Y

\ MISCELLANEOUS EXERCISE -1 )

(Textbook pages 11 to 13)

I. Choose the correct alternatives :
1. An agent who gives guarantee to his principal that
the party will pay the sale price of goods is called
(a) auctioneer (b) del credere agent

(d) broker
2. An agent who is given the possession of goods to be

(c) factor

sold is known as
(a) factor
(¢) auctioneer

(b) broker

(d) del credere agent

3. The date on which the period of the bill expires is
called
(a) legal due date
(c) nominal due date

(b) grace date

(d) date of drawing

4. The payment date after adding 3 days of grace period
is known as
(a) the legal due date
(c) days of grace

5. The sum due is also called as
(a) face value
(c) cash value

(b) the nominal due date

(d) date of drawing

(b) present value
(d) true discount
6. P is the abbreviation for

(a) face value (b) present worth

(¢) cash value (d) true discount

7. Banker’s gain is the simple interest on
(a) banker’s discount (b) face value
(c) cash value (d) true discount

8. The marked price is also called as
(a) cost price (b) selling price

(c) list price (d) invoice price
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9. When only one discount is given then

(a) List price = Invoice price
(b) Invoice price = Net selling price
(c) Invoice price = Cost price
(d) Cost price = Net selling price

10. The difference between face value and present worth
is called
(a) banker’s discount
(c) banker’s gain

(b) true discount
(d) cash value

Answers
1. (b) del credere agent 2. (a) factor 3. (c) nominal
due date 4. (a) the legal due date 5. (a) face value
6. (b) present worth 7. (d) true discount 8. (c) list
price 9. (b) Invoice
10. (b) true discount.

price =Net selling price

II. Fill in the blanks :

1. A person who draws the bill is called ......... .

2. Al is an agent who sells the goods by auction.

3. Trade discount is allowed on the ......... price.

4. The banker’s discount is also called ..........

5. The banker’s discount is always ......... than the true
discount.

6. The difference between the banker’s discount and the
true discount is called ..........

7. The date by which the buyer is legally allowed to pay
the amount is known as ......... .

Bl A is an agent who brings together the buyer
and the seller.

9. If buyer is allowed both trade and cash discounts,

......... discount is first calculated on ......... price.
10 vesveses =List price (catalogue Price) — Trade Discount.
Answers

1. *the drawer 2. auctioneer 3. list 4. commercial
discount 5. higher 6. banker’s gain 7. legal due date
8. broker 9. trade, list 10. Invoice price.

[*Note : Answer given in the textbook is incorrect. |

III. State whether each of the following is True or
False :
1. Broker is an agent who gives a guarantee to seller that

the buyer will pay the sale price of goods.

2. Cash discount is allowed on list price.

5. The date on which the period of the bill expires is
called the nominal due date.

6. The difference between the banker’s discount and
true discount is called sum due.

7. The banker’s discount is always lower than the true
discount.

8. The bankers discount is also called as commercial
discount.

9. In general, cash discount is more than trade discount.

10. A person can get both, trade discount and cash
discount.

Answers
1. False 2. False 3. True
4. False 5. True 6. False
7. False 8. True 9. False
10. True.

IV. Solve the following problems :

1. A salesman gets a commission of 6.5% on the total
sales made by him and bonus of 1% on sales over
T 50,000. Find his total income on a turnover
of T 75,000.

Solution :

Turnover is T 75,000.

Rate of commission is 6.5 %

Commission on X 75,000 at 6.5%

6.5
= 75000 x 1?04 4875

Sales in excess over ¥ 50,000 =T (75000 — 50000)
=T 25000
Bonus on ¥ 25,000 at 1%
_ 1
Total income of the salesman = T (4875 4 250) =3 5125.

2. A shop is sold at 30% profit. The amount of broker-
age at the rate of ;% amounts to ¥ 73,125. Find the

cost of the shop.
Solution :
Let the sale price of the shop be T x.
Brokerage is ¥ 73,125.

Brokerage atz% onTx=x x:ix 2

4 100
3. Trade discount is allowed on catalogue price. 3x
4. The buyer is legally allowed 6 days grace period. v SO 400
1. COMMISSION, BROKERAGE AND DISCOUNT 17
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73125 x 400
":f

. x=%97,50,000
The selling price of the shop is ¥ 97,50,000. —— b
Let the cost price of the shop be X y.
Sold at 30% profits.

0
100 ~ 100

", selling price =% (y + 3—y)

C.oprofit=y x

10
13y
=3 —1-0—
From (2) and (1),
13y

T 9750000

- (2)

9750000 x 10
y=—"13
= 7500000
The cost of the shop is ¥ 75,00,000.

3. A merchant gives 5% commission and 1.5% del
credere to his agent. If the agent sells goods worth
% 30,600 how much does he get? How much does the
merchant receive?

Solution :

Agent’'s commission at 5% on ¥ 30,600

5

Amount of del credere at 1.5% on ¥ 30,600
1.5
= 30600 x HO-—? 459

Agent’s total commission =¥ (1530 + 459)

=% 1989

Merchant receives T (30600 — 1989) =¥ 28,611.
Agent gets ¥ 1989; Merchant receives ¥ 28,611.

4. After deducting commission at 7;% on first ¥ 50,000

and 5% on balance of sales made by him, an agent
remits ¥ 93,750 to his principal. Find the value of

Balance sale =¥ (x — 50000)
Commission at 5% on balance sale
5 x—50000
100 20
The agent’s total commission

x — 50000 )

= (x — 50000) x . (2)

20 ... [From (1) and (2)]

3750 x 20 + x — 50000
N 20

=X (3750+

— e e «."(3)

Agent’s remitance to the principal
= The value of the goods sold — commission
25000 + x
20
. 93750 x 20 = 20x — 25000 — x
.. 1875000 = 19x — 25000
.. 19x =1875000 + 25000
*. 19x=1900000

. 93750 =x —

8 :c——-l 19 = 100000

The value of the goods sold by the agent is T 1,00,000.

5. The present worth of ¥ 11,660 due 9 months hence is
T 11,000. Find the rate of interest.

Solution :

The present worth is ¥ 11,000.

Sum due is T 11,660.

9/3
n =9 months = 15 = 3 years.

r=?
SD=PW +TD
PWxnxr
—PW+——100
nxr
“w(1422)

3
3 11660=11000(1+"”)

goods sold by him. 100
Solution : . 11660 f 3r
Let the value of the goods sold by the agent be ¥ x. 11000 400
3
Commission at 7%% on first ¥ 50,000 . 1.06—-1= 4Tr0
15 1 _ 3r

= 50000 x ’5‘ X i-oa =X 3750 voo (1) . 0.06 = 4—‘0—0
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,_006x400 24 _
- —=3=

The rate of interest is 8% p.a.

8

6. An article is marked at ¥ 800. A trader allows a
discount of 2.5% and gains 20% on the cost. Find the
cost price of the article.

Solution :

List (marked) price = ¥ 800.

Rate of discount is 2.5%.

25
bl . i = -=
trade discount = 800 x 100 20

*. selling price =¥ (800 — 20)
=X 780
Let the cost price of the article be T x.
Trader gains 20%.
*. the selling price =% 1120?; =X 653
The selling price is ¥ 780.

B i O 5
..-S-—780 Sox=—g

*. x=650
The cost price of the article is T 650.

7. A salesman is paid a fixed monthly salary plus a
commission on the sales. If on the sales of ¥ 96,000
and ¥ 1,08,000 in two successive months he receives
in all ¥ 17,600 and ¥ 18,800 respectively, find his
monthly salary and rate of commission paid to him.

Solution :

Let the fixed monthly salary of the salesman be X x and

the rate of commission be r %.

Now, the receipt on the first month’s sale of ¥ 96,000

is ¥ 17,600.

: - i |
. 17600 = x + 96000 x 7o

.. 17600 = x + 960r ousi kL)
The receipt on the second month’s sales of ¥ 1,08,000
is ¥ 18,800.

: - L2l
. 18800 = x + 108000 x 7.

.. 18800 = x + 1080r s (2)
Subtracting (1) from (2), we get
1200 = 120r

1200 3
r= W P X 10 /0
Substituting r =10 in (1), we get

17600 = x + 960 x 10

. 17600 = x + 9600
‘. x=17600 — 9600
. x=28000

The fixed monthly salary of the saleman is ¥ 8000 and the

rate of commission is 10 %.

8. A merchant buys some mixers at 15% discount on

catalogue price. The catalogue price is T 5500 per
piece of mixer. The freight charges amount to 2;%

on the catalogue price. The merchant sells each mixer
at 5% discount on catalogue price. His net profit is
T 41,250. Find number of mixers.

Solution :

The catalogue price per piece of mixer is T 5500.

Discount on catalogue price is 15 %.

.". the discount per piece of mixer

15
=3 5500 x ﬁo =< 825.
1
The freight charges is 25%.
F 2.5
.". the freight charges =< 5500 x 100 ¥ 137.50

The buying price per mixer

= catalogue price — discount + the freight charges

=T (5500 — 825 + 137.50)

=% 481250 s (1)

The merchant sells the mixer at 5% discount on the

catalogue price.
5% discount on catalogue price =T 5500 x T%O =% 275
. the selling price per mixer
=X (5500 — 275)
= 5225 )

From (1) and (2), the profit of the merchant per mixer
=T (5225 —4812.50)
=T 412.50

Net Proﬁt

The number of mixers =—— -
profit per mixer

1. COMMISSION, BROKERAGE AND DISCOUNT 19
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41250
412,50

=100
The merchant bought 100 mixers.

9. A bill is drawn for T 7000 on 3™ May for 3 months
and is discounted on 25" May at 5.5%. Find the
present worth.

Solution :

Sum due (Face value) =T 7000, r =5.5%

Date of drawing the bill = 3" May

Period of the bill =3 months

Nominal due date =3 August.

Legal due date = 6™ August.

Date of discount = 25" May.

Number of days from the date of discounting to the legal

due date is as follows :
May June July August Total
6 30 31 6 73

: eriodn-ﬁ—l ears
o =365 57

; nxr
SD =PW (1+W)

, 15 1
. 7000 = PW (1+§xwxﬂ)

_ 11
. 7000 =PW (1 + W))

_ 1011
. 7000 = PW ('1'666)

7000 x 1000
1011 =W

.. PW=6923.84
The present worth of the bill is ¥ 6923.84.

10. A bill was drawn on 14™ April 2005 for ¥ 3500 and
was discounted on 6™ July 2005 at 5% per annum.
The banker paid T 3465 for the bill. Find the period
of the bill.

Solution :

Face value of the bill =¥ 3500.

Cash value of the bill =¥ 3465.

Banker’s discount

BD =FV-CV
=T (3500 — 3465)
=335
BD = Interest on FV for n years at 5%

o 35=3500xnx%

. 35=175n

o years

~175
35

=1

x 365 days

.. n=73 days
The bill was discounted on 6% July 2005.
. legal due date is 73 days after 6 July 2005.

July | Aug. | Sept. ' Total
25 31 17 73

. legal due date is 17 September 2005.
. nominal due date is 14% September 2005.
Now, date of drawing the bill is 14™ April 2005.
. the period of the bill is from 14" April 2005 to
14™ September 2005, i.e. 5 months.

11. The difference between true discount and bankers
discount on a bill 6 months hence at 4% p.a. is T 80.
Find the true discount, banker’s discount and
amount of the bill.

Solution :

Let TD be T x. n=6 months=% years, r =4%.

BG =BD ~TD
= Interest on TD for 6 months at 4% p.a.

.. true discount (TD) is ¥ 4000 (1)
BD=BG+TD

= 80 + 4000 = 4080
.. banker’s discount is ¥ 4080. Taa )
Let amount of the bill (FV) be T .
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BD = Interest on FV for 6 months at 4% p.a.

1 4
e 4080:3/)(5)(166
. =3
. 4080 = 50
S y=4080 x50 .. y=%2,04000
‘. the amount of the bill is T 2,04,000. ... (3)

12. A manufacturer makes clear profit of 30% on cost
after allowing 35% discount. If the cost of produc-
tion rises by 20%, by what percentage should he
reduce the rate of discount so as to make the same
rate of profit keeping his list prices unaltered?

Solution :

Let the list price be ¥ 100.

Discount at 35% on ¥ 100 =< 35.

", selling price =% (100 —35) =% 65
Profit at 30% on ¥ 100 =% 30

", selling price =% (100 + 30) =% 130
When selling price is ¥ 130, the list price =¥ 100,
then if the selling price is ¥ 65,

100 x 65
130

If the production cost rises by 20%, then the list price will

the list price = =350

100
=% (50 +10) =T 60
To make the profit at 30% on the list price ¥ 60,

be?(SO-i—SOxE)

100
=% (60 +18) =X 78.
The list price is unaltered, i.e. it should remain ¥ 100,

=?<60+60x3—0)

but the new list price is ¥ 78.
.. discount =% (100 - 78) =¥ 22, i.e. 22% discount is
allowed on the list price.
Now, 35% discount was allowed on the list price.
. reduction in the rate of discount
=35—-22=13%
The percentage reduction in the rate of discount is 13%.

13. A trader offers 25% discount on the catalogue price
of a radio and yet makes 20% profit. If he gains
¥ 160 per radio, what must be the catalogue price of
the radio?

Solution :
Let the catalogue price of a radio be ¥ x.

Discount at 25% on T x =x x IZTSO:QZ'

. selling price of the radio = catalogue price — discount

x 3x

=3I (x — Z) =3 T

If the cost price is T 100, the selling price is ¥ 120 making
20% profit.

When the selling price is T 120, the cost price is ¥ 100.

3.
-, when the selling price is ¥ 2, the cost price

3x
100 x y 5
120 120
He gains profit of ¥ 160 per radio.
Profit = Selling price — Cost price

) 3x 75x
\10=7 120

90x — 75x
120
*. 160 x 120 = 15x
160 x 120
X=X\ —
15
- x=%1280
The catalogue price of the radio is ¥ 1280.

is=

*. 160 =

14. A bill of T 4800 was drawn on 9" March 2006 at
6 months and was discounted on 19™ April 2006 at

6 ;—% p-a. How much does the banker charge and

how much does the holder receive?
Selution :

Face value of the bill =¥ 4800, r = 6; = %5%

Date of drawing the bill = 9™ March 2006

Period of the bill =6 months

Nominal due date =9 September 2006

Legal due date = 12 September 2006

Date of discount = 19" April 2006

Number of days from the date of discounting to the legal

due date is as follows :

April May June July Aug. Sept. Total‘

1n (31 |3 |3 |3 | 12| |
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2
3——“ = ‘5‘ years
Banker’s charge :

", period n =

BD = Interest on FV of T 4800 at %5% for ; years

2 25 1
=00x RE57% “100

=% 120
The holder receives the amount = FV — BD
=T (4800 — 120)
= T 4680.
Banker’s charge is ¥ 120; the holder receives T 4680.

15. A bill of ¥ 65,700 drawn on July 10 for 6 months
was discounted for ¥ 65,160 at 5% p.a. On what
day was the bill discounted?

Solution :

Face value =% 65700

Cash value =¥ 65160

BD =FV —-CV
=% (65700 — 65160)
=% 540

Date of drawing the bill = 10" July

Period = 6 months

Nominal due date = 10" January (next year)

Legal due date = 13" January (next year)

BD = Interest on FV for n years at 5% p.a.

.. 540 = 65700 X 11 X ——

100
", 540 = 3285n
0
=385 YeArs
on= :;05 x 365 days
. n=60 days

. date of discounting the bill is 60 days before the legal
date 13" January.

Jan. Dec. Nov. Total

13 31 16 60

The date of discounting the bill is November
30-16 = 14™ November.*

[* Note : Answer in the textbook is incorrect. |

16. An agent sold a car and charged 3% commission on
the sale value. If the owner of the car received
T 48,500, find the sale value of the car. If the agent
charged 2% to the buyer, find his total remuneration.

Solution :
Let the sale value of the car be ¥ 100.
3% commission is charged on the sale value.
*. the owner receives ¥ (100 —3) =% 97
When the owner of the car receives ¥ 97, the sale value of
the car is ¥ 100, then
when the owner of the car receives ¥ 48500, the sale
value of the car
o TOANE0
97
=100 x 500 =¥ 50000
*. the sale value of the car is T 50,000
Agent charged 2% to the buyer on ¥ 50,000

*. agent’s charge = 50000 x 2 _ % 1000
100
Agent’s commission at the rate of 3% of ¥ 50,000
3

*. agent’s total remuneration

__(Commission from) (Commission from)
/ buyer seller

=¥ (1000 + 1500) =X 2500
The value of the car is ¥ 50,000; Agent’s total

remuneration is T 2500.

17. An agent is paid a commission of 4% on cash sales
and 6% on credit sales made by him. If on the sale
of ¥ 51,000, the agent claims a total commission of
< 2700, find the sales made by him for cash and on
credit.

Solution :

Total sales =% 51,000.

Let cash sales be ¥ x.

Then credit sales =% (51000 — x)

Commission at 4% on cash sales of ¥ x

Commission at 6% on credit sales of ¥ (51000 — x)
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; 6
= (51000 — x) x 100

6x

=T ( 3060 — —
?( 060 1 00)
Total commission paid to the agent

-3 (1+3060—3)

25 100
4x — b6x
=T (3060 +—1-0-(—)—)

2x
= (3060— W))

But the agent claims a total commission of ¥ 2700.

", 2700 = 3060 — L2

100
P 1 ; % o,
: W)—3060—2700 2. 50—360 . x=50 x 360
. x=3 18000

The sales made by the agent for cash is T 18,000.
*. the sales made by the agent on credit
=< (51000 — 18000)
=¥ 33,000.
The sales made by the agent for cash is ¥ 18,000 and on
credit ¥ 33,000.

ACTIVITIES | Textbook pages 14 and 15

(Answers are given directly.)
1. The value of the goods sold = x

Commission @7.5% on first T 10,000 =% | 750

Commission @5% on the balance

R (x—10000) = - [ x— 10000 |

5 — 10000)
100

=X

An agent remits ¥ 33,950 to his Principal

2. Rate of discount=15% and other charges =2.5% on
list price.
List price of tricycle in Mumbai = ¥ 600

Net selling price = List Price — Discount +

Otherd1arges=600—|£]x600+—2%x

100 0
=T 525
List price of tricycle in Nashik =¥ 750
Rate of discount =10%

Net selling price = List Price — Discount

=[ 75055 * 750
=X 675
A merchant bought tricycles from Mumbai and sold it
in Nashik and made a profit of ¥ 13,500
.. profit per tricycle = 675 — @
=3 150

Total Profit
Profit per tricycles

Number of tricyles bought =

3. Cost Price =T 100

A manufacturer makes a profit of 30% on cost after

allowing 35% discount.

Selling price =| CP

+ profit

30
| || S |
=% 130
95x
— =33950 +
100 Selling price = List price — Discount
19x 35
i" =34200 . 130 = List price—~ x| List price
Emi| 20000 P . 130= %50 x| List price
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. A 130 x 100 Number of days from date of discounting to legal due
.’ list price = —
=%200

Mar. Apr. May June ' July - Aug. | Sept. Total
Now, the cost of production rises by 20%. ’ T [ | 1 | ' I
31 |[30]|[31] 30 |[31]| 31 |[22] 206

d
". new cost price =100 + x 100 el

100

e . SDxnxr
=3120 4 BD=T=4015—

New list price =¥ 200
=T 3833.70.

Rate of discount = x %

Selling price = + profit 5. Face value (SD) =% 7300, r = 12% p.a.

Cash value (CV) =% 7108

x 120
100 BD=SD-|CV =% 192

=120+

S Date of drawing the bill = 7" June 2017

Lisk price = Celling psicsif Placount Date of discounting the bill = 22" October 2017

- [200 |=[ 156 |+ %0 x 200 Number of days from date of discounting to legal due
; : ‘
date=x
L 20=200-
. BD= SDxnxr
L 2x=44 et T 100
sas[ 2] | 6 1
o[ 192 |=| 7300 |x X
Reduction in the rate of discount
[ ]-2 o x=[ 80 | days
=13% .. legal due date is 80 days after the date of discount-
ing the bill.
. Face Value (SD)=: 4015, r =8% p-a. | 'OCt. | Nov. | Dec. | Jm. [ Total
Date of drawing bill = 19" Janurary 2018 [9]| 30 |[31] 80 days

Period of the bill =8 months

Legal due date = 10* January
Nominal due date =7 Janu
Legal Due date = 22" September 2018 Jpnuary

Date of discounting the bill = 28" February 2018 ~« pesiod of the bill = months.

Nominal Due date =[ 19" September 2018
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INSURANCE AND ANNUITY

# Introduction w5 25
% Important Formulae 25
2.1 Fire, Marine and Accident Insurance S P
2.2  Annuity s

(2) General Insurance : General insurance covers all

INTRODUCTION

Life is full of risk due to uncertainties. We try to

types of insurance except the life insurance. It offers

protection against loss to the property, vehicle or

axaid mizk by takmp necessary stepee St 1s ot valuables of a person due to fire, earthquake, flood, etc.

possible to completely prevent risks.

Insurance offers protection against loss to the life of In case of loss or damage, the insurance company
a person or to property, vehicle or valuables due to = guarantees to pay compensation in the proportion that
uncertain events like fire, earthquakes, floods, bur- exists between the policy value and property value.

glary, etc. The loss due to these events is minimised by N on iz et inerence ne rvemer by

insurance. . the principle of indemnity by which the insurer under-
Ins i tract betw i 2
urance is a contra S S el Ve el takes to pay only the actual amount of loss suffered by

alled the insurer) and th ho insures
pany (it the e ) andife @ W) the insured. Thus, the insured cannot make a profit out

(called the insured). Insurance policy is a legal docu- )
of insurance.
ment of the agreement or contract between insurer and

insured.

N IMPORTANT FORMULAE P 4

Insurance is mainly of two types :

(1) Life Insurance : It is a contract between the insur- 1. Insurance :
ance company and the person under which a specific (1) Premium = Rate of premium x Policy value
amount is payable by the insurance company on the () Gerllod Tosurince : Claim— Policy value -

death of the person or on the person attaining a Property value

particular age. 2. Annuity :

e Premium : A person who is insured for life agrees (1) An immediate annuity : The accumulated value A of

to pay a certain instalment of money periodically an immediate annuity for 7 annual payments of an

(i.e. monthly, quarterly, yearly) to the insurance amount C at an interest rate r per cent per annum,

company. This amount of instalment is called pre- compounded annually, is given by

‘ C : g
mium. s A=T[(1+z)”—l],“rhere1=—r

3 : 1 100
e Policy value : The amount received by a person

from the insurance company on maturity or on his Also, the present value P of such an immediate annuity is

death or on attaining a certain age is called the given by
policy value. = l’=$[1—(l+i) "
2. INSURANCE AND ANNUITY 25
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The present value and the future value of an annuity
have the following relations :
(i) A=PQ+1),

i

211
(11) p_z—a.

(2) Basic formula for an annuity due : Let C denote the
amount paid at the beginning of each of n years and let r

denote the rate of interest per cent per annum.

.
Leti= iﬁ)

The accumulated value A’ is given by
a =04 1

i
The present value P’ is given by

paSltd a4

A" and P’ have the following relations
A =P @1+i)
g 0§
C(+i)

P A
[Note : We can use the formula of immediate annuity for

annuity due only by replacing C by C (1 +1).]

/

2.1 : FIRE, MARINE AND ACCIDENT
k INSURANCE

I. Fire Insurance : Under this type of insurance,
property such as buildings, godowns containing
goods, factories, etc. can be insured against loss due to
fire.

(1) Property value : The value of entire property is
called property value.

(’7

Policy value : The value of the property insured is
called policy value.

(3

~

Premium : The amount paid to insurance com-
pany to insure the property is called premium.
Premium rates are expressed as percentage of the
value of the property insured.

Premium = Rate of premium x Policy value.

(4) Period : The duration of contract for which

~

(5) Loss : The value of damage to property is called
loss.

(6) Claim : The amount that the insured can demand
under the policy is called claim. It is calculated as
follows :

Policy value

Claim=——"———
Property value

Loss

2. Accident Insurance : Personal accident insurance is a
policy that can reimburse your medical costs, provide
compensation in case of disability or death caused by
accidents. It covers the protection against damage to
vehicles like cars, trucks, two wheelers, etc. due to
accidents. The policy also covers the liability of the
insured to third parties involved in the accident.
Period : The period of accident insurance is one year.

3. Marine Insurance : It covers the risk of damage in the
transport of goods by sea. The premium of the policy
is determined on the basis of the value of the ship and
its contents.

Shipments are protected from the time they leave the
seller’s warehouse till the time they reach the buyer’s
warehouse.

Period : The journey period of the ship is called the
period of the policy.

| EXERCISE 2.1 | Textbook page 20

1. Find the premium on a property worth I 25,00,000
at 3% if (i) the property is fully insured (ii) the
property is insured to the extent of 80% of its value.

Solution :

Property value =< 25,00,000

Rate of premium = 3%

(i) The property is fully insured :
Amount of premium = 2500000 x %)
=% 75000

(ii) The property is insured to the extent of 80% :

Policy value = 2500000 x % =< 2000000

Amount of premium at the rate 3%

=2000000x—3~=?60000.

100
property is insured is called period. (i) 275,000 (i) T 60,000
Note : The period of fire insurance is one year.
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2. A shop is valued at ¥ 3,60,000 for 75% of its value.
If the rate of premium is 0.9%, find the premium
paid by the owner of the shop. Also, find the agent’s
commission, if the agent gets commission at 15% of
the premium.

Solution :

The value of shop =% 3,60,000.

Policy value of the shop is 75% of the value of the shop.

*. policy value of the shop

75
100

=Y 270000

Rate of premium is 0.9%,

= 360000 x

*. amount of premium

0.9
= 270000 x 100

=% 2430
Premium paid by the owner is ¥ 2430.
Commission of an agent :
Commission at 15% of the premium of ¥ 2430

15 36450
100 100 o912

?36450

= 2430 x

Agent’s commission is

3. A person insures his office valued at ¥ 5,00,000 for
80% of its value. Find the rate of premium, if he pays
¥ 13,000 as premium. Also, find agent’s commission
at 11%.

Solution :

Value of office =¥ 5,00,000.

Policy value is 80% of the value.

", policy value = 500000 x % =< 400000

Let the rate of the premium be r %.

", amount of premium = 400000 x 1—30-

But, the premium paid is ¥ 13000

. 13000 = 400000 x ﬁ)

~ 13000 x 100
© 400000

L r=325%
Rate of premium is 3.25%
Agent’'s Commission :
Amount of premium =¥ 13000

Rate of commission = 11%

. , 2 o 11
. agent’s commission = 13000 x 100

Agent’s commission =T 1430.

4. A building is insured for 75% of its value. The
annual premium at 0.70 per cent amounts to I 2625.
If the building is damaged to the extent of 60% due
to fire, how much can be claimed under the policy?
Solution :

Let the value of the building be ¥ x.

Then the policy value of the building = x x %

=X~
Rate of premium is 0.70%
Premium amount =< 2625

Amount of the premium = policy value x rate of premium

3x 0.70
% 2625=»4~x-100
2625 x 4 x 100
3x0.70
*. x=500000

*. the value of the building =% 5,00,000
Damage 60% of the value of the building

60

Policy value of the building = ix

x 500000 =¥ 3,75,000

..mu

_ Policy value
~ Property value
_ 375000
~ 500000

". claim =¥ 2,25,000.

x Loss

x 300000 =< 225000

5. A stock worth ¥7,00,000 was insured for ¥4,50,000.
Fire burnt stock worth ¥ 3,00,000 completely and
damaged the remaining stock to the extent of 75%
of its value. What amount can be claimed under
the policy?

Solution :

Value of the stock =% 7,00,000

Policy value of the stock =¥ 4,50,000

Value of the stock burnt =¥ 3,00,000
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The value of the remaining stock = (X 700000 — 3,00,000)
=Y 4,00,000
Damage to the remaining stock

75
= 400000 x 00— ¥ 3,00,000

Total loss = (300000 + 300000)
=3 6,00,000

; Policy value

Clatnyse Stock value
450000
= 500000 x 600000

= 385714.28 ~ 385714.30

Amount to be claimed is ¥ 3,85,714.30.

x Loss

6. A cargo of rice was insured at 0.625% to cover 80% of
its value. The premium paid was T 5250. If the price
of rice is ¥ 21 per kg, find the quantity of rice (in kg)
in the cargo.

Solution :

Let the value of a cargo of rice be T x.

The policy value of the cargo is 80% of x.

. . 80 4x
. the policy value of the cargo =% x x 100 = e 5
The rate of premium = 0.625%

The premium paid =¥ 5250

Amount of premium = Policy value x Rate of premium

v wnme B . 1

. 5250 = 5 x 0.625 = 100

-1 P

. 5250 200

. x=5250 x 200 . x =< 1050000

The value of the cargo is ¥ 10,50,000

If the value of rice is ¥ 21 per kg, then the cargo contains

19%010@ = 50000 kg of rice.

The quantity of rice in the cargo is 50,000 kg.

7. 60000 articles costing T 200 per dozen were insured
against fire for T 2,40,000. If 20% of the articles were
burnt and 7200 of the remaining articles were
damaged to the extent of 80% of their value, find the
amount that can be claimed under the “policy.
[Note : Question has been modified. |

Solution :
The number of articles = 60000
= 6010200 =5000 dozen

Cost of one dozen articles =3 200
.". the cost of 5000 dozen articles
=3 200 x 5000 =¥ 10,00,000
Policy value of the articles =% 2,40,000
The number of articles completely burnt

20 12000
= 60000 XHO x 12000 =5 = 1000 dozen

The value of the burnt articles
=3 200 x 1000 =< 2,00,000 wi (1)
80% of 7200 articles were damaged.

80 5760
7200 x 100~ 5760. . T 480 dozen

The value of the damaged articles
=3 200 x 480 = 96,000 s (0)
Total loss =T (200000 + 96000) ... [From (1) and (2)]
=< 2,96,000.

Policy value

Claim = ——————— X
Property value

Loss

¥ 71,040 can be claimed.

8. The rate of premium is 2% and other expenses are
0.75%. A cargo worth ¥ 3,50,100 is to be insured so
that all its value and the cost of insurance will be
recovered in the event of total loss.

[Note : Question has been modified. |

Solution :

Let the policy value of the cargo be ¥ 100, including the

premium and other expenses.

The rate of premium is 2%.

Other expenses are 0.75%

.". the premium ¥ 2 and other expenses ¥ 0.75.

.. the value of the cargo

=3 [100—(2+0.75)] =X 97.25
When the value of the cargo is T 97.25, the policy value is
T 100.
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Therefore, when the value of the cargo is ¥ 3,50,100, the
policy value of the cargo
_ 100 x 350100
97.25
= 360000
The policy value of the cargo is ¥ 3,60,000.

9. A property worth ¥ 4,00,000 is insured with three
companies, A, B and C. The amounts insured
with these companies are ¥ 1,60,000, ¥ 1,00,000 and
¥ 1,40,000 respectively. Find the amount recoverable
from each company in the event of a loss to the
extent of ¥ 9000.

Solution :

Company = Amount insured

A T 1,60,000
B T 1,00,000
C T 1,40,000
Total T 4,00,000
Claim = Toliey value x Loss

Property value
Claim from company A :
s
~ 400000
Claim from company B :
100000
~ 400000
Claim from company C :

140000
400000

% 9000 =T 3600

x 9000 =X 2250

% 9000 =X 3150

10. A car valued at ¥ 8,00,000 is insured for ¥ 5,00,000.
The rate of premium is 5% less 20%. How much
will the owner bear including the premium, if value
of the car is reduced to 60% of its original value.

Solution :

The value of a car =% 8,00,000

The policy value of a car =% 5,00,000.

The rate of premium = 5% — (20% of 5)

=5% —1% =4%

Amount of premium = Policy value x Rate of premium

4
=Y 500000 x m—? 20000

The value of the car is reduced to 60 % of its original value.

.. the value of the car =¥ 800000 x %

=< 4,80,000
Loss =3 (800000 — 480000) =X 3,20,000
=< 3,20,000

Claim = _lrlsured_yalue S
AN = Value of the car

= x 320000 =X 2,00,000

Loss the owner bears = loss — claim + premiuim
=3 (320000 — 200000 + 20000)
=3 1,40,000.

11. A shop and a godown worth ¥ 1,00,000 and
T 2,00,000 respectively were insured through an
agent who was paid 12% of the total premium. If
the shop was insured for 80% and the godown for
60% of their respective values, find the agent’s
commission, given that the rate of premium was
0.80% less 20%.

Solution :

The value of the shop =¥ 1,00,000.

The value of the godown =¥ 2,00,000

Insured value of the shop

80
— ? —
100000 x 700
=3 80,000 (1)
Insured value of the godown
60
=< 200000 x 100
=< 1,20,000 si2)

Total policy value =¥ (80000 + 120000)
... [From (1) and (2)]
=< 2,00,000

The rate of premium = 0.80% less 20%

=0.80% - (20% of 0.80)

=0.80% -0.16% = 0.64%
Amount of premium on ¥ 2,00,000

0.64

=?200000x»1—~

00 =% 1280
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Agent’s commission at 12% of the premium

12
= -= 3_
?1280><1 ¥ 153.60

Agent’s commission is T 153.60.

12. The rate of premium on a policy of ¥ 1,00,000 is
¥ 56 per thousand per annum. A rebate of ¥ 0.75 per
thousand is permitted, if the premium is paid
annually. Find the net amount of premium payable,
if the policy holder pays the premium annually.

Solution :

The policy value =% 1,00,000.

The rate of premium =X 56 per thousand per annum.

If a rebate of ¥ 0.75 per thousand is permitted when the

premium is paid annually, then the rate of premium

=X (56 —0.75) =X 55.25

When the policy value is ¥ 1000, the premium is ¥ 55.25,

then for the policy value of ¥ 1,00,000

net remium—M
P ~ 71000

=Y 5525
The policy holder pays ¥ 5525* premium annually.

x 55.25

[*Note : Answer given in the textbook is incorrect.|

13. A warehouse valued at T 40,000 contains goods
worth T 2,40,000. The warehouse is insured against
fire for ¥ 16,000 and the goods to the extent of 90%
of their value. Goods worth T 80,000 are completely
destroyed, while the remaining goods are destroyed
to 80% of their value due to a fire. The damage to
the warehouse is to the extent of ¥ 8000. Find the
total amount that can be claimed.

Solution :

The value of the warehouse =¥ 40,000.

Goods in warehouse worth ¥ 2,40,000

Goods is insured for 90% of its value

90
=¥ 240000 x 100~ ¥ 2,16,000

This is the policy value.
Goods worth ¥ 80,000 are completely destroyed.

216000
240000
=% 72,000 woi (1)
The remaining goods, i.e. goods worth
T (240000 — 80000) =X 1,60,000 was destroyed to 80%.
.. the value of the remaining goods

80
—Z 160000 X —
*100

=T 1,28,000.
Loss incurred =¥ 1,28,000

x 80000

_ Policy value
~ Value of the goods

216000
=540000 > 128000

=% 1,15,200 ver.i(2)
The damage to the warehouse = X 8000
The value of the warehouse =¥ 40,000
Policy value of the warehouse =% 16,000

2 16000
Claim for the warehouse = 20000 x 8000

=3 3200 ... (3)
Total claim =¥ (72000 4+ 115200 + 3200)
... [From (1), (2) and (3)]

Claim x Loss

=T 1,90,400
The total amount that can be claimed is ¥ 1,90,400.

14. A person takes a life policy for ¥ 2,00,000 for a
period of 20 years. He pays premium for 10 years
during which bonus was declared at an average rate
of ¥ 20 per year per thousand. Find the paid up
value of the policy, if he discontinues paying
premium after 10 years.

Solution :

Policy value =< 2,00,000.

Rate of bonus =¥ 20 per year per thousand

Bonus for 1 year on the policy of T 2,00,000
_ 200000

1000

.. bonus for 10 years =3 4000 x 10 =¥ 40,000.

Period of policy 20 years

x 20 =T 4000

200000
.". loss is ¥ 80,000. .". yearly premium to be paid = > < 10,000
Policy value .. premium paid for 10 years =% 10000 x 10
Claim = —————— x Loss
Value of good =¥ 1,00,000
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Paid up value of the policy = premium paid + bonus
=Y (100000 + 40000)
=¥ 1,40,000

The paid up value of the policy is ¥ 1,40,000.

k EXAMPLES FOR PRACTICE 2.1

1. A car worth ¥ 8,10,000 is insured for ¥ 6,75,000. The
car is damaged to the extent of ¥ 3,60,000 in an
accident. Find the amount of compensation that can be
claimed under the policy.

2. A shopkeeper insures his shop valued ¥ 30 lakh for
80% of its value. He pays a premium ¥ 1,20,000. Find
the rate of premium. If the agent gets commission at
12%, find the agent’s commission.

3. A building worth ¥ 50,00,000 is insured for gth of its

value at a premium of 5%. Find the amount of
premium. Find the commission of the agent, if the rate
of commission is 4%.

4. A property worth T 8,00,000 is insured with three
companies, A, B and C for amounts ¥ 2,40,000,
¥ 1,60,000 and ¥ 2,00,000 respectively. A fire caused a
loss of ¥ 4,80,000. Calculate the amount that can be
claimed from three companies.

5. For what amount must a car valued at ¥ 2,92,500 be
insured at 2.5% so as to recover its value and the cost
of premium in case of loss.

6. A merchant insures fully his warehouse worth
¥2,40,000 and goods in it. If the total amount of
premium paid at the rate of 2.0% is X 7200, find the
value of the goods in the warehouse.

7. A trolly loaded with wheat worth ¥ 80,000 is insured
for ¥ 64,000. In an accident it was damaged to the
extent of ¥ 15,000. Find the amount of compensation
that can be claimed under the policy.

8. (i) If the policy value and the property value are in
the ratio 2:5 and the loss is ¥ 2,750, find the
amount to be claimed under the policy.

(ii) If the policy of a cargo covers 80% of its value and
the amount claimed is ¥ 1,240, find the loss.

9. Find the agent’s commission at 15% on the first
premium if he places insurance for ¥ 200000 on the life
of a person, the premium being at the rate of ¥ 35 per
thousand, per annum, paid annually.

Answers

1. ¥3,00,000 2. The rate of premium : 5%; Agent com-
mission : ¥ 14,400 3. The amount of premium :
¥ 1,50,000; Agent’s commission : ¥ 6,000

4. Company A :%1,44,000; Company B :% 96,000;
Company C : ¥ 1,20,000 5. ¥ 3,00,000 6. % 1,20,000
7.3 12,000 8. (i) T 1100 (i) T 1550 9. T 1050.

( 2.2 : ANNUITY )

A rupee today is worth more than a rupee after one
year. Money has a time value. The time value of money
explains why interest is paid or received.

An annuity is a sequence of payments of equal
amounts with a fixed frequency.

A life annuity pays out an income at regular intervals
until the death.

1. Terminology of Annuity :

Annuitant : A person who receives an annuity is

called the annuitant.

Issuer : A company (usually an insurance company)

that issues an annuity.

Owner : An individual or an entity that buys an

annuity from the issuer of the annuity and makes

contributions to the annuity.

Beneficiary : A person who receives a death benefit

from an annuity at the death of the annuitant.
2. Two phases of an annuity :

Accumulation phase : The time period when money

is added to the annuity is called accumulation phase.

An annuity can be purchased in one single lump

sum (single premium annuity) or by making invest-

ments periodically over time.

Distribution phase : The distribution phase is when

the annuitant receiving distributions from the annuity.

Options : (i) Withdraw some or all of the money in

the annuity in lump sums. (ii) A guaranteed income

for a specific period of time or the entire lifetime of the
annuitant.

3. Types of Annuities : There are three types of
annuities :

(i) Annuity Certain : An annuity certain is an in-
vestment that provides a series of payments for a
set period of time to a person or to the person’s
beneficiary. It is an investment in retirement
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income offered by insurance companies. The
annuity may be taken as a lump sum. Annuity
certain generally pays a higher rate of return than
lifetime annuity.

(ii) Contingent Annuity : Contingent annuity is a
form of annuity contract that provides payments
at the time when the named contingency occurs.
Upon death of one spouse, the surviving spouse
will begin to receive monthly payments.

(iii) Perpetual Annuity or Perpetuity : A perpetual
annuity promises to pay a certain amount of
money to its owner forever. Though a perpetuity
may promise to pay you forever, its value is not
infinite.

4. Classification of Annuity Certain : Annuity certain is
classified on the basis of payment, interval and time of
payment. There are three types of annuity certain :

(i) Annuity Immediate OR Ordinary Annuity :
If the payment is made at the end of each period, it
is called an Annuity Immediate OR Ordinary
Annuity.

(i) Annuity Due : If the periodic payment is made at
the commencement of each period, it is called
Annuity Due.

(iii) Deferred OR Reversionary Annuity : If the
deposit is allowed to accumulate for a certain
period and payments begin after the lapse of that
period, it is called Deferred OR Reversionary
Annuity.

We shall study only immediate annuity and annuity due.

5. Present Value of an Annuity : The sum of the present
values of the different instalments of an annuity is
called the present value of an annuity. Thus, it is the
total present worth of all periodic future payments.

6. Future Value of an Annuity : It is the sum of all the
accumulated values of each payment calculated at the
end of last period of the annuity certain at a given rate
of compound interest. Thus, if each periodic payment
is invested at compound interest, the final accumu-
lated sum with interest would be the amount of that
annuity.

[Notes :

(1) We consider only uniform and certain annuities.

(2) If the type of an annuity is not mentioned, we assume

that the annuity is immediate annuity.

(3) If there is no mention of the type of interest, then it is
assumed that the interest is compounded per annum.
If payments are made half yearly (that is, twice per

year), then r is replaced by ; (the compounding rate)

and n is replaced by 2n (the number of time periods).
If payments are made quarterly (that is, four times

per year), then r is replaced by g (the compounding

rate) and » is replaced by 4n (the number of time
periods).
If payments are made monthly (that is, 12 times per

year), then r is replaced by é (the compounding rate)

and n is replaced by 127 (the number of time periods). |

Immediate Annuity : Payments are made at the end

of every time period in immediate annuity.
§. Annuity Due : Payments are made at the beginning of
every time period in annuity due.

EXERCISE 2.2 = Textbook pages 27 and 28

1. Find the accumulated (future) value of annuity of
T 800 for 3 years at interest rate 8% compounded

annually. [Given : (1.08)* = 1.2597]
Solution :
Here, C=Y 800, n=3,r=8%
i=' =8 _ 008 (108 =12597 ... (Given)
100 100

A=§[(1+i)"—1]

800

=10000[(1.08) — 1]

=10000 [1.2597 — 1]

= 10000 x 0.2597

=2597.
Hence, the accumulated value of annuity of ¥ 800
is ¥ 2597.*

[* Note : Answer given in the textbook is incorrect. |

2. A person invested T 5000 every year in a finance
company that offered him interest compounded at
10% p.a. What is the amount accumulated after

4 years. [Given : (L.1)* =1.4641]
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W?f{ 3
Here, C=% 5000, n =4, r=10%

r 10 4 :
r—m—m—o.l. (1.1)* = 1.4641 ... (Given)

A=S1a+ir 1]

5000
=7 [ +01)*~1]

=50000[(1.1)* —1]
=50000[1.4641 —1]
= 50000 x 0.4641
=23,205

Hence, the amount accumulated is ¥ 23,205.

3. Find the amount accumulated after 2 years, if
a sum of ¥ 24,000 is invested every 6 months at
12% p.a. compounded half yearly.

[Given : (1.06)* = 1.2625]

Solution :

Here, C =% 24000, n =2 years. Term is of 6 months.

n=2x2=4,r=1—22%=6%

T _ % 006 (1.06)=12625

=100~ 100 of-\Givel)

i

A=(T,:[(1+i)"—1]

24000 .
=06 1 +006)* ~1]

= 400000 [(1.06)* —1]
=400000[1.2625 —1]

ik

_ T “_
=100 100 (1.04)* =1.1699

... (Given)

A=E',:[(1+i)"—l]

~ 10000
T 0.04

= 250000 [(1.04)* — 1]
= 250000 [1.1699 — 1]
=250000 x 0.1699
= 42475
Hence, the accumulated value is T 42475.*
[* Note : Answer given in the textbook is incorrect. |

[(1+0.04)* —1]

5. Find the present value of an annuity immediate of

336,000 p.a. for 3 years at 9% p.a. compounded

annually. [Given : (1.09) *=10.7722]
Solution :
Here, C=Y 36000, n=3,r=9%

. I B, s =

{= 100 =100~ 0.09; (1.09) *=0.7722 ... (Given)

Now, P=§[1 -1 +9)7"]
_ 36000
0.09
=400000[1 —(1.09)?]
= 4000001 — 0.7722]
= 400000 x 0.2278 = 91120
Hence, the present value of an annuity immediate of
¥ 36000 is ¥ 91,120.

[1—(1+40.09 3]

6. Find the present value of an ordinary annuity of

=400000 x 0.2625 3 63,000 per annum for 4 years at 14% p.a., com-
=105000 pounded annually. [Given : (1.14) *=10.5921]
Hence, the amount accumulated is ¥ 1,05,000.* Solution :
[* Note : Answer given in the textbook is incorrect. | Here, C=% 63000, n =4, r=14%
4. Find accumulated value after 1 year of an annuity % 1—(')73 X % =0.14; (1.14) *=05921 ... (Given)
immediate in which ¥ 10,000 is invested every quar- C
ter at 16 % p.a. compounded quarterly. Now,.F = i [1-1+)7]
[Given : (1.04)* =1.1699]
Solution : =6g%.30[1—(1 L
Here, C =% 10000 =450000[1 - (1.14) %]
n=1 year. Term is every quarter. =450000[1 — 0.5921]
L B _16% .. = 450000 x 0.4079
.n—1><4—4andr—f~4*—4/o — 183555
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Hence, the present value of an ordinary annuity of
T 63000 is X 1,83,555.

7. A lady plans to save for her daughter’s marriage.
She wishes to accumulate a sum of T 4,64,100 at the
end of 4 years. What amount should she invest every

year, if she can get interest of 10% p.a. compounded

annually ? [Given : (1.1)* =1.4641]
Solution :
Here, A=%4,64,100, n=4,r=10%, C="?
T ; 10 3 . -
l—ﬁ)—m—o.l, (1.1)*=1.4641 ... (Given)

A=§[(1 +iy —1]

", 464100 = 091 [(140.1)* 1]

. 464100 x 0.1 = C[(1.1)*~1]
. 46410 = C[1.4641 —1]
. 46410 = C x 0.4641

46410
T 0.4641

;. C=% 100000
Hence, the lady should invest ¥ 1,00,000 every year for
4 years to get ¥4,64,100 at the end of 4 years.

8. A person wants to create a fund of T 6,96,150 after
4 years at the time of his retirement. He decides to

invest a fixed amount at the end of every year in a

.. €=%1,50,000
Hence, the person should invest a sum of ¥ 1,50,000

every year.

9. Find the rate of interest compounded annually, if
an annuity immediate at ¥ 20,000 per year amounts
to ¥ 2,60,000 in 3 years.

Solution :

Here, C =% 20,000, A =% 2,60,000, n =3, r="?
A=§[(1+i)"-1]

260000=2—0?00[(1+i)3—1]

260000 1. .
.m—i[(1+l) 1]

_l+3i+3i2+i3—1
i

' 18
2431243

1
S 13=i+3i+3
. i243i+3-13=0
L i243i—10=0
L2451 —-2i—10=0
i 45)—-2(G{+5)=0
S @+5)i—-2)=0
S (G+5)=0 or i—2=0

or i=2

%13

Li=—=5

i= —5 not acceptable, " i>0

bank that offers him interest of 10% p.a. com- =2
pounded annually. What amount should he invest i 1(')0
every year? [Given : (1.1)* = 1.4641]
r
) . ; ” = o = o7
Solution : g 100 . r=200%
Here, A=%6,96,150, n =4, r=10%, C=? Hence, the rate of interest is 200 %.
r 10
i=—=—=0.1; (L1)*=1.4641 - [
=100~ 100 (D) Y. 10. Find the number of years for which an annuity of
C ) T 500 is paid at the end of every year, if the
A==[(1+1)"—1]
1 accumulated amount works out to be Y 1655 when
i ?
- 696150 = C [ +0.1) —1] interest compounded at 10% p.a.?
0.1 Solution :
< 696150 x 0.1 =C[(1.1)*—1] Here, C =% 500, A =2 1665, r=10%, n=?2
‘. 696150 = C [1.4641 —1] r 10
", 69615 = C x 0.4641 =100 100
69615 Bl
= 0.4641 A= b=l
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. 1665:5(’)1?[(”0.1)"—11

.. 1665 =5000[(1.1)" —1]
1665
" 5000

S0 0331=(.1)y—

S 0331+1=(1.1)"

i 1381 = (1.1}

S @1P=(.1)y
‘. 3mn Gy

Hence, the number of years for which an annuity of ¥ 500

=(1.1)"—

base is same)

is paid at the end of every year is 3 years.

11. Find the accumulated value of annuity due of
% 1000 p.a. for 3 years at 10% p.a. compounded

annually. [Given : (1.1)* = 1.331]
Solution :
Here, C=% 1000, n =3, r=10%, A’ =?

r 1 3 _ .
A C(l+')[(l 1]
A= 1000(1 + 0.1)[(1 L01) 1]

0.1
1000 x 1.1

——(1.1)*-1]

=11000 [1.331 -1]

=11000 x 0.331

= 3641
Hence, the accumulated value of annuity due of ¥ 1000
is T 3641.

12. A person plans to put ¥ 400 at the beginning of each

=20400[1.0404 —1]

=20400[0.0404] =824.16
Hence, the accumulated amount after 2 years will be
T 824.16.

13. Find the present value of an annuity due of ¥ 600
to be paid quarterly, at 32% p.a. compounded
quarterly for 1 year. [Given : (1.08) *=0.7350]

Solution :

Here, C=% 600, P'=?
Term of payment is quarterly

‘n=1x4=4
r=32% p.a.
L 32N Lo _8 _
) r—z—8/o quarterl),z—loo—loo—O-OS
Now, P’ = C(”’)[1—(1%) "
600(l+008) 4
600 x 1.08 »
_VW—[1~—(1.08) ]
600 x 1.08
= s [1-07350]
— 8100[0.265]
= 2146.50

Hence, the present value of an annuity due of
T 600 is T 2146.50.

14. An annuity immediate is to be paid for some years,
at 12% p.a. The present value of the annuity is
310,000 and the accumulated value is ¥ 20,000.
Find the amount of each annuity payment?

year for 2 years in a deposit that gives interest at2% S5Tution :
p.a. compounded annually. Find the amount that ¥ 12
will be accumulated at the end of 2 years? PR TR oA =12 i 100 Ole
Solution : We have to find the amount of each annuity C.
Here, C=%400, n=2,r=2%, A'=? 1 1 1
: P AC
e e i —0.02.
100 100 1 B 1 E
ca " 10000 20000 C
a=E +’)[(1+ iy —1] _-
( ) *. 0.0001 — 000005——6«
., 400(1+0.02 o
e EMEF =1 *. 0.00005 x C =0.12
400(1.02) 0.12
= - 2)? T C= =
002 [(1.02)* ~1] € 0.00005
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S C=2400
Hence, the amount of each annuity payment is T 2400.

15. For an annuity immediate paid for 3 years with
interest compounded at 10% p.a., the present value
is ¥ 24,000. What will be the accumulated value
after 3 years? [Given : (1.1) = 1.331]

Solution :

Here, P =% 24000, n=3, r=10%, A=?

io 10
100 100

A=P(1+i)y

=24000(1 +0.1)*

=24000(1.1)*

= 24000 x 1.331

= 31944
Hence, the accumulated value of an annuity immediate
after three years will be T 31,944.

=0.1; (1.1)*=1.331 ... (Given)

16. A person sets up a sinking fund in order to have
¥1,00,000 after 10 years. What amount should be
deposited biannually in the account that pays him
5% p.a. compounded semiannually ?

[Given : (1.025)%° = 1.675]

Solution :

Here, A=% 1,00,000, n=10, r=5%

Amount should be set aside semiannually

% n=10x2=20,r=g=2.5

r 25
N — N w— & =?
i 100 =100 0.025, C

A=§[(1 iy —1]

-, 100000 =~ [(1 + 0.025)*° — 1]

o 0.025 ’

‘. 100000 x 0.025 = C[(1.025)2°— 1]

", 2500 =C[1.675—1] [ (1.025)%° = 1.675]

. 2500 = C[0.675] ’
_ 2500
0.675
.. C=3703.70 10,
Hence, T 3703.70 should be deposited semiannually into
an account.
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EXAMPLES FOR PRACTICE 2.2 j

1.

Find the accumulated value after 3 years of an
immediate annuity of T 5000 at interest rate 5% p.a.

compounded annually. [Given : (1.05)% = 1.1576]

. Mr Desai plans to accumulate a sum of ¥ 5,00,000 in

5 years for higher education of his son. How much
should he save every year, if he gets interest com-

pounded at 10% p.a.? [Given : (1.10)° = 1.6105]

. Find the rate of interest compounded annually, if an

immediate annuity of ¥ 20,000 per year amounts to
< 41,000 in 2 years.

. Find the present value of an immediate annuity of

T 5000 per years for 8 years at the rate of 5%.
|Given : (1.05) & = 0.6768]

. A person buys a machine at T 2,00,000. Its estimated

life is 12 years. After this period when the new
machine is to be bought, the person will have to pay
the double the amount of its original price. If the rate
of interest is 15 %, what amount should be set aside at
the end of each year so that at the end of 12 years,
it would amount to a balance sufficient to replace
the machine ? [Given : (1.15)*? =5.351]

. A company sets aside ¥ 1000 at the end of every years

to create a sinking fund. What will be the amount
at the end of 10 years at 9% per annum ?
[Given : (1.09)'° = 2.366]

. A loan of ¥ 25,000 is repaid in 4 equal annual

instalments including principal and interest. Find the
amount of annual instalment at the rate of 5% per

annum. [Given : (1.05)* = 1.215]

. A sum of ¥ 500 is deducted at the end of every month

from the salary of a person. What amount would be
credited to his PF account, at the end of 25 years of
his service, if the rate of interest is 12%.

[Given : (1.01)*°° = 19.50]

. Raghu purchases a car by paying ¥ 25,000 cash. He

pays X 1500 at the end of every month for 10 years.
If the rate of interest is 12%, find the cash value of
[Given : (1.01)12° =3.281]

If the present value of an annuity immediate of ¥ 360

the car.

is T 1200 and its amount at the same rate for the same
period is X 1500, find the rate of interest.
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Find the amount of an annuity due of T 400 per
quarter payable for 6 years at 8 % per annum.
[Given : (1.02)** = 3.147]
For an immediate annuity paid for 3 years with
interest compounded at 10% p.a., its present value is
¥ 10,000. What is its accumulated value after 3 years?
[Given : (1.1)*=1.331]
Find the accumulated value after 3 years of an
immediate annuity of ¥ 2000 with interest com-
pounded at 10% p.a. [Given : (1.1)* =1.331]
Answers
2. X 81,900.08
5. ¥13,790 6. T 15177.78
8. ¥ 9,25,000 9. ¥1,29,282.23
11. T 43,798.80 12. ¥ 13,310

3.5%

6%
T 6620.

—— -

\ MISCELLANEOUS EXERCISE -2 )

(Textbook pages 29 to 33)

I. Choose the correct alternative :

1.

“’A contract that pledges payment of an agreed upon
amount to the person (or his/her nominee) on the
happening of an event covered against” is technically
known as

(a) death coverage (b) savings for future

(c) life insurance (d) provident fund

. Insurance companies collect a fixed amount from

their customers at a fixed interval of time. This
amount is called
(a) EMI

(¢) contribution

(b) instalment
(d) premium

. Following are different types of insurance.

1. Life insurance
II. Health insurance
III. Liability insurance

(d) converts the possibility of large loss to certainty

of a small one

. You get payments of ¥ 8000 at the beginning of each

year for five years at 6% , what is the value of this
annuity?

(a) T 34,720
(c) 35,720

(b) ¥ 39,320
(d) ¥ 40,000

. In an ordinary annuity, payments or receipts occur at

(a) beginning of each period
(b) end of each period

(c) mid of each period

(d) quarterly basis

. Amount of money today which is equal to series of

payments in future is called
(a) normal value of annuity
(b) sinking value of annuity
(c) present value of annuity
(d) future value of annuity

8. Rental payment for an apartment is an example of
(a) annuity due (b) perpetuity
(c) ordinary annuity (d) instalment
': B B YN is a series of constant cashflows over a limited
period of time.
(a) Perpetuity (b) Annuity
(c) Present value (d) Future value
10. A retirement annuity is particularly attractive to
someone who has
(a) a severe illness
(b) risk of low longevity
(c) large family
(d) chance of high longevity
Answers
1. (c) life insurance
2. (d) premium
3. (d) all the three
4. (d) converts the possibility of large loss to certainty

of a small one.

(a) Only I (b) Only II 5. (c) ¥ 35,720
(c) Only III (d) All the three 6. (b) end of each period
. By taking insurance, an individual 7. (c) present value of annuity
(a) reduces the risk of an accident 8. (b) perpe.tuxty
(b) reduces the cost of an accident 9. (b) Annuity ‘ .
(c) transfers the risk to someone else 10. (d) chance of high longevity.
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IL. Fill in the blanks :
1. An instalment of money paid for insurance is called

2. General insurance covers all risks except ......... :

3. The value of insured property is called ......... :

4. The proportion of property value to insured value is
called ......... 2

5. The person who receives annuity is called ......... :

6. The payment of each single annuity is called ..........

7. The intervening time between payment of two suc-
cessive instalments is called as ......... .

8. An annuity where payments continue forever is
called ......... :

9. If payments of an annuity fall due at the beginning
of every period, the series is called ......... .

10. If payments of an annuity fall due at the end of every
period, the series is called ......... :
Answers
1. premium 2. life 3. property value

4. policy value 5. annuitant 6. instalment

7. payment period 8. perpetuity 9. annuity due

10. immediate annuity or ordinary annuity.

III. State whether each of the following is True or False :
1. General insurance covers life, fire and theft.

2. The amount of claim cannot exceed the amount of
loss.

3. Accident insurance has a period of five years.

4. Premium is the amount paid to the insurance com-
pany every month.

5. Payment of every annuity is called an instalment.

6. Annuity certain begins on a fixed date and ends
when an event happens.

7. Annuity contingent begins and ends on certain fixed
dates.

8. The present value of an annuity is the sum of the
present value of all instalments.

9. The future value of an annuity is the accumulated
values of all instalments.

10. Sinking fund is set aside at the beginning of a

business.
Answers

1. False 2. True 3. False 4. True 5. False
6. True 7. False 8. True 9. False 10. True.

IV. Solve the following problems :

1. A house valued at T 8,00,000 is insured at 75%
of its value. If the rate of premium is 0.80%. Find
the premium paid by the owner of the house.
If agent’s commission is 9% of the premium, find
agent’s commission.

Solution :

The value of the house =% 8,00,000.

The policy value of the house

75
=T (800000 xﬁo)=? 6,00,000

The rate of premium =0.80%

Amount of premium =¥ 600000 x OT(%) =3 4800

Agent’s commission at 9% of the premium

9
—?4800)(-100—?432

The premium paid by the owner =¥ 4800;

Agent’s commission = 432.

2. A shopkeeper insures his shop and godown valued
at ¥ 5,00,000 and < 10,00,000 respectively for 80% of
their values. If the rate of premium is 8%, find the
total annual premium.

Solution :

The value of the shop =¥ 5,00,000

The value of the godown =¥ 10,00,000

", total value =Y 15,00,000

*. insured value of the shop and godown

80
=1 S w12 .
500000 x 100 0000

The rate of premium = 8%
". amount of the premium

8
=T 1200000 x —— =T 96000.
X100

The total premium is ¥ 96,000.

th
3. A factory building is insured for (2) of its value

at a rate of premium of 2.50%. If the agent is paid a
commission of ¥ 2812.50, which is 7.5% of the pre-
mium, find the value of the building.

Solution :

Let the value of the building be ¥ x.
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Then insured value =¥ gx
The rate of premium = 2.50%
Amount of premium on ¥ E%x at 2.50%

Sx 230 1 (x
6 100 48

The rate of agent’ s commission is 7.5% of the premium.
". agent’s commission on I Ié at 7.5% p.a.
ot L 2
487107 100 640
. 281250 = 640
. x=2812.50 x 640
", x =< 1800000
The value of the building is T 18,00,000.

4. A merchant takes out fire insurance policy to cover
80% of the value of his stock. Stock worth T 80,000
was completely destroyed in a fire, while the rest
of stock was reduced to 20% of its value. If the
proportional compensation under the policy was
T 67,200, find the value of the stock.

Solution :

Let the book value of the stock be ¥ x.

80 ° 4x
)
Stock of ¥ 80,000 completely destroyed in a fire and
balance T (x — 80000) is reduced to 20 %.

*. damage to balance stock

20

Insured value of the stock =% (x x

=% (x—
1
=3 (x—80000) XS
", total loss = [80000 - Lssmo-o_l
- [80000 +3- 16000]
=X [ + 64000]
Compensation (claim) received under the policy is
T 67,200.

x
5
. 67200=—x [ +64000]
4| x
67200_§[§+o4000]
67200 x > = * + 64000
i 5

. 84000—64000:’—;

g 20000:5’_-; . x=20000 x 5

= 100000
The value of the stock is ¥ 1,00,000.*

|* Note : Answer given in the textbook is incorrect. |

5. A 35 years old person takes a policy for ¥ 1,00,000 for
a period of 20 years. The rate of premium is ¥ 76 and
the average rate of bonus is ¥ 7 per thousand per
annum. If he dies after paying 10 annual premiums,
what amount will his nominee receive?

Solution :

Policy value =¥ 1,00,000.

Period of policy = 20 years.

Rate of premium =X 76 per thousand

1000><100000

=X 7600
He pays for 10 annual premiums.
". total premium paid =3 (10 x 7600)
=% 76000

". amount of premium =

The average rate of bonus =% 7 per thousand p.a. of the
policy value.

", on policy of ¥ 1,00,000 bonus for one year

7
". bonus for 10 years =% 10 x 700
=3 7000

He dies after paying 10 annual premiums.
*. his nomineee will receive the amount

= Policy value + Bonus earned

=T (100000 + 7000)
Insured Value
=< 1,07,000.
Clata ~ Value of the stock % Loss
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6. 15,000 articles costing ¥ 200 per dozen were insured
against fire for ¥ 1,00,000. If 20% of the articles were
burnt completely and 2400 of other articles were
damaged to the extent of 80% of their value, find the
amount that can be claimed under the policy.

Solution :

Number of articles = %} = 1250 dozens.

Cost of articles per dozen =3 200
", total cost of articles =¥ (200 x 1250)
=< 2,50,000
Insured value of articles =¥ 1,00,000
20% of the articles completely burnt.
20

*. the burnt articles = 1250 x 100~ 250 dozens
‘., cost of burnt articles =¥ (200 x 250)
=T 50,000

Number of damaged articles in dozens :

2400 = % =200 dozens articles.
". cost of damaged articles =3 (200 x 200)
=T 40,000
: 80
.. loss of damaged articles = 40000 x 100
=3 32,000
*. total loss =¥ (50000 + 32000)
=3 82,000
Claim = l_r}sEg_d val_ug x Loss
Total value
100000

The amount claimed under the policy is ¥ 32,800.

7. For what amount should a cargo worth ¥ 25,350 be
insured so that in the event of total loss, its value
as well as the cost of insurance may be recovered,
when the rate of premium is 2.5%.

Solution :

Let the policy value be T 100 which includes the pre-

mium of T 2.50.

. when the value of cargo is ¥ 25350, the policy

. 100 x 25350
9750

The cargo should be insured for ¥ 26,000.

=% 26000

3
8. A cargo of grain is insured at (Z)% to cover 70% of

its value. ¥ 1008 is the amount of premium paid. If
the grain is worth ¥ 12 per kg, how many kilograms
of the grain did the cargo contain?

Solution :

Let the value of a cargo containing grains be ¥ x.

Then the policy value of the cargo

% .

- W

The rate of premium =

The premium paid =¥ 1008.
Amount of premium = Policy value x rate of premium

: 7% 8 A
21x

. 1008 x 4000 __
7 21 \
.. x=192000.
". the value of the cargo with grains is ¥ 1,92,000.

192000 —16000.

The cargo contains grains =

The cargo contains 16,000 kg of grain.

9. 4000 bedsheets worth T 6,40,000 were insured for

3 th
(5) of their value. Some of the bedsheets were

damaged in the rainy season and were reduced to
40% of their value. If the amount recovered against
damage was T 32,000, find the number of damaged
bedsheets.

Solution :

The value of 4000 bedsheets = T 6,40,000.

Insured value =¥ 640000 x ;

1920000
. value of cargo =% (100 —2.50) =¥ 97.50 - 7
When the value of cargo is T 97.50, 640000
t bedsheet =% =%
the policy value =¥ 100. Cont ok o adshes 4000 160
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Let the damaged bedsheets in the rainy season be x.
The cost of damaged bedsheets =¥ 160x

the value of damaged bedsheets

40
=T 160x x —— =% 64x
60‘<x100

.. loss =% 64x

. Insured value
Clalm - m x Loss
32000=1920000 1

7 > ga0o00 < &4

32000 x 7 x 640000
~ 1920000 x 64

" x=1166.67 ~ 1167
The number of damaged bedsheets is 1167.*

[* Note : Answer given in the textbook is incorrect. |

10.

A property valued at ¥ 7,00,000 is insured to the
5
extent of T 5,60,000 at <§> % less 20%. Calculate the

saving made in the premium. Find the amount of
loss that the owner must bear including premium,
if the property is damaged to the extent of 40% of

its value.

Solution :
The value of property =3 7,00,000.
Insured value = ¥ 5,60,000.

The rate of premium = g%.

the amount of premium

5 1

the amount of premium at i%

it 1
—?(560000x§xm)—?2800

", saving made in the premium =% (3500 — 2800) =% 700

Damage to the property

40
= 700000 x 100~ T 2,80,000

Insured value of stock =% <75000 X E)

Insured value of godown =% (130000 % 2)

.. loss =% 2,80,000

Insured value

Claim = x Loss

Value of property
560000
~ 700000
=3 2,24,000

280000

.. loss that the owner of the property bears
= Loss — Claim earned + Premium paid at %%

=X (280000 — 224000 + 2800)

=T (56000 + 2800)

=T 58800.

The owner bears a loss of ¥ 58,800.

11. Stocks in a shop and godown worth ¥ 75,000 and

3 1,30,000 respectively were insured through an
agent who receives 15% of premium as commission.
If the shop was insured for 80% and godown for
60% of the value, find the amount of agent’s com-
mission, when the premium was 0.80% less 20%.
If the entire stock in the shop and 20% stock in
the godown is destroyed by fire, find the amount
that can be claimed under the policy.

Solution :

Stocks in the shop =3 75,000.
The worth of godown =¥ 1,30,000.

100
=3 60,000

100
=3 78,000

The rate of premium

=0.80% — (20% of 0.80)
=% (0.80 —0.16)% = 0.64%

Total insured value

=3 (60000 + 78000) = 138000

Premium on insured value

64 1

Agent’s commission at 15% of the premium

15
= 3. —=T13248
T 88 20)(100 132.4

Damage to the stock in the shop =¥ 75,000
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Damage to the stock in the godown 13. A godown valued at ¥ 80,000 contained stock worth
— 2 130000 x 12_0 =2 26,000 ¥ 4,80,000. Both were insured against fire. Godown

for ¥ 50,000 and stock for 80% of its value. A part of
Claim for the stock in the shop :

Policy value of stock L
Total value of stock 2000 the rest was reduced to 60% of its value. The

stock worth T 60,000 was completely destroyed and

Claim =

60000 amount of damage to the godown is ¥ 40,000. Find

x 75000 =¥ 60,000

75000 the amount that can be claimed under the policy.
Claim for godown : s
Solution :
Claim = Policy value of godown T
= Total value of the godown Value of the godown =¥ 80,000.
Value of the stock =¥ 4,80,000.
= M x 26000 =% 15,600
130000 ~ .. total value of the property =% 5,60,000.
Total claim =% (60000 + 15600) =% 75,600.* Insured value of the godown =¥ 50,000
Agents’ commission is ¥ 132.48.% 80
[* Note : Answers given in the textbook are incorrect. | Insured value of the stock =% (480000 X ir(-j(_))
12. A person holding a life policy of ¥ 1,20,000 for a =33,84,000
term of 25 years wants to discontinue after paying = Damage :

premium for 8 years at the rate of I 58 per Stock worth ¥ 60,000 completely destroyed.
thousand per annum. Find the amount of paid up Rest stock of Z (480000 — 60000)
value he will receive on the policy. Find the amount

=73 4,20,000 was reduced to 60%.
he will receive if the surrender value granted is 35%

60
of the premiums paid, excluding the first year’s .". stock worth ¥ (420000 X 166)
premium.
; =% 2,52,000 reduced in value.
Solution :
The policy value =3 1,20,000. *. stock worth ¥ (420000 — 252000)
The rate of premium = ¥ 58 per thousand. =X 1,68,000 reduced in value.
*. amount of premium for 8 years Damages to the stock =¥ (60000 + 168000)
58 =% 2,28,000

=8 xm x 120000 =X 55,680
Damage to the godown = ¥ 40,000

‘. amount of premium for first year
Claim for stock :
20580 T 6960
i . Policy value of stock
Claim = Val ek~ Loss
Paid up value of the policy e o
_ Number of premium paid _ 384000 x 228000
= Term of the policy e ‘ 480000
=3 % 120000 = 2 38400 i ¥ TREA00.
25 Claim for godown :
Surrender value of the policy . Tolipyrvaline of godown
= 35% of (the total premium paid — First year premium) Claim = Property value x Loss
=135% of [55680 — 6960] _
35 = x 40000
=35% of T 48720 = Joo X 48720 =X 17052 80000
=Y 25,000.

Paid up value of the policy =X 38,400.

Surrender value of the policy =% 17,052. Total claim =¥ (182400 + 25000) =¥ 2,07,400.
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14. Find the amount of an ordinary annuity, if payment
of T 500 is made at the end of every quarter for
5 years at the rate of 12% p.a. compounded quarterly.

Solution :

C=R500,n=5r=12%.

The period of payment is every quarter.

12
‘,n=5x4=20,r—z 3%, A=?

S 3
l—m—r.o—-o.OS

=f[(1 +iy*—1]
m[(1 +0.03)*° —1]

500
—[1. 1
003[ 8061 —1]

500 x 0.8061

= 13435

The amount of an ordinary annuity is ¥ 13,435.

15. Find the amount a company should set aside at the
end of every year, if it wants to buy a machine
expected to cost T 1,00,000 at the end of 4 years and
interest rate is 5% p.a. compounded annually.

Solution :

Here, A=%1,00,000, n=4, r=5%, C=

r 5

Now,A=%[(1+i)"—1]

". 100000 = —— [(l +0.05)* —1]

. 100000 x 0.05 = C[(1.05)* —1]
. 5000 = C[1.2155 —1]
. 5000 =C x 0.2155

amount just exceeds T 60,000 at 10% compounded

annually. [(1.1)** = 2.8531, (1.1)*? = 3.1384]
Solution :
A=T60,000,C=T3000, r=10%, n="?
r 10
100 100 o

A=§[(1+i)"—l]

% 60000:3%9[(“0.1)"—1]

", 60000 = 30000[(1.1)" —1]

., 60000 )
.—”—(1.1)" 1

So2=(11r-1
" 3=(L1)
*. log3=nlogl.l
82 OATTA
log1l.1 0.0414
. n=1152 ~ 12 years.

=11.52

8=(1\1)
Now, (1.1)** =2.8531 and (1.1)}2=
3 is nearer to 3.1384 than 2.8531

. 3£ (1) =(1.1)12

. n=12 years.

3.1384 ... (Given)

17. Find the rate of interest compounded annually, if
an ordinary annuity of ¥ 20,000 per year amounts to
T 41,000 in 2 years.

Solution :

C=%20,000, A=T 41,000, n=2, r=?

=$[(l+i)"—l]

) 41000:39?—00[(”,')2—1]

. 41000 (1+i)* -1
SN 20000 i
Ol . 1+2i+12—1
.. C=23201.85 . 205= —
The company should set aside a sum of ¥ 23,201.85 at the i@2+1)
end of every year. P
S 205=2+i
16. Find the least number of years for which an annuity S 205—-2=1
of ¥ 3000 per annum must run in order that its . 1=0.05
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: r
NOW, 1= WO

r

. r=0.05x 100
L r=5%

The rate of interest is 5%.

18. A person purchases a television paying ¥ 20,000
in cash and promising to pay ¥ 1000 at the end of
every month for the next 2 years. If money is worth
12 % p.a., converted monthly, what is the cash price
of the television?

Solution :

Initial payment for a television is ¥ 20,000.

At the end of every month the amount paid is T 1000,

i.e. C=1000, n=2x12=24,

12
r—ﬁ—l%,
N 4 1
l—m—i—a)-—o.ol.

We have to find the present value of all the instalments

paid at the end of every month, i.e. we have to find P.
P=S[1-(+)"]

_ 1000 -24
= 5o 1~ 1 +001) 7]

=100000[1 — (1.01) 4]

=100000[1 — 0.7875]

=100000[0.2125]

= 21250
.". the present value of all paid instalment is T 21250.
Hence, the cash price of the television = Present value of
all paid instalment + Amount paid at the time of buying
=T (21250 + 20000)
=T 41,250.

19. Find the present value of an annuity immediate of
T 20,000 per annum for 3 years at 10% per annum
compounded annually.

Solution :

C=%20,000,n=3,r=10%, P="?

p=§u-u+nW1

2160 -3
=#ﬁ[1 ~(1-(1.02)"?]

1
—10800[1—I~7—2~é]

=10800[1 —0.5787]

= 10800 x 0.4213
=4250.04 i.e. p ~T 4550.
The present value of an annuity is T 49,740.

20. A man borrowed some money and paid back in
3 equal instalments of I 2160 each. What amount
did he borrow, if the rate of interest was 20% per
annum compounded annually? Also find the total

interest charged.

Solution :

C=%2160, n=3, r=20%,
20

1 =——=0.20

'~ 100

We have to find the present value of the money borrowed,
i.e. the present value of annuity due.

P=§[1—(l+i)""]

2160 .

1

=10800 (1 — 0.5787)
= 10800 x 0.4213
= 4550.04.
i.e. P =T 4550.
The man paid 3 equal instalments of T 2160 each,
i.e. T 6480
*. interest charged = ¥ (6480 — 4550)
=< 1930.
The man borrowed T 4550.
Total interest charged is ¥ 1930.

21. A company decides to set aside a certain amount at

the end of every year to create a sinking fund, that

r 10 should amount to T 9,28,200 in 4 years at 10% p.a.
"Z100 " 100 Find the amount to be set aside every year.
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Solution :
A=%9,28200,n=4,r=10%, C=?

r _10
100 100

A=?[(1+1')"—1]

", 928200 = 0% [A+01)*—1]

. 928200 x 0.1=C[(1.1)*—1]
S 92820=C[1.4641 1]
", 92820 = C x 0.4641

. 92820
. C={ a6aq = 200000

The company has to set aside ¥ 2,00,000 at the end of

every year.

22. Find the future value after 2 years if an amount of
¥ 12,000 is invested at the end of every half year at
12% p.a., compounded half yearly.

Solution :

C=%12,000,n=2,r=12%, A=?

Investment is half yearly.

12%

LM=2%2=d re= =6%
r 6

100 100 =0ibo
—[(1+1 -1]

12000

W[(1+006)“ 1]

= 200000 [(1.06)* — 1]

=200000(1.2625 —1)

=200000 » 0.2625 = 52500
The future value is ¥ 52,500.

[Note : Answer given in the textbook is incorrect. |

23. After how many years would an annuity due of
T 3000 p.a. accumulated ¥ 19,324.80 at 20% p.a.

compounded yearly? [Given : (1.2)* = 2.0736]

3000(1 +0.2)

. 19324.80 = 02

[(1402)—1]

3000 x 1.2
0.2

". 19324.80 =18000[(1.2)" — 1]

. 19324.80
* 18000

. 1.0736=(1.2)"—1

. 1.0736 +1=(1.2)"

c. 20736 =(1.2)"

L (12)¢=(12)"

T n=4 s (&

An annuity due is to be accumulated for 4 years.

. 19324.80 = [(12)"—1)

=(1.2y' -1

base is same)

24. Some machinery is expected to cost 25% more over
its present cost of ¥ 6,96,000 after 20 years. The scrap
value of the machinery will realize ¥ 1,50,000. What
amount should be set aside at the end of every year
at5% per annum, compound interest for 20 years to
replace the machinery? [Given : (1.05)*° = 2,655]

Solution :

Present cost of the machinery =% 6,96,000.

25% of T 6,96,000 =% 696000 x 12050
=% 1,74,000
*, expected cost of the machinery will be
=% (696000 + 174000)
=% 8,70,000
Scrap value realize is ¥ 1,50,000

*. sinking fund =¥ (870000 — 150000)

=% 7,20,000
A=X720000, n=20,r=5%, C=
r 5
z—i—o(—)—-loﬂo—OOS

=$I(l+i)"—1]

- M C 20
. 720000 = [(1+0.05)*° ~1]

Solution :
Here, A’ =% 19324.80, C =% 3000, 7 =20%, n = . 720000 x 0.05 = C[(1.05)2° —1]

r 20 *. 36000 = C[2.655—1]

~02
~100 " 100 . 36000 =C x 1.655
Ko Al =8 i Dia+iy-1 . =600 _ 175207
1.655
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.~ C=21752.27 ~ 21752.30 Rate of bonus =% 6 per thousand per annum
A sum of T 21752.30 should be set aside at the end of
70000
.. amount of bonus = (T 6 x| ——— |)
every year. 1000
=3 420

ACTIVITIES ‘ Textbook pages 32 and 33

*. bonus for 15 years = (T 420 x )
(Answers are given directly.)

1. Property Value =% 1,00,000.
s 1]
Policy value =70% of property value o Sasperion/ et S ‘ 70}

=| 270,000 =X 76,300
Rate of premium =04 % .. benefit=% ( 76300 |—59325 )

=% 6300

=% 16,975.
. 0.4 2
Amount of premium = 100>
=3280 3. For an immediate annuity,
Property worth ¥ 60,000 is destroyed. P =% 2000, A=X4000, r=10% per annum
o Pf:}l):a?tyv\a/l;ze N\ i=-t ETH 0.1
=700~ 100 "
7
= 4 1 1 i
P A C
=% 42,000
1 1 0.1
Now, the property worth ¥ 60,000 is totally destroyed (2000 | [ 4000 | =
and in addition the remaining property is so damaged
. 01
as to reduce its value by 40% 2000 - C
. loss =% 6%00+£x 40000 ‘
.. 10SS = 100 C=?

=T (60000 + 16000)

_ 4. For an annuity due, C =% 2000, rate = 16% per annum
=

7 compounded quarterly for 1 year
. claim=| 76000 |x—

10
— 753200 .. rate of interest per quarter = & 4
2. Policy value = 70,000 AVA &4
Period of policy = 15 years a = o II]
oo 1= 1—0—6 = '—166" = 0.04
Rate of premium =¥ 56.50 per thousand per annum
56.50 n =Number of quarters
2 amountofprenuum=1000x Cax1
=% 3955 =[ 4]
total premium paid =T 3955 x - C(l+i) Gl B
=% 59,325 i
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. (1+ . ) ’ ‘ For an immediate annuity
L P T [1—(+°-°4)D] A=S1a+ir-1)
C
2000([104]) ‘ . [ 950000 | = —=— [ (1+0.05)2 -1
SR |
C
50000 ([ 1.04 ]) (1 — 0.8548) 950000:0.05[1'797—]
— 50000 (1.04) (| 0.1452 ) 950000 x 005 ]
=2 7550.40 Re™7
= 59,598.50.

5. The cost of machinery =¥ 10,00,000
Effective life of machinery = 12 years
Scrap value of machinery =3 50,000
r=>5% p.a.

4 :Elzo.os

100

A =T (1000000 — 50000)

-[esom]
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LINEAR REGRESSION

# Introduction
# Important Formulae
3.1. Meaning and Types of Regression
3.2. Fitting Simple Linear Regression
3.2.1 Least Square Method
3.2.2 Regression of Y on X
3.2.3 Regression of X on Y
3.3. Properties of Regression Coefficients

INTRODUCTION

The study of correlation indicates the degree and

direction of linear relationship between two random
variables. But this much information is insufficient to
study the perfect relationship between the variables.
Hence, it is necessary to know any functional (or
algebric) relationship between two variables. So we
can determine or predict the value of one variable
when the value of the other variable is given. This
concept is studied with the help of Regression Analy-
sis. It measures the effect of change in one variable on
the other and estimates the value of one variable given
the value of another variable.

Carl Friedrich Gauss developed the Least Squares
Method for finding the linear equation that best
describes the relationship between two or more vari-
ables. Such relationship is called Linear regression.
Notes :

o If an unknown quality is a parameter or a random
variable, then the method used to determine them is
called estimation.

e If an unknown quantity is a variable, then the
method used to determine it is called predication.

< IMPORTANT FORMULAE

1. Equation of Linear Regression :

y = a+ bx, where y = value of Y, x = value of X.

>

e

W

S.

. Equation of best fitted Linear Regression :

§ =a+ bx, where § = predicted value of y

a=g;—b;:
b=Cov(:, g_)
G

x

7 = Variance of x

. Error:

e=y—y

. Lines of Regression :

Line of Regression of Y on X :
Y~y =Db,(x-x) OR
y=a+bx, whereb=>b,and a=y —bx
The value of Y can be estimated for the given value
of X.
Line of Regression of X on Y :
x—x=by(y—y) OR
x=a+by, whereb'=byanda' =x—b'y
The value of X can be estimated for the given value
of Y.
Point of Intersection of Two Regression Lines :

The point of intersection of two regression lines is
(x, y). To find x, v solve two regression equations in x
and y. These values of x and y are values of x and .

Regression Coefficient :

e Regression Coefficient of Y on X :

_Covilx y) EZ(x—-x)y—y)

by: = 3 =2
a, b are constants. oy Z(x—x)
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Ixy -
—2 —x
n y
S
n
_ Xxy—nxy
 Ex?—nx?
5%
al
[Note : b, =b]
e Regression Coefficient of X on Y :

_ Cov(x, y) L Lx—x)y—y)

b’ ¥ 2

*3 Z(y-y)?
EXY e
5 A
zy: -,
_Zxy—nxy
Ty?—ny?
Gl
=pr—
Uy
[Note : b, = V']

Properties of Regression Coefficients :
() r*=b, b, =bxb < (1)
(ii) 7=+ /b,b,,
Sign of r is same as the signs of b, and b,,
(iii) b, and b,, always have the similar sign.
(iv) If b, > 1, then b,, <1

(v)

=|r|

b,;b,

(vi) b and b’ are independent of change of origin but

not of scale.

x—a y—b

e Ifu= " and 7= 5 then
k h
byl=’; bm and bﬂ:; b",.
[’/ 3.1 : MEANING AND TYPES w
OF REGRESSION )

(1) Meaning of Regression : Linear Regression is the
statistical method which helps to formulate a func-
tional relationship between two or more variables in
the form of linear equations and predicts the value of

one variable given the value of the other variable.

o The variable being predicted is called the response

or dependent variable. Usually it is denoted by Y.
The variables used for predicting the response or
dependent variable are called predictors or inde-
pendent variables. Usually, they are denoted by X.
Linear Regression Model : A Linear equation with
unknown coefficients is called a linear regression
model. The unknown coefficients are called
parameters of the linear regression model and they
are estimated by the observed values of indepen-
dent variables. The equation of linear regression
model is of the form Y =a + bX where Y = Depen-
dent variable, X = Independent variable, @ and b are

parameters of the linear regression model.

The linear regression model develops a formula
for predicting the value of dependent variable when
the values of independent variables are known.

Linear regression model will be useful for predic-
tion only if there is strong correlation between two

variables.

(2) Types of Linear Regression :

(1) Simple Linear Regression Model : When the lin-

ear regression model represents the relationship

between the dependent variable and one indepen-

dent variable, then it is called a simple regression

model.

Examples :

o The relationship between advertising (X) and
sales of a product (Y).

o The relationship between the ages (X) and
heights (Y) of seeding in a experiment.

(2) Multiple Regression Model : When the linear re-

gression model represents the relationship be-

tween one dependent variable and two or more

independent variables, then it is called a multiple

linear regression model.

Examples :

® The blood pressure of a person (Y) is associated
with several independent variables like age,
weight, level of blood sugar and the level of
blood cholesterol.
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e Annual savings of a family (Y) are associated
with several independent variables like family
size, annual income, number of children in
school or college and health conditions of family

members.

@.2 : FITTING SIMPLE LINEAR REGRESSION |

3.2.1 Least Square Method

From a scatter diagram several lines can be drawn
through the points. The best line is one which is close to
all points. Such a line is called ‘the line of best fit". The
principle involved in obtaining ‘the line of best fit' is
called the principle of least squares.

The method of least squares was developed by Adrien-
Maire Lagendre and Carl Friedrich Gauss independent-
ly.

Suppose the equation of linear regression is y =a + bx,
where a and b are constants and y = a + bx is the equation
of the line that best fits the data consisting of n pairs of
observations (x;, v,), i=1,2, ..., n.

For the given value x; of independent variable X, if
we can get the predicted value, y, (read as y, cap)
corresponding to observed value y, of the dependent
variable Y by using the line of best fit, then (y,—v,) is
called the residual or error.

According to principle of least squares, we find the
constants 7 and b so that the sum of squares of error part
is minimum, i.e. symbolically.

n n
Y& =Y (vi—y) puty=a+bx,
i=1

f=1
2 ei2 =Y |y,—(a+bx)]* is minimum
=l im]
ie. 8?=Y [y,—(a+bx))? is minimum
i=1

In order to minimise S?, we differentiate S? with
respect to “a’ and ‘b’ and equate both these derivatives to

zero. As the result, we get the following two linear

Yxy=aYyx+by x (2
i=1 i=] i=i
Solving the equations (1) and (2), we get
py = e Y,
o
) s
where Cov (x, y) = = Y xy,—xy
i=1
‘l o
ol = e '; x? —x?

Substituting ‘a” and ‘b’ in the regression equation
y=a + bx, we get the equation
y—y=bx—x)

Notes :

o The constant ‘b’ is called the regression coefficient (or
the slope of the regression line) and the constant “a’ is
called the y-intercept.

o When observations on variables X and Y are available,
it is possible to fit (i) a linear regression of Y on X and
(ii) a linear regression of X on Y.

3.2.2 Regression of Y on X

Linear regression of Y on X assumes that the variable X
is the independent variable and the variable Y is the
dependent variable.

The linear regression model of Y on X is expressed as
follows :

y—-y=b,(x—x) OR

Y =b,-X, where Y =(y —y) and X = (x —x)
Replacing b by b,,,

y—y=>b(x—x) OR

Y=bx

~ Cov(x, y)

Here, b,, =Bl (1)

_Ex, —xNy, —y)
Z(x, —x)?
_ZIxyy —nxy

Sx? —n-x?
1

3.2.3 Regression of X on Y

Linear regression of X on Y assumes that the varible Y

equations :
" n is the independent variable and the variable X is the
= b . e l
,g, Y= ,;, % S dependent variable.
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The linear regression model is different from that of Y
on X. It is expressed as follows :
x=a+by, wherea =x—"bYy

b Cov (x, y)
~ Var(x)

Substituting the values of 7" and b" we get

= The regression coefficient of X on Y.

x=x—by+by
= @—%)=b(y—y)

Replacing b’ by b,,, the linear regression model of X on
Y will be written as follows

x=x)=b,y—y)

_ Cov (x, v)
Here, b,, = Var )

_ I —x)yi—y)
Z(y —y)?

_Ixyi— nxy

TEyromy?

[Notes :

° bl is the slope of the line of regression of X on Y.

xy
e The point (x, y) satisfies equation of both the lines of
regression. Therefore the point (x, y) is the point of

intersection of two lines of regression. |

EXERCISE 3.1 | Textbook pages 41 and 42 |

1. The HRD manager of a company wants to find a
measure which he can use to fix the monthly income
of persons applying for the job in the production
department. As an experimental project, he collected
data of 7 persons from that department referring to

years of service and their monthly incomes.

Years of
11 7 9 5 8 6 10
service (X)
Monthly
Income
(X 1000’s)

(Y)

10 8 6 5 9 7 11

(i) Find the regression equation of income on

years of service.

(ii) What initial start would you recommend for a
person applying for the job after having served
in similar capacity in another company for 13
years?
Solution :

Let X =Years of service. Y =Monthly income (in ¥ 1000’s)

x v xy 2
11 10 110 121
7 8 56 49
9 6 54 81
5 5 25 25
8 9 72 64
6 7 42 36
10 11 110 100
n=7| Zx=56 Ty=56 | Txy=469 Zx?*=476
- Xx 56 - Xy 56
I=—=_=8, =————_8
n 7 Y= =7

Z_Ly_;.g
by =~ '
R
n
_4_‘;?_8x8
T 476 .,
7—(8)
67-64 3
= ey =7 =075

(i) Regression equation of income (Y) on years of
service (X) :
y—y=bux—x)
. y—8=0.75(x—8)

T y—8=0.75x—6
L y=075x—6+8
“y=2+0.75x

(ii) Estimate of initial start (Y) when years of service
X=13:
y=2+0.75x
Putting x =13 we get
y=2+0.75x13
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Soy=24975
Soy=1175

Hence, the initial start, the person will get is ¥ 11.75 x 1000 =¥ 11,750.

2. Calculate the regression equations of X on Y and Y on X from the following data :

X 10 12 13 17 18

Y 5 6 7 9 13

Solution :

We prepare the following table showing the calculations :

A= Y Gy —x) i~y
X Yi x=14 y=8
10 5 —4 -3
12 6 —2 -2
13 7 —1 —1
17 9 3 1
18 13 B 5
Zx=70 | Zy=40 | Z(x,—x)=0 | Z(y,—y)?=0

Here, n=5

- _Xx 70 . - Xy 40

X =y ===

Regression equation of X on Y :

x=a'+b,y

O )

E (y,—y)?

Putting the values, we get

40
b, —E—l
@=x—b,y

Putting x =14, b,, =1, y =8, we get
a=14-1(8)=14 -8 =6.

Putting ' = 6 and b,, = 1, we get the regression equation
of Xon Y as

x=6+1(y)=>x=y+6

Regression equation of Y on X :

(x; —;)(yg et !_I) (x;— x)? (y;— 5)’

2 16 9

4 4 4

1 1

3 9 1

20 16 25
E(x;=x)y;—y) =40 | Z(x;—x)* =46 | Z(y;—y)* =40

. A .

=0.87

&8

La=y—b,x
Putting y =8, b, = 0.87 and x = 14, we get
a=8-0.87(14)

=8-12.18

= —418
Putting = —4.18 and b, = 0.87, we get the regression
equation of Y on X as
y=—418+087x=y=0.87x—4.18
Hence, the regression equation of Xon Y is x = y + 6 and
the regression equation of Y on X is y = 0.87x —4.18.

3. For a certain bivariate data on 5 pairs of observations
given
Ex=20,Zy=20,Xx*=90, Zy*=90, Zxy =76
Calculate (i) cov(x, y) (i) b, and b, (i) r

y=a+b,x
- _ Solution :
bR Gi 5, Tx=20, Ty=20, £x2=90, Ty?=90
xy Y iven: n=5 Xx=20, Ly=20, £x*=90, Zy*=90,
Zxy =76
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(i) Covix, y):

Cov (x, y) =% Zxy —xy

=75—6—(4x4)=15.2—16
.. Covix, y)=—08
(i) by, and b, :
Ixy —nxy
byx= T
Tx? —nx?

 76—5(4x4) 76—80
~ 90—5(4)> 90—80
ik
-5 =

", b= —04

—-0.4

Ixy —nxy
bzy g e e
y? —ny?

_76—5(4x4) 76—80
~ 90-5(4)) 90-80
—4

o -04

= —04

b

= —./b,b

v Vay
- J(—0A(=0)
= —./0.16

=04

Lr=-04

o b, and b, are negative)

4. From the following data estimate y when x =125
l X | 120 I 115 | 120 Fz?s I 126 T 123 |
Y|13|15[14|13|12114

Solution :
We have to estimate Y when X =125. So we obtain the
regression equation of Y on X.

The values of regression coefficients are independent
of change of origin. Therefore we take the new variables
u=(x—a) and v=(y — b), taking =120 and b =14

We prepare the following table for calculation :

X=11 Y= [u=(x—a)l'v=(y—b) "
uv u
x y a=120 | b=14
120 13 0 -1 0 0
1150 15 -5 1 -5 25
120 | 14 0 0 0 0
1257 13 5 -1 -5 25
126 12 6 -2 -12 36
123 14 3 0 0 9
14 1 5
| Zx | Zy _s5 4 Zuv Zu
=729 =81 | Xu=9 |Zo=-3| =-—-22 =95
Here, n=6
- Xx 729 ___Zy_g_
I—;—T—IZI.S,y— o = 6 =135
- Zu 9 - Xv -3
N—T—g—l.s,v——;—T— —0.5.

Regression equation of Y on X :
y=a+b,x
Suv —nuv
b.= b.., L G g
'S Zu? —nu?
_ =22-6[15x(~0.5)]
. 95 —6(1.5)

\ —22+45
95-135

_ —175

~ 815
—0.21

a=y—b,x
Putting y = 13.5, b, = —0.21, X = 121.5, we get
a=135—(—021x121.5)

=13.5+25.515=39.015
Putting @ =39.015 and b,, = —0.21, we get the regression
equation of Y on X as follows :
y=39.015—-0.21x
Estimation of Y when X =125
Putting X = 125 in the equation y = 39.015 — 0.21x, we get
y=39.015—0.21(125)

=39.015 —26.25

=12.765*

|* Note : Answer given in the textbook is incorrect. |
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5. The following table gives the aptitude test scores and productivity indices of 10 workers selected at random :

Aptitude score (X) 60 62 65 70 72

Productivity index (Y) 68 60 62 80 85

Obtain the two regression equations and estimate :

48 53 73 65 82

40 52 62 60 81

(i) The productivity index of a worker whose test score is 95.

(ii) The test score when productivity index is 75.
Solution :

We prepare the following table for calculation :

Aptitude Productivity (x—X) -y 3 - s
score index ¥ =65 y=65 & *=9 y-9
% 7 -7
60 68 -5 3 -15 25 9
62 60 -3 —5 15 9 25
65 62 0 -3 0 0 9
70 80 5 15 75 25 225
72 85 7 20 140 49 400
48 40 - 17 ~25 425 289 625
53 52 -12 -13 156 144 169
73 62 8 -3 —24 64 9
65 60 0 -5 0 0 25
82 81 17 16 272 289 256
1083
n=10 | 2x=650 Ty=650 E(x-¥=0 T(y-yN=0 -39 T(x-3?=804 I(y—7)?=1752
Z(x—X)y-v)
=1044
il 0 929:@%5 Putting x = 65, b, = 0.5959, we get
LS L @' =65 —0.5959 X 65 = 65 — 38.73 = 26.27
Regression equation of Y on X : Therefore, the regression equation of X on Y is
y=atbyx x=26.27 +0.595% se-00)
b = T —3)y—y) 1044 =1.1678 (i) Estimation of productivity index (Y) when X =95

¥ Z(x-X)* @ 8%
a=y—b,x

Putting y = 65, b,, = 1.1678, we get
a=65—1.1678(65) = 65 — 75.907 = — 10.907
Therefore the regression equation of Y on X is

y= —10.907 +1.1678x s ()
Regression equation of X on Y :

y=a'+b,,y

_Z(x—-X)y—y) 1044

Putting x =95 in equation (1), we get
y= —10.907 + 1.1678 (95)
. y= —10.907 +110.941
.. y=100.034
(ii) Estimation of aptitude score (X) when Y =75
Putting y =75 in the equation (2), we get
x =26.27 + 0.5959 (75)
o x=26.27 + 44.6925

=— = =(.59 % =70.9
> Sy 77 1752 0.5959 x =70.9625
- 4 [ Note : Answers given in the textbook are incorrect. |
a'=x—byy
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6. Compute the appropriate regression equation for the

following data :
X [Independent s halsl&lsln
Variable]
Y [Dependent s Lall sl 5: 1= 1.5
Variable]

Solution :
The appropriate regression equation for the given data is
of Y on X.

We prepare the following table for calculation :

X;=x Y=y xy x* ,
2 18 36 4 '
4 12 48 16
5 10 50 25 |
6 48 36 |
8 56 64 '
11 5 55 121
|
Tx=36 | Ty=60 |Txy=293 Tx2 =266 |
Here, n=6
Sx 3 . Ey 60
“wTe Y=y =10

Regression equation of Y on X :

y=a+byux
Nl By m ol —2Y
Ex? —nx?
293 —6(6 » 10) 293 —360
266 —6(6)°  266—216
— 67
—5—0— —1.34
o by=—134
a=y—by,x

Putting y = 10, b, = —1.34 and x =6, we get
a=10—(—1.34)(6)

=10+ 8.04

=18.04
Putting 2=18.04 and b, = —1.34 iny =a+b,,-x, we get
the regression equation of Y on X as follows :

y =18.04 —1.34x

=y = —134x+18.04

7. The following are the marks obtained by the stu-
dents in Economics (X) and Mathematics (Y) :

X |59 |60 | 61] 62 63’
y | 78 | 82 | 82 | 7 81‘

Find the regression equation of Y on X.
Solution :
X =marks in Economics, Y = Marks in Mathematics.

We prepare the following table for calculation :

-1 -y

o B K% h e
x=61 y=804 (y—y)
59 78 -2 —24 48 4
60 82 -1 1.6 —-1.6 1
61 82 0 1.6 0 0
62 79 1 -1.4 —-14 1
63 81 2 0.6 1.2 4
Ix | Xy F(x—x) -y 6.0 3 (x —2)?
=305 =402 =0 =0 -3.0 =10
Sx—2)y—y)=3
Here, n=5
D WS N
n 5 n 5

Regression equation of Y on X :
y=a+byx
T(x —x)? 10

a=y—b,x
Putting y = 80.4, b, =0.3 and x =61, we get
a=80.4—-03(61)

=80.4—-183=62.1

. a=62.1.
Putting 2=62.1 and b, =03 in y=a + b, x, we get the
regression equation of Y on X as follows.

y=62.1+0.3x

=y =03x+62.1.

8. For the following bivariate data obtain the equations

of two regression lines :

x | 1 3[45
Y579\11 13
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Solution : We prepare the following table for calculation : Putting y =9, b, =2, x =23, we get
v y xy o v a=9-2(3)=9-6=3
Putting a=3 and b,=2 in y=a+b,x, we get the
1 5 5 1 25 g_ 4 . » .
regression equation Y on X as follows :
2 7 14 4 49
y=3+2x
3 9 27 9 81
>y=2x+3
4 11 44 16 121 » . I——
egression equation of X on Y :
5 13 65 25 169 i 4
| x=a'+byy
Ex=15|Zy=45| Exy=155 | Ex*=55 | Zy? =445 | b _ Zxy —nxy
) xy Zyz . ngz
RN 155-5(3x9) 155—135
- : = =
)—(=§=§=3;;=H=4_0=9 ' 445-5(9) 445 — 405
n 5 n 5
BN
Regression equation of Y on X : 40 2
y=a+bux Y. b, =05
by’=2xy—n§§ . a'=x—b,y
Zx? —nx? ‘

Putting x =3, b,, = 0.5 and y =9, we get
_155-5(Bx9) 155-135 @=3-0509)=3-45=—15
55 —5(3)* 55 —45

L ad=-15
2
=l—g=2 - Putting @'= —15 and b, in x=a'+b,y. we get the
Cho—2 | regression equation of X on Y as follows :
. —w - x=—15+0.5y
a=y—b,x /
=x=05y—15

9. From the following data obtain the equation of two regression lines :

[x [ 6 [ 2] a]s
Bl o [u]s [s N

Solution :

We prepare the following table for calculation :

¥ y g Y- G-y—p G- =7
x=6 y=8
6 9 0 1 0 0 1
2 11 —4 3 -12 16 9
10 5 4 -3 —-12 16 9
8 2 0 0 4 0
8 7 2 -1 -2 4 1
Ix=30 | Zy=40 E(x-9=0 Z@y—7)=0|Z@x—Fy—7=—26 Z@x—5?=40  E(y—7)?=20

Here, n=5
S Ex 30 o Ty 40
n 5 Wy 5
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Regression equation of Y on X :

y=a+byx'x
CEx-Py-7) —26
I
" b= —0.65
A=y —b,x

Putting y =8, b, = —0.65 and x =6, we get
a=8—(—065)6=8+39=119
. a=11.9
Hence, regression equation of Y on X is
y =119 —0.65x
Coy=—065x+11.9

Regression equation of X on Y :

x=a'+beyy
_EG-xy-y)_—-26_ .

voxy-yr 2

" by=—13

#=x—byy

Putting x = 6, b,=—13 and y =8, we get
a=6—(—1.3)8

L a'=6+104 oa'=164
Hence, the regression equation of X on Y is
x=164—1.3y

Sox=—13y+16.4

Regression line of Y on X :

y=a+byx
_Z(x—i;)(\/~y')_4_2
T
T(x—x)
Sobe=2
a=y—b,x

Putting y =3, b, =2, x=2, we get
a=3-2(2)=3-4= -1

La=—1
Hence, regression line of Y on X is
=—14+2
Soy=2x-1

Most likely value of Y when X=4:
Putting x =4 in y =2x — 1, we get
y=2(4)-1

Joy=8-1 Soy=7.

11. From the following data, find the regression equa-
tion of Y on X and estimate Y when X=10:

: |

|

X
X 2

| N | W

Solution :

We prepare the following table for calculation :

10. For the following data, find the regression line of x y xy x?
YonX:
o5 1 2 2
X 1 2 3 2 4 8
Hence find the most likely value of y when x = 4. + ' 6 24 16
Solution : 5 ' 5 25 25
We prepare the following table for calculation : 6 6 36 36
= <3 o2 = - oo 2
N AL ARY - T al = o Ex=21 | Zy=30 | Zay=116 | Ex*=91
x=2 y=3
' ! | Here, n =6
il Bl B ;i : Ix 21 Xy 30
H‘=—x=—--= N n=~-y=-—--=
2 1 0 -2 0 0 o < BT 2 5
3 6 1 3 3 1
Regression equation of Y on X :
2x | Zy Z(x—x) y-y) Zx-ny-y Zx—x7? y=a+b,x
i S b p _Txy—mxy 116-6(35x5) 116-105_ 11
Haey 73 »T 32 22 91-6(35)° 91-735 175
=0.63
saltob s L0, | o
G n " b, =0.63 a=y—b,x
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Putting y =5, b, =0.63, x =3.5, we get
a=5—0.63(3.5)
=5-2.205=2.795
. a=2795%~28
Hence, the regression equation of Y on X is
y=2.8+0.63x
=y =0.63x+2.8"
Estimate of Y when X=10:
Put x=10in y =0.63x + 2.8
c. y=0.63(10) +2.8 . y=63+28
Soy=9.1*

[*Note : Answers given in the textbook are incorrect.|

12. The following sample gives the number of
hours of study (X) per day for an examination and
marks (Y) obtained by 12 students :

X 3 3 3 4 4 5 5 5 6 6 7 8

Y 45 60 55 60 75 70 80 75 90 80 75 85
Obtain the line of regression of marks on hours of
study.

Solution :

We take new variables u =(x—a), a=5 and v=(y —b),

b =70 to make the calculation easier.

We prepare the following table for calculation :

No. of = Grades u= v= y 4 Y 7
hours of obtained (x—a) (y—b) uv u? . S ¥  z k
Sy i \ EXAMPLES FOR PRACTICE 3.1 )
| | S | ! 1. Find the equation of regression line of X on Y from
3 45 -2 -25 50 4 the following data :
3 60 -2 —10 20 4
3 55 -2 ~15 30 4 X 6 2 10 4 8
4 60 -1 ~10 10 1 ' ' ‘ ' ‘
Y 9 11 5 8 7
4 75 -1 5 =5 1 |
: 70 0 v v 2. Find the equation of the regression line of Y on X,
5 80 0 10 0 hence find Y when X = 10; given that :
5 75 0 5 0
6 90 1 20 20 1 X 1 2 3 4 5 6
6 80 1 10 10 1 Y > 4 7 6 5 6
7 75 2 5 10 4 . : : . . .
8 85 3 15 45 9 3. From the following data, estimate X when Y =200 :
Tx=59 | Sy =850 Z Zg 15 lzera20 X 250 | 248 | 297 | 338 | 463 | 393
Zu= -1 Zv=10 Zuv=190 b 137 147 184 196 276 260
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Here, n =12

- Ix 59 Iy 850

x = = _12,_4_92, y_,;_flz—_70.83
_ Iu -1 - Zv 10
u_7_—1—2—_—0.083,v—7—ﬁ—0-83

Regression line of marks (Y) on hours of study (X) :
y=a+b,x
[ Note : The value of by, is independent of change of origin. |

s e —iD)
Su? —nu?

190 —12(—0.083 x 0.83)
-~ 29-—12(—0.083)%

190 +0.069  190.069
T 29-0.083 28917

", b, =657 %66

=6.57

a=y—b,x
Putting y =70.83, b, = 6.6 and x =4.92, we get
a=70.83, b, =6.6 and x=4.92, we get
a=70.83 —6.6(4.92)

. a=70.83—-3247

. a=38.36
Hence, the regression line of marks (Y) on hours of study
(X) is

y =38.36 + 6.6x

=y =6.6x + 38.36.
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. In a bivariate data, n =10, Zx =10, Zy =210,

Ex?=14, Xy?=5340, Lxy=180. Estimate x when
y=15.

. Determine the two regression lines from the follow-

ing data :
x Z 6 10 14 13
y 22 18 20 26 24

. You are given the following information about two

variables X and Y :

n=10, x> =385, Zy> =192, x=5.5, y =4, Zxy = 185.
Find (i) Regression line of Y on X (ii) Regression line
of XonY.

. From 10 observations of price (X) and supply (Y) of a

certain commodity, the following data was obtained :
Ex =130, Ty =220, Ex? =2288, Ty* =5506, Lxy =3467.
Estimate the line of regression of Y on X and find the
estimate of supply when the price is 16.

. The following table shows the ages (X) and blood

pressure (Y) of 8 patients :
X 52 | 63 | 45 | 36/ | 72 65 | 47 | 25

¥ | 62 | B3 | 51 | 250N 79 | 43/ /60 [\33

Obtain the regression equation of Y on X and find the
expected blood pressure of a person 49 years old.

. Following table gives the marks of 10 students of

standard 12 in Commercial Mathematics and
Language. Obtain the best fitted line of regression of
marks in Language (Y) on marks in Commercial
Mathematics (X) :

Marks in Commercial 45 55 56 58 60 65 68 70 80 85

Mathematics ‘
1

Marks in Language 40 60 48 52 50 55 45 60 50 70

Two judges A and B have given marks indepen-
dently to 5 plays as below. When the sixth play was
enacted, judge B was absent and judge A gave 37
marks to that play. Obtain the best fitted line of
regression of the marks given by judge B on the
marks given by judge A and estimate the marks that
would be given to the sixth play by judge B :

11

1
2
3

Serial no. of play 1 2 3 4 5
Marks given by judge A (X) 46 44 43 42 | 40
Marks given by judge B(Y) 42 36 39 38 35

. Let X be the number of matches played by the player
and Y be the number of matches in which he scored

more than 50 runs. The following data shown is

obtained for 5 players :

No. of Matches Data of matches of 5 players
la
ERred 00 21 25 | 2 | 24 | 19
Scored more than
19 20 24 21 16
50 in a match (Y)

Find the regression line of X on Y.

. A departmental store gives training to the salesmen
in service followed by a test. It is experienced that the
performance regarding sales of any salesman is
linearly related to the scores secured by him. The
following data gives the test scores and sales made by

nine (9) salesmen during a fixed period :

| Text scores 00 |16 | 22|28 |24 [20[25 |16 23] 24|
Sales (Y)

@ in hundreds

35142 |57 |40 |54 |51 |34 (47 |45

(a) Obtain the line of regression of Y on X.
(b) Estimate Y when X=17.

Answers
. 10x= —13y+164 OR x= —13y+164
. y=0.63x +2.795; y =9.095
. x=2331.5

4. x=1190=1.2

5
6

7
8
9
10

. (i) y=0.76x + 14.4 (ii) x = 0.95y — 10.9
. (i) y= —042x +6.31
(ii) x = — 1.094y + 9.876
. y=1.015x + 8.805, y = 25.045
. y=11.87 + 0.768x, y =49.502
. y=25.39 4+ 0.43x
. y= —285+4+095x:32 marks 11. x=4.76 4+ 0.91y.

12, y = 7.4525 4 1.6325x, T 34.905 hundred.
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( 3.3 : PROPERTIES OF REGRESSION
L COEFFICIENTS )

(1) The line of regression of Y on X is given by
Yy=a+byx
Here, b, a constant in the equation is called the
regression coefficient of Y on X. It represents the
appropriate increase (or decrease) in the value of Y
corresponding to unit increase (or decrease) in the

value of X.

(2) The line of regression of X on Y is given by
x=a+byy
Here, by, a constant in the equation is called the
regression coefficient of X on Y. It represents the
appropriate increase (or decrease) in the value of X

corresponding to unit increase (or decrease) in the

value of Y.
Properties :
(1) "2 = byx' b’y.
Proof : by =C°—v(zx’—y) and by, = CC’V—(:V)
* y
b Ui by Cov (zx, y) % Cov (zx, y)
Gt o
" [Ct’v(ﬁv)]z
= e
P byx* by

fr—

Hence, r = + /by byy

(2) If by, > 1, then b, < 1.
Proof : Let us assume that b,, > 1 and b,, > 1
Hence, by, by > 1
TS
which is not possible. Hence our assumption is
incorrect and it can be said that b,, and b,, both cannot

exceed unity simultaneously.
() 1, b,, and b,, are of similar sign :
,=Cov & y)
- oco,

. Cov (x, )= ra,a,

4)

(5)

Cov (x, v) Cov (x, y)
N, b 7 byy = v,
v 0,2 y 0.2
x y
PR/ bl %0
yz 2 « Y3y 2
a4 oy
a, g
by.=r--2 byy=r-—=
g, a,

g, and o, are always positive, hence r, by, and b.,

are of similar sign.

by + byy
—=—>|r|.
2 ||

Proof : b,,=r-g’ and by =r-

T
2 a,

~

a, a,
B e ¥ W FUPE.
Ty y

=,[_r._XJ (1)

Now, (7, —a,)* >0

S T
. 6y +0,>20,0,

2.y -2
g,+0

AN "rS 9
," 0,

2/ 2
r[m]ZZr ... (2)
o, o,

From (1) and (2), we have
byx + byy > 2r

. by+b

xy
- 2T
2

This results hold only for positive values of

byr and b,,.
l%b” >
It is interesting to note that :
Yot & Ll Yol Lus LW 10} )
as ay 0, 0y

Clearly, denominator of each coefficient is positive
and numerator is same. Hence, the numerator
decides algebraic sign of the coefficient. Thus all
coefficients have same algebraic sign.
Ifr>0,b,>0 and b,y >0

r<0,b,<0 and by <0

r=0,by=0and by=0
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(6) The values of by, and b., are independent of change

of origin but not of scale.

Proof : Let u=x;q and v=-'LEk

where a, b, h and k are constants; h, k # 0
. 63 =h%} and o}, =Kc}
Also, Cov (x, y) = hk Cov (u, v)
Cov (x, _y_) - hk Cov (4, ©)

Therefore, by, = P B
_k Cov(y, v)—lfb
“h' ez R
o Cov(x, y) hkCov(u, v)
Similarly, byy = P — e
_h Cov(y, v)_i_xb
R oex R

This means, regression coefficients are independent

of change of origin but not of scale.

EXERCISE 3.2 \ Textbook pages 47 and 48 |

1. For a bivariate data :

x=53,y =28, b,,= — 1.2 and b,, = —0.3. Find

(i) Correlation coefficient between X and Y.

(ii) Estimate of Y for X = 50.
(iii) Estimate of X for Y = 25.

Solution :

Given : x =53, }7 =28, byr = —12, bxy =-03

(i) Correlation coefficient between X and Y :

r=1 /by by
- + [—12(=03)
=+ ./0.36
Cor=-—06 ... ("." by and b,, are negative.)

(ii) Estimation of Y for X =50 :
Regression equation of Y on X is,
y=a+by x
by, = —12
a=y—byu-Xx

=28—-(—12)53
=28+63.6
=91.6
S y=91.6—-12x
=>y=—12x+91.6

Put x =50
coy=-—12(50)+91.6
S.oy=—60+916 .. y=316

(iii) Estimation of X for Y=25:

Regression equation of X on Y is,

x=a'+byy
b,=—03
ad=x— b,,(y)
=53 —(—0.3)(28)
=53+84
=614
. x=614—-03y
=x= —03y+614
Put y =25,
Sox=—03(25)+614
S.ox=—-75+614 .. x=539

2. From the data of 20 pairs of observationson Xand Y,

following results are obtained :
x=199, y =94, =(x, — x)? =1200,
(y, ~y)? =300, £(x,—x) (y,— y) = — 250. Find
(i) The line of regression of Y on X.
(ii) The line of regression of X on Y.
(iii) Correlation coefficient between X and Y.
Solution :
Given : x=199, y=94, X (x, — x)? =1200, Z(y, — y)? = 300,
Z(x,—x)y,—y)= —250
(i) The line of regression of Y on X :

b _Z(-’*’.“;")(.‘/n—.‘;)
W o e
E(x,—x)?
_—B0_ 5
- 1200 24
y=a+by,x
a=y—b,x

5
—94—(—-24)199

gy, %95 _ 2256 +995
N 24 24

3251

24
.. line of regression of Y on X is
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;. 24y =3251 —5x
. Bx+ 24y =3251

(ii) The line of regression of X on Y :

b _E—-x)(y,—y)
=
Z(V._y)
_=20_ 5
300 6
x=a’+bxy'y
@ =x—b,y

5
=199 — ( - 6)(94)

470 1194+470 1664
6 6 6
.". line of regression of X on Y is

1664 5

6 6
S, 6x =1664 — 5y
. 6x + 5y = 1664

=199 +

(iii) Correlation coefficient between X and Y :

5 5

2_4‘/ bxy:‘ -

by;: o 6

Now, r= + V-"’b,, “byy

... (" by and b,, are negative)

3. From the data of 7 pairs of observations on X and Y,
following results are obtained :
X(x,—70)= —35, Z(y,—~60)= —7,
% (x, — 70)* = 2989, X (y, — 60)* =476,
Z(x, — 70) (y, — 60) = 1064.
[Given : ,/0.7884 = 0.8879]

Z(y,—60) = —7, Z(x,— 70)* = 2989,
= (y, — 60)? = 476,
Z(x, —70) (y, — 60) = 1064.
Regression coefficients are independent of change of
origin.
Therefore, let u;=x;,—70, v, =y, — 60
S Zu;= —35, ;= —7, Tu? =2989, Tv? =476,
Zup,=1064

Now,izz—lf-'=_—35: -5
n 7
z -7
v=-£'=-~—~—= ——1
n
Now x =u+70 y=0+60
= —5+70 =—1+60

(i) The line of regression of Y on X :

y=a+by, x
Sup; — nuv

by =bp =— 2'* =3
Zui® —nu

=1064—7(—5)(—1)_ 1064 — 35

2989 —7(—5)> 2989 —175
1029
v T 0.3657

. by, =0.3657 ~0.37
a=y—b,x
=59 —0.37(65)
=59 —24.05
=34.95
=35
.". line of regression of Y on X is
y=35+0.37x
=y =0.37x + 35"

(ii) The line of regression of X on Y :

x=a +byy-
Obtain ey
. . . Zu;v; — nuv
(i) The line of regression of Y on X. b,, =b,= ——
o —nv
(ii) The line of regression of X on Y.
BT 1064 —7(—5)((—1) 1064 —35
(iii) The correlation coefficient between X and Y. = 476 — 7(—1)? =476 —7
Solution :
, MU
Given: n=7, X(x,—70)= — 35, 469
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S by =219
a'=x—byy
=65 —2.19(59)
=65—129.21 = —64.21
.. line of regression of X on Y is
x= —6421+219%
=x =219y —64.21*

(iii) The correlation coefficient between X and Y :
by =037, byy=2.19
Now, r= + \,/"/Irb,,
Lr=+ \037—x219
. r=+.,/0.8103
‘. r=0.90" o (0

[*Note : Answers given in the textbook are incorrect. |

by, and b,y are > 0)

4. You are given the following information about

advertising expenditure and sales :

Advertisement Sales
expenditure R in lakh)
(X in lakh) (X) (Y)
Arithmetic mean 10 90
Standard deviation 3 12

Correlation coefficient between X and Y is 0.8
(i) Obtain the two regression equations.

(ii) What is the likely sales when the advertising
budget is T 15 lakh?

(iii) What should be the advertising budget if the
company wants to attain sales target of T 120
lakh?

Solution :
Given: x=10, y =90, ¢, =3, 0,=12,r=08
(i) Regression equation of Y on X :
y=a+by-x
g

by,=7" y
ax

12
", bu=08x—>=32
a=§—by,(3_c)
=90 —-3.2(10)
=90-32
=58

Now, y=a+b,,x
o y=58+432x
=y =3.2x + 58

Regression equation of X on Y :

x=a'+byy

@=x—b,y
=10 —-0.2(90)
=10—-18
=—8
Now, x =a'+b,,'y
Tx=—8+02y
=x=02y—8

(ii) Likely sales (Y) when X=15:
Putting x =15 in y =58 + 3.2x, we get
y=58+3.2(15)
S y=58+4480 .. y=106
Hence, likely sales is ¥ 106 lakh when advertising
budget is ¥ 15 lakh.

(iii) Estimation of advertising budget (X) when Y =120 :
Putting y =120 in x = — 8 4+ 0.2y, we get
x= —8+0.2(120)
Tx=—-8+24
L x=16

Hence, the advertising budget is ¥ 16 lakh to attain
sales target of T 120 lakh.

5. Bring out inconsistency if any, in the following :
(i) by:+ bry=1.30 and r=0.75.
(ii) byx=b =150 and r= —0.9.
(iii) by,.=1.9 and b, = — 0.25.

s 1
(iv) byx=2.6 and b, = 26"

Solution :
(i) by + b., =130, r=0.75
byx+bey 130
2 2

. byt by
’ 2

0.65 and r=0.75

<7T

Hence, the data is inconsistent.
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(ii) by =b,, =150, r= —0.9 Solution :
The sign of 7 is not similar to the signs of by, and b,,. Given: x=25y=20, 6,=4, 6,=3,r=05
Hence, the data is inconsistent. Eethiation of ¥ wihieii X =102

(iii) bye=19, byy= —0.25 Regression equation of Y on X is
The signs of by, and b;,, are not similar. y=a-+by-x

Hence, the data is inconsistent. o
Now, by, =r-4
G

x

1

(iv) byx=2.6 al'ld bxy=f6 =0'5xz=g
byx > 1 and b,y < 1 and both are of similar signs. r -
Hence, the data is consistent. a=y=byx
3
6. Two samples from bivariate populations have 15 =20 A 23
observations each. The sample means of X and Y 75
are 25 and 18 respectively. The corresponding sum =20— 8
of squares of deviations from respective means are 160—75 85
136 and 150. The sum of product of deviations from -8 8
respective means is 123. Obtain the equation of line 85 3
of regression of X on Y. X8 +8x
Solution : Putting x = 10,
Given: n=15,x=25, y =18, Z(x —x)* =136, 85 3
= 2 — y=—=+-x10
S(y—y)? =148, Z(x—x)(y —y)=122. 8 8
Regression coefficient of X on Y : ) 85+30 _ 115 14375
Equation of line of regression of X on Y : & 8
x=a"+byy Estimation of X when Y=16:
b Z(x—x)(y—y) Regression equation of X on Y is
e T T
L(y—y) x=a"+byy
122
= — . ”I
148 0.8243 ~ 0.82 bxy=";
B B ¥
a=x—b_y
- =0.5 x 2
=25—0.82(18) 3
=25-14.76 2
=10.24 ~3
". equation of line of regression of X on Y is @ =x—b,y
vy
x=10.24 + 0.82y 2
=x =082y +10.24 =25—5(20)
7. For a certain bivariate data =25_ 40 _75-40 = 35
: 3 3 3
. .35 2
Mean @ 25 20 R tiay
S.D. 4 i Putting y =16
And r=0.5, estimate y when x =10 and estimate x 35 2
when y =16. 3 BX16
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_35 32 35+32
3737 3
=5
3
=2233

[Note : Answers given in the textbook are incorrect. |

8. Given the following information about the produc-
tion and demand of a commodity obtain the two

regression lines :
]

Production  Demand
X Y
Mean 85 90
S.D. 5 6

Coefficient of correlation between X and Y is 0.6.
Also, estimate the production when demand is 100.
Solution :
Given: x=85, y=90, 6, =5, 0,=6,r=06
Estimation of production (X) when demand (Y) =100 :
Regression equation of X on Y :
X=a'+byyy

g
Now, b, =r-—~*
g

v

=0.6 x g =05
" by, =05
@=x—byy
. a'=85-0.5(90)
=85-45
=40
Hence, regression equation of X on Y is
x =40+ 0.5y
=x=0.5y+40

Put y =100, we get
x =0.5(100) + 40

. x=50+40

. x=90
Hence, production (X) will be 90 when demand (Y) is 100.
Regression line of Y on X :
y=a+by x

a

e
Now,b,,—r oy

~

=0.72
a=y-— by,~(i)
. a=90-0.72(85)
=90 —-61.2
=28.8
Hence, the regression line of Y on X is
y =288+ 0.72x
=y =0.72x +28.8

9. Given the following data, obtain linear regression
estimate of X for Y =10
x=76,y=148,0,=32,0,=16 and r=0.7.

Solution :

Given: x=76,y=148, 6,=32, a,=16,r=07

Linear regression estimate of X for Y =10 :

Regession equation of Xon Y :

x=a"+bsyy

I3
Now, b, =r-*
%y

3.2
207325
N 16

=07x02=0.14
" by=014
@ =x—byy
. a=7.6-014(14.8)
=7.6—2.072
=5.528
Hence, regression equation of X on Y is
x=5.528 +0.14y
=x=0.14y +5.528
Putting y = 10, we get
x=0.14(10) + 5.528
=14 +5.528 =6.928
. x=6.928
Hence, linear regression estimate of x is 6.928 for y = 10.

10. An inquiry of 50 families to study the relationship

between expenditure on accommodation (¥ x) and
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expenditure on food and entertainment ] y) gave
the following results :
Zx = 8500, Zy = 9600, o, = 60, oy = 20, r=0.6
Estimate the expenditure on food and entertain-
ment when expenditure on accommodation is
< 200.
Solution :
Here, X = Expenditure on accommodation (in )
Y = Expenditure on food and entertainment (in )
Given : Zx = 8500, Zy = 9600, o, =60, o, =20, r=0.6
n=>50

. _ Xx 8500
_ 3y 9600
Y=5 =50

Estimation of Y when X =200 :
Regression equation of Y on X :
y=a+by x

g,

Now, b, =r-—*
¥ g

x

20
=0.6 x €0 =02

S b, =02
a=y—b, (x)
=192 - 0.2(170)
=192 —-34
=158
. a=158
Hence, regression equation of Y on X is
y =158 +0.2x
=y =02x+ 158
Putting x = 200, we get
y=0.2 x 200 + 158
=40+ 158
=198
oy=3%198*
Hence, the estimated expenditure on food and entertain-
ment will be T 198 when expenditure on accommodation
is ¥ 200.

[* Note : Answer given in the textbook is incorrect. |

11. The following data about the sales and advertise-
ment expenditure of a firms is given below

(in ¥ crores).
Sales Adv. Exp.
Mean 40 6
S.D. 10 1.5

* Correlation of coefficient between sales and
expenditure = 0.9
(i) Estimate the likely sales for a proposed adver-
tisement expenditure of ¥ 10 crores.
(i) What should be the advertisement expenditure
if the firm proposes a sales target ¥ 60 crores.
[* Correction in text.]
Solution :
Here, X = Sales, Y = advertisement expenditure.
Given:x=40,y=6,0,=10,0,=15,r=09
(i) Estimation of likely sales (X) for Y=10:
Regression equation of X on Y :

x=a +byy

S by, =6
'=x—byy
=40—-6(6)
=40-36=4
L a=4
Hence, the regression equation of X on Y is
x=4+6y
=x=6y+4
Putting y =10, we get
x=6x10+4
T x=60+4
T x=64
Hence, the estimated sales is ¥ 64 crores when

advertisement expenditure (Y) is T 10 crores.
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(ii) Estimate of advertisement expenditure (Y) when

12.

Sales (X) =60 :
Regression equation of Y on X :
y=a+byu-x

a.
Now, b, =r-~
o-X

=0.9 x —
Oxm

= 0.135
" by, =0.135
a=y—b, (x)
=6—0.135(40)
=6—-54
=0.6
L a=06
Hence, the regression equation of Y on X is
y=0.6+0.135x
=y=0.135x+0.6
Putting x =60, we get
y =0.135(60) + 0.6
Soy=81406
S y=87
Hence, the estimated expenditure is ¥ 8.7 crores

when sales is of ¥ 60 crores.

For a certain bivariate data the following informa-

tion are available :

X X
AM. 13 17
S.D. 3 2

Correlation coefficient betwveen x and y is 0.6.

Estimate x when y =15 and estimate y when x =10.

Solution :

Given: x=13, y=17, 6, =3, 0,=2,r=06

Estimation of X when Y=15:

S by =09
@ =x—byy
=13-0.9(17)
=13-153
S.@=-23
Hence, the regression equation of X on Y is
x=—23+09y
=x=09% —23
Putting y = 15, we get
x=09x%x15-23
=135-23=11.2
Sex=112
Hence, the estimated value of x is 11.2, when y =15.
Estimation of Y when X =10 :
Regression equation of Y on X is :
y=a+by -x

G,
Now, byx=r-—1

a=y—b,x
=17—-0.4(13)
=17-52=11.8
. =118
Hence, the regression equation of Y on X is
y =118 + 0.4x
=y=04x+118
Putting x =10, we get
y=04(10)+11.8
=4+118=158
S y=1538

Hence, the estimated value of y is 15.8, when x = 10.

Regression equation of X on Y is

N\

x=a'+byy \ EXAMPLES FOR PRACTICE 3.2 |
Now, b,, = r'z—' 1. For a sample of firms the coefficient of correlation
y
between the profit rate (X) and growth rate (Y) is
=0.6x-=09

found to be 0.9. Given the following additional
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information, (a) obtain the equation of the regression
line of Y on X (b) estimate the growth rate when
profit rate is 16.

X Y
Mean 20 25
25

Variance 9

2. If for a bivariate data, x =10, y = 12, variance v,=9,
0,=4 and r =0.6. Estimate y when x =5.

3. In a bivariate data, x=27.6, y =14.8, 7,=4, 0,=2
and the coefficient of correlations is r = 0.8. Find the
most probable value of Y when X = 20.

4. The following data relate to the age of husbands

and wives :
Husbands Wives
Mean 27 years 23 years
' Standard deviation . 3 years 2 years

The coefficient of correlation is r = 0.93. Estimate the
age of a woman whose husband is aged 23.

5. Given the data: x=6,y =40, 5,=1.6, ,=10, 7 =0.9.
Estimate Y for X = 10. What would be the estimated
value of X if Y =607

6. If Zx,="56, Ty, =56, Ix? = 476. Ty} =476, Tx,y; =469
and n = 7. Find (a) The regression equation of Y on X
(b) y, if x=12.

7. The following results were obtained from records of
age (X) and systolic blood pressure (Y), of a group of

Answers
Ly=-5+4+15xy=19
2, y=8
3. y=1176
4. Age of woman is 20.52 years
5. y=625, x=8.88

3
6. (a) y=zx+2, (b) y=11

7. y=094x 4+ 92.18, y=136.36
. b, =4.86, b, =0.13.

| EXERCISE 3.3

@»

Textbook pages 49 and 50

1. From the two regression equations find 7, x and y:
4y =9x +15 and 25x =4y + 17.
Solution :
To find r:
Let 4y = 9x + 15 be the equation of line of regression of
Y on X.

=4
9 5 4 i
{ b,,=a ... (.7 itis coefficient of x)

Then the other equation 25x =4y + 17 is the equation
of line of regression of X on Y.

by == ... ("7 it is coefficient of y)

10 women. r=i\f'm=i /Zx%
X | Y 3 o
Mean 53 142 =4+ 2—5=i\, 36=+0.6
Variance 130 165 . r=0.6 ... ("." byy and b,, are positive)
% (x,— x)(y;, — y) = 1220 To find x, y :
Find the appropriate regression equation and use it to Vb0 e (1)
estimate the blood pressure of a woman with age De—~B— = e (2)
47 years. Subtracting equation (2) from equation (1)
8. Compute regression coefficients from the following Je=tgt1o=0
data on the variables weight (X) and height (Y) of 8 _ - I4y + ——
individuals : —16x +32=0
n =8, X(x;—45) =45, Z(x,—45)* = 4400, : 32=16x
Z(y, — 150) =280, E(y, — 150)* = 167432, 32
2(x; — 45)(y, — 150) = 21680. L ¥ 2
68 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 2) (COMMERCE)

www.saiphy.com



www.saiphy.com

Lx=2
Putting x =2 in the equation (1),
9(2)—-4y+15=0
S 18—4y+15=0
L33 =4y
L Y= % =825
. y=825
Hence, r =0.6, x =2, y = 8.25.

2. In a partially destroyed laboratory record of an
analysis of regression data, the following data are
legible :

Variance of X=9.
Regression equations : 8x — 10y + 66 =0 and
40x — 18y = 214
Find on the basis of above information :
(i) The mean values of X and Y.
(ii) Correlation coefficient between X and Y.
(iii) Standard Deviation of Y.
Solution :

Given : 8x — 10y + 66 =0, 40x — 18y =214,

2=9 . o0,=3
(i) The mean values of X and Y :
8x — 10y = — 66 . (1)
40x — 18y = 214 vos Q)

Multiplying equation (1) by 5 and subtracting equa-
tion (2) from it, we get

40x — 50y = — 330

40x - 18y = 214
— + —

—32y = —544

. 544
LY==
Put y =17 in equation (1)
C. 8x—10(17)= —66
S 8x= —66+170
S 8x =104

17

T x=—=13
X 8 1

Hence, x=13 and y =17.

(ii) Correlation coefficient between X and Y :
Let 8x — 10y + 66 = 0 be the regression equation of
Y on X.

. 10y =8x + 66
8%

8

10 .. (.7 it is coefficient of x)

‘. By

and the other equation 40x — 18y =214 be the regres-

sion equation of X and Y.

. 40x =18y + 214

.. ("7 it is coefficient of y)

i E_;jfé_i 9"_i3
T TN 107 40 25 —5

... ("7 byx and b,, are positive)

(iii) Standard deviation of y :

-y

c
bys=r"
% o

-

»..
0

(SR
wlo
——

X

—

_8x5x§_”
" 10x3 ¢

T ay=4

3. For 50 students of a class, the regression equation of
marks in Statistics (X) on the marks in Accountancy
(Y) is 3y — 5x + 180 = 0. The mean marks in Account-

ancy is 44 and the variance of marks in Statistics is

9 \th
(1_6) of the variance of marks in Accountancy.

Find the mean marks in Statistics and the correlation
coefficient between marks in the two subjects.

Solution :
Let, X = Marks in Statistics, Y = Marks in Accountancy.
Given : Regression equation of X on Y is,
3y—5x+180=0

. 5x =3y +180
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3
x=gy+36
3 34 :
b,y—g .. ("7 it is coefficient of y)
= 9 3
y=44,a§=ﬁa§ =19

Mean marks in Statistics (x) :
y=44
" puty=44in3y —5x+180=0
‘. 3(44) - 5x+180=0
. 5x=180+132

312

C x=t 624
=5

* %=62.4 marks*

Correlation coefficient between X and Y :

We have, b,, = g

5. The equations of two regression lines are
2vx+3y—6=0and 2x+ 2y —12=0.

Find (i) Correlation coefficient (ii) g
y

Solution :
Let the equation 2x+3y—6=0 be the regression
equation of Y on X.

S 3y=—2x+6
5 y=—§x+2
\ 2
\ b,,——§

Another equation 2x+2y—12=0 be the regression
equation of X on Y.

So2x=—2y+12

2 12
Lx= —g¥t+5 Sox=—y+6
W by =—1

3 d (i) Correlation coefficient :
Now, b L ’ 3-,4: : ;’..., ‘ — /2 .
R "5 a, 5 4 r=i-\/b,,-b,y=i\/(—§>x(—1)
3 4 4
r—5X§—’5-—0.8. =+\/§
[*Note : Answer given in the textbook is incorrect.] R
1) N7 .\ P =+ 0.82
4. For a bivariate data, the regression coefficient / . y 5 .
of Y on X is 0.4 and the regression coefficient of X on A\ - 5 Bys and bigrare viegative)
Y is 0.9. Find the value of variance of Y if variance of o
X is 9. v
Solution : ’ >
Given : by, =04, by =09, r=2, 62=9, 062 =2 Welmow, 3o yfr: s,
r=4 buby=+.04x09 = + /036 L 655 %
=06 ... (" by and b,, are positive) Oy
Variance of Y : (—1)x (- 1 \_o
-082) @
Now, b,, = 0.4 J
% N1
ﬂ" —
Lre—=04 ay .82
0"
: 9y ve 2 z ; % 1.22.*
; 0.6><—3;-=0.4 we i 03=9 &0 =3) s
[*Note : Answers given in the textbook are incorrect. |
. 020,=04
oA % =0 6. For a bivariate data : x =53, y =28, by, = —1.5 and
- b., = —0.2. Estimate Y when X = 50.
L oy=(2)=4 ;
Solution :
Hence, the variance of Y is 4. : : .
Given: x=53, y =28, byy= — 1.5, byy= —0.2
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Using regression equation of Y on X, we estimate Y
when X = 50.

Now, y — ¥ = by, (x —x)

S y—28= —15(x—53)

Soy=—15x+79.5+28

J.oy=—15x+1075

Estimate of Y when X =50 :

Put x =50 in y = —1.5x +107.5

S y=—15x50+1075

S y=-—75+1075 c.y=325.

7. The equations of two regression lines are x —4y =5
and 16y — x = 64. Find means of X and Y. Also, find
correlation coefficient between X and Y.

Solution :

Given : Two regression lines : x — 4y =5, 16y —x = 64

Means of X and Y :

x— 4y=5 Puty=575inx—4y=5
—x+ 16y =64 . x—4(5.75)=5
12y =69 ‘. x=5+423
. .69 .o x=28
R
=5.75

Hence, x =28, y =5.75

Coefficient of correlation :

Xx—4y=5 16y —x =64
L x=4y+5 Coley=x+64
L by=4 1

Soy=—x+4
y 16X+
1
byy=—
¥ 16

=05 ... (" byx and by are positive)

8. In a partially destroyed record, the following data

are available variance of X=25. Regression

equation of Y on X is 5y —x =22 and Regression
equation of X on Y is 64x — 45y = 22, Find

(i) Mean values of X and Y.

(ii) Coefficient of correlation between X and Y.
(iii) Standard deviation of Y if 5, =5.
[* Correction in text.]
Solution :
Given : Var(x) =25
Regression equation of Y on X : 5y —x =22
Regression equation of X on Y : 64x — 45y =22

(i) Mean values of X and Y :

5y —x=22= —x+5y=22 (1)
64x — 45y =22 i)
From equation (1) x =5y — 22
Putting x =5y — 22 in equation (2), we get
64(5y —22) — 45y =22

‘. 320y — 1480 — 45y = 22

. 275y = =22+ 1408

. 275y = 1430
. 1430
V>

N y=52
Putting y =5.2 in x =5y — 22, we get
x=5(52)—-22

T x=26—22

Lx=4 [ x=4

Hence, x =4.y=5.2

(ii) Regression equation of Y on X is 5y —x =22

4a 5y=x+22
a ¥, .
Y¥=57s
% & ffici fx 1
.. by, = coefficient o ;:5
Regression equation of X on Y is 64x — 45y =22
.. 64x =45y +22
.. By 2
L x=" +64
. 5
1 = coefficient 0fY=6_4

/

Now, r=+ /b, b,,
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% r=g e (o b, and b,, are positive)

1, r=§, g,=5

(iii) b, = 5

G
Now, b, =r--¥

‘ﬁﬂ‘

x

X
WL W oolw
II Qla

Al

-

Ot = Ot = Q1] =
o @l

X

(8]
X

D
Il
o
X
W
Il
Wl w

Hence, standard deviation of Y is g

9. If the two regression lines for a bivariate data are
2x=y+15 (x on y) and 4y =3x+ 25 (y on x), find

(i) x, (i) y, (iii) by,, (iv) b,,,
(v) r [Given: ,/0.375=0.61]
Solution :

Given : Regression equation of X on Y : 2x =y + 15
Regression equation of Y on X : 4y =3x + 25
(i) and (ii) :

2x=y+15
S 2x—y=15 .. (1)
dy=3x+25

—3x+4y=25 ... (2

From equation (1), y =2x —15
Putting y =2x — 15 in equation (2), we get
—3x+4(2x—15)=25

. —3x+8x—-60=25

=34—-15=19
S y=19
Hence, (i) x =17, (ii) y=19.

(iii) Regression equation of Y on X is 4y =3x + 25

Y
..y—4 3

.. by, = coefficient of x

'. b,‘=a

(iv) Regression equation of X on Y is 2x=y + 15

. x-—-} +1_5
NN T2

.. b, =coefficient of y

. 1
. b.,,=i

W) r==%./b,b,,

N =

Putting, b =Z and b,, =

. r=4./0375
. r=0.61

.. (" by, and b, are positive)

10. The two regression equations are

5x — 6y +90 =0 and 15x — 8y — 130 =0.

Find x, y, 1.
Solution :
Given : Two regression equations :
5x—6y+90=0 ssa(l)
15x — 8y —130=0 soe (2)
Multiply equation (1) by 3 and subtracting equation (2)
from it, we get

15x — 18y +270=0

.o 5x=25+60

=R 15x— 8y—130=0

x=8§5=17 = + =

—10y +400=0
i ¥l ", 400=10y
Putting x =17 in y =2x — 15, we get 400 -
Ly=——=40 Soy=40
y=2(17)-15 10
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Putting y =40 in equation (1), we get
5x — 6(40) +90 =0

", 5x—240+90=0

" 5x—150=0

. 5x=150

(150 _
.

Let the equation of Y on X be 5x — 6y +90=0
S 6y =5x+90

30 S x=30

y=§x+15

b=

yx

(=26

and the equation of regression of X on Y be
15x — 8y —130 =0
", 15x =8y +130

i s 290
XTI

Il

4
<L
5| |

|l

I+
TS

L r=s .. (" b, and b,, are positive)

11. Two lines of regression are 10x +3y — 62 =0 and
6x + 5y — 50 = 0. Identify the regression of x on y.
Hence find x, y and r.

Solution :

Given : Two lines of regression

10x + 3y — 62 =0; 6x+5y —50=0

Identify the line of regression of X on Y :

Let the regression equation of X on Y be

10x +3y —62=0

S 10x= —3y + 62

. 3
L X= —lby+62

x 3

e
and the regression equation of Y on X be
6x+5y—50=0
. 5y= —6x+50
Soy= —gx+10
. 6
b= -3

3 6 18 .. . .

Now, b,,-b,, —( - E) x < —g) -5 which is less than 1.

Hence, assumption regarding regression equation holds
true.
". regression equation of X on Y is 10x + 3y — 62 =0.

To find x, y :
10x+3y—62=0 (1)
6x+5y—50=0 . (2

Multiply equation (1) by 5 and equation (2) by 3.
Then subtracting equation (2) from equation (1), we get
50x + 15y —310=0

18x + 15y =150 =0
- - 4+

32x  —160=0
. 32x=160
A
—5 =

X 5

. x=5
Putting x =5 in equation (1), we get
10x5+3y—62=0
. 50+3y —62=0
" 3y—12=0
. Jy=12
12
L y=s =4
L y=4
Hence, x =5, y =4

To find r:

3. LINEAR REGRESSION 73
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/18
=+ |==1.,/03
\fSU _\'06

.. (" b, and b,, are negative)

12. For certain X and Y series, which are correlated the
two lines of regression are 10y =3x+170 and
5x+70=6y. Find the
between them. Find the mean values of X and Y.

correlation coefficient

Solution :

Given : Two lines of regression

10y = 3x +170; 5x 470 = 6y

Correlation coefficient :

Let the regression equation of Y on X be
10y =3x +170

. 3
d y—ﬂ—)x+l7

0.
10
and the regression equation of X on Y be
5x +70 = 6y
" Sx=6y—70

" b

L r=06 ... (. b, and b,, are positive)

Mean values of X and Y :

10y = 3x + 170
L 3x =10y +170=0 . (1)
5x + 70 = 6y

" 5x—6y+70=0 = B

Multiply equation (1) by 5 and multiply equation (2) by 3.
Then subtracting equation (2) from equation (1) we get

. 640 =32y

610
< y—3—2"—20
L §=20

Putting y =20 in equation (1) we get
3x —10(20) +170=0
S 3x—200+170=0

J.3x—30=0 s, =30
30
Lx=—=10 . x=10
x 3 x

Hence, x =10, y =20.

13. Regression equations of two series are
2x—y—15=0and 3x —4y +25=0.
Find x, y and regression coefficients. Also, find

coefficients of correlation. [Given : \/'0.375 =0.61]

Solution :

Given : Regression equations 2x—y—15=0 and
3x—4y+25=0

To find x, y :

2x—y—-15=0 )
3x—4y+25=0 5042)

From equation (1) y=2x—15
Putting y = 2x — 15 in the equation (2), we get
3x—4(2x—15)4+25=0
o 3x—8x+60+25=0
. —5x+485=0
‘. 86=5x
85

—=17
o

=
Il

=
Il

—
~N

Now, putting x =17 in y = 2x — 15, we get
y=2(17)—15
=34-15=19 . y=19
Hence, x=17, y=19.
Regression coefficients :

Let the regression equation of X on Y be

15x — 50y + 850 =0 2x—y—15=0
15x — 18y +210=0 So2x=y+15
e gl
—~32y+640=0 - X=3¥T
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1

b,,= 5
and the regression equation of Y on X be
3x —4y+25=0
J.o4y=3x+25

3.1 3 i
W=7 %55 which is less than 1. Hence the
assumption regarding regression equations holds true.

1 3
E and by'=‘1.

Now, b,

b, =

Coefficient correlation :

.. (" b, and b,, are positive)

14. The two regression lines between height (X) in
inches and weight (Y) in kgs of girls are
4y — 15x + 300 = 0 and 20x — 3y — 900 = 0.
Find mean height and weight of the group. Also,
estimate weight of a girl whose height is 70 inches.
Solution :
Given : 4y —15x +500 =0, 20x —3y —900 =0
Mean height (x) and mean weight (y) :
—15x + 4y +500=0 . (1)
20x —3y —900=0 i k2)
Multiplying equation (1) by 3 and equation (2) by 4 and
then adding them,
— 45x +12y + 1500 =0
80x — 12y — 3600 =0

& 85 —-2100=0
', 35x=2100
2100

5 x—¥—60

Put x =60 in equation (1), we get
4y —15(60) + 500 =0
S 4y —900+500=0

dy = 400

Hence, mean height x =60 inches and mean weight
y =100 kg.
Estimate of weight (y) of a girl when X=70:
We use the regression equation of Y on X.
From the given equations let 4y — 15x + 500 =0 be the
regression equation of Y on X.
.. 4y =15x —500

-~ &

4 4

15
b=

Now, regression equation of X on Y is
20x—3y—900=0

J. 20x =3y +900
= x=23—0y+45
A\E
Now, by, b,y = 14—5 x 2%=;—g which is less than 1. Hence,

assumption regarding regression equations is true.
*. regression equation of Y on X is

_15 500
Y=%4*" 3

Put x =70 in the equation
o
4

1050 —500 550
=—=——=1375
4 4

Hence, the estimated weight of a girl is 137.5 kg.

, 15

L EXAMPLES FOR PRACTICE 3.3 j

1. Given the two regression lines of a bivariate data.
Find both the coefficients of regression, coefficient

correlation.

(a) 2x—y+10=0and 3x —4y +100=0
(b) 2x —3y =4 and 3x — 5y =18
(c)x+y+5=0and 16x+9y +1=0.
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. If for a bivariate data by, =12, 6, =4, r = 0.6, find o,

by, and the measure of the acute angle between the

two regression lines.

JIf Tx=40, Ty =32, E(x—x)?=30, Z(y—y)*=36,

E(x—x)(y—y)=6, find the regression coefficients
and the measure of the acute angle between the

regression line.

. Find both the regression coefficients and the measure

of the acute angle between the regression lines from
the following data :

n=10, Lx =250, ¥y =300, ¥x? = 6500, Xy? = 10,000
and Xxy =7900.

. Given two regression equations 4x+ 5y —155=0

and 16x + 15y — 545 = 0 find (i) mean values of X and

Y (ii) iy and (iii) o, if 5, =3.

. The equations of two regression lines are

10x + 3y — 62 =0 and 6x 4 5y — 50 = 0.

. The equations of lines of regression are

5x — 6y +90 =0 and 15x —8y —130=0.

Find (i) Coefficient of correlation r (ii) x and y.

. If 5x + y =21 and 4x + 5y = 42 are the two regression

equations, find

x, y and r (the coefficient of correlation).

. The two regression equations are 10x + 3y — 62 =0

and 6x + 5y — 50 = 0. Identify the regression of X on
Y. Hence, find x, y and r. Also find g, if o, =2.

Find the values of x, y, 7, : ¢, and  if the equations
of regression lines are 3x—2y—10=0 and
24x — 25y + 145 = 0.
The regression equations are 3x—~y—5=0 and
4x —3y =0, find

(i) Arithmetic mean of X and Y.

(ii) Coefficient of variation of X and Y if ¢, =2.

(iii) Correlation coefficient between X and Y.

Values of two regression coefficients between the
variables X and Y are b, = —04 and b,, = —2.025
respectively. Obtain the value of correlatoin

coefficient.

NAVNEET MATHEMATICS AND STATISTICS DIGEST :

13.

14.

16.

17.

10.
11.

15.

16.

17.

For a bivariate data b, = —1.2 and b,, = —0.3, find
the correlation coefficient between x and y.

From two regression equations y=4x—5 and
3x=2y+5, find X and .

2
. The regression equation of Y on X is y = 5% and the

regression equation of X on Y is x = % + g

Find : (i) Correlation coefficient between X and Y.
(ii) o%if 03 =4.
Identify the regression equations of X on Y and Y on

X from the following equations :
2x+3y =6 and 5x + 7y —12=0.

The regression equation of Y on X is given by
3x +2y —26=0. Find b,,.
Answers
3 1
. (a) b,,=;, b":i' r=0.612
3 3
(b) by, = 5 b,,=§, r=0.9487
9
(b= —1, by = ~1¢’ r=—0.75
6,=8, b,y =03
1 1
by1=§r bty=6
8 2
by.v=5r b',=§
. (i) x=20,y =15 (ii) r,y= —0.866 (iii) 0,=2771
. (@) byx= —1.2, (b) byy= —03, (¢) 7,=1
: 2 A — =
. (i) r=§ (ii) x=30, y =40
x=3,y=6r=-04
x=5y=4r=-060,=1

X=20,y =25, 0,:6,=5:6,r=08
(i) x=3,y=4 (i) C.V. of x = 66.67%
C.V. of y=100% (iii) r =0.6667
—09 13. 06 14.x=1y=1

(i) %= 0.33 (ii) 1;

XonY:5x+7y—12=0; Yon X: 2x+3y =6
3

—
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/

\ MISCELLANEOUS EXERCISE -3 )

(Textbook pages 51 to 54)

1. Choose the correct alternative :
s

. There are

. b

. b

. b, b

Regression analysis is the theory of
(a) Estimation (b) Prediction
(c) Both (a) and (b) (d) Calculation

. We can estimate the value of one variable with the

help of other known variable only if they are
(a) Correlated
(c) Negatively correlated (d) Uncorrelated.

(b) Positively correlated

types of regression equations.
()3 (d) 1.

(a) 4 (b) 2

. In the regression equation of Y on X

(a) X is independent and Y is dependent
(b) Y is independent and X is dependent
(c) Both X and Y are independent

(d) Both X and Y are dependent.

. In the regression equation of X on Y

(a) X is independent and Y is dependent
(b) Y is independent and X is dependent
(c) Both X and Y are independent

(d) Both X and Y are dependent.

L (2 —
(a) Regression coefficient of Y on X
(b) Regression coefficient of X on Y
(c¢) Correlation coefficient between X and Y

(d) Covariance between X and Y.

o 18 asesossa
(a) Regression coefficient of Y on X
(b) Regression coefficient of X on Y
(c) Correlation coefficient between X and Y

(d) Covariance between X and Y.

(a) Regression coefficient of Y on X

(b) Regression coefficient of X on Y

(¢) Correlation coefficient between X and Y
(d) Covariance between X and Y.

.........

(b) a,

xy Yy

(a) v(x) (c) r?

(d) (a,)*.

3. LINEAR REGRESSION

10. If b, > 1, then T |
(a) >1 (b) <1
(c) >0 (d) <o.

s By | TS T SRmm—

@) |r| (b) 2]r|
(c) r (d) 2r.
12. b, and b, are .........

13.

14.

(a) Independent of change of origin and scale

(b) Independent of change of origin but not of scale
(c) Independent of change of scale but not of origin
(d) Affected by change of origin and scale.

_y-b =
Ifu=-—and e then b, =.........

c
(b) a buu

a b

() 3bn (@ by

x—a y—b
Ifu=Tand U=T thenbxy= .........

@S, /o))
c

d i
© 25, ) Lo,
b a

15./Corn(x)8) = ...onvina

(a)0 ()1 (c) —1 (d) can’t be found.
16. Corr (x, y) =.........

(a) corr(x, x) (b) corr(y, y)

(c) corr(y, x) (d) cov(y, x).
7 Corr(x%n, y%b) = —corr(x, y) if,

18.

19.

(a) c and d are opposite in sign
(b) c and d are same in sign

(c) a and b are opposite in sign
(d) @ and b are same in sign.
Regression equation of X on Y is
(b) x—x=b,(y—y)
(d) x—x=b,ly—y)
Regression equation of Y on X is
(b) x—x=b,(y—y)
(d) x—x=b,y—y)

(@) y—y=b,(x—x)
(c) y—y=b,(x—x)
(@) y—y=b,(x—x)
(c) y—y=b,(x~x)

77
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21.

24,

=B - R - NS L

13.

16.
18.

20.

1L

S T

78

. (¢) Both (a) and (b)
. (a) X is independent and Y is dependent

www.saiphy.com

by

(a) rZ& ®) r% (c) 10, (d) 1‘_'5_
a, 2 r o, ra,

TR

@rZ B2 (1% @ %
a, a, r o, rao,

Cov(x, ¥) =i

@) Za-Dy-y) () ﬂxi-’;?(y ~¥)

Ixy —-
(c) — %Y

(d) (b) and (c) both.

. Ifb,<0and b, <Othen’ris.........

(a) >0 (b) <0 (c) >1 (d) not found.

If equations of regression lines are 3x+ 2y —26=0

and 6x +y —31=0then meansofxand y are .........

(@) (7,4 () @7) ()29 ((-47).
Answers

2. (a) Correlated 3. (b) 2

. (b) Y is independent and X is dependent

. (b) Regression coefficient of X on Y

. (a) Regression coefficient of Y on X

. (c) Correlation coefficient between X and Y
. (c) r?

12.

10. (b) <1 11. (b) 2|r|
(b) Independent of change of origin but not of scale

@ %, 14 )b, 15 ()1
c d

(c) corr(y,x)
(b) x—X=b,(y—7)

17. (a) c and d are opposite in sign
19. (a) y—y=b,(x—x)

(b) rg! 21. (a) r:—_‘ 22. (d) (b) and (c) both

x y

.(b) <0 24. (b) (4, 7).

Fill in the blanks :

. Ifb, <0and b, <0 thenr is .........
. Regression equation of Y on Xis .........
. Regression equation of Xon Y is .........

. There are ......... types of regression equations.

8. |b,,+b,,| > AR TPRs
9. If by, >1 then by i8 .ooccuiis

Answers

1. Negative 2. (y—y)=b,(x—x) 3. (x—x)=b,(y—y)

- c d
4.2 5. —1 6. ab i Ebw 8. 2|7'|

NT

9. <1 10. %

ITI. State whether each of the following is True or

False :

1.-Corr(x; x) =1.

2. Regression equation of X on Y is
y—y=b,(x-x).

3. Regression equation of Y on X is
y—y=b,(x—x).

4. Corr(x, y) = Corr(y, x).

w

. b, and b, are independent of change of origin and
scale.

. “r’ is regression coefficient of Y on X.

. b,, is correlation coefficient between X and Y.

. fu=x—aand v=y—bthen b, =0,

e ® N o

Ifu=x—aandv=y—bthenr,=r,,
10. In the regression equation of Y on X, b,, represents

slope of the line.

Answers
1. True 2. False 3. True 4. True 5. False
6. False 7. False 8. True 9. True 10. True.

IV. Solve the following problems :

1. The data obtained on X, the length of time in weeks
that a promotional project has been in progress at a
small business, and Y, the percentage increase
in weekly sales over the period just prior to the

beginning of the campaign.

il 1|2 |3 |2 |1 |3 || 2|3|4|2]|4

Y |10 /10 |18 |20 (|11 |15 (12 (15 (17 (19 (13 | 16
Find the equation of regression line to predict the

percentage increase in sales if the campaign has been
in progress for 1.5 weeks.
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Solution :

X =Length of time, Y = % increase in weekly sales.

x y xy =
1 10 10 1
2 10 20 4
3 18 54 9
4 20 80 16
1 11 11 1
3 15 45 9
1 12 12 1
2 15 30 4
3 17 51 9
4 19 76 16
2 13 26 4
4 16 64 16
n=12  Sx=30 Sy=176 Zwy=479 Ex*=90
_=x 30 _ 3y 176
F=—=2=25 j= ny =5 = 1467

Regression equation of percentage increase in weekly
sales (Y) on the length of time (X) :
y=a-+by x

479 —12(2.5 x 14.67)

©90-12257
479 —440.1 389
=—90—7% -1 - 259*
" b, =259
a=y—b,x
=14.67 — 2.59(2.5)
=14.67 — 6.475
=8.19x82
Loa=82
Hence, the regression equation of Y on X is
y=282+259x

=y =259 482

Prediction of Y when X=1.5:

Putting x =15 in y = 8.2 +2.5%

S.oy=82+259x15

o y=82+43.885 . y=12.085"

Hence, when campaign has been progressed for 1.5 weeks,
the percentage increase in weekly sales is 12.085%.

[*Note : Answers given in the textbook are incorrect. |

2. The regression equation of y on x is given by
3x+2y —26=0. Find b,,.
Solution :

Given : Regression equation of Y on X

3x+2y—26=0

S 2y=—3x+26

Soy= —gx+13

% b ffici f 2
.. b, = coefficient o x=-3.

3. If for a bivariate data x=10, y=12, v(x) =9, a,=4

and r =0.6. Estimate y when x =5.

Solution ;:
Given:x=10,y=12, v(x)=9 .. 0,=3,
g, = 4 r=06

Estimation of Y when X =5:
Regression of Y on X isy=a+b,x

g,
Now, by,=r'—1

Q

=0.

=2

x-=0.38

s
3
.~ b,=08
a=y—b,x
=12-0.8(10)=12-8=4
L a=4
Hence, the regression equation of Y on X is
y=4+40.8x
=y =08x+4
Putting x =5, we get
y=08(5)+4
Sy=4+4 S.y=8
Hence, the estimate of y is 8 when x =35.

2
4. The equation of the line regression of yonxisy = i

andxonyisx=g+

ol AL |

Find (i) r (i) ¢,% if 0,* =4.

Solution :

2
Given : Line of regression of Y on Xis y = 5" and that of

o
XonYlsx—2+6

3. LINEAR REGRESSION 79
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(i) To find r: 12 7
2 5 57
Regression equation of Y on X is y = 9% -
" oby=—
t 2 °
b g i
Vg
? Now, b,,-b,y=(—g)x(—z)=l—4which is less than 1.
Regression equation of X on Y is 3 5/ 15
y 7 1 Therefore assumption made regarding the regression
x==4—. b,, == .
26 "2 equations holds true.
Now, r=+ ,/ by’-bxy Hence, the regression equation of X on Y is
2 1 1 5x 4+ 7y — 12 = 0 and the regression equation of Y on X is
=+ [=xz=% [=
Eolgng = \/ 9 2¢ 43y =6.
; 1 e 3
'3 (7 By and DpQIVE) 6. (i) If for a bivariate data b, = —1.2 and b,, = — 0.3
) then find r.
" T(: Bind; o (ii) From the two regression equations y=4x—5
o, =4 = =
E and 3x =2y + 5, find x and y.
Now, b_w—r-gZ Solution :
i () Given:b, = —12 b, = —03
(b,)? =r*-71, —\
¥ g, Now, r= + \/by,-b,,
(g)z . (1> o = + (=12 (=03) = + /036
2 2 A Sor=-—06 L b, and b,  are negative)
4 1 o/ H 06
TS ence, r= —0.
4 36 = 2 T
ﬁx =0, (ii) Given:y=4x—5 ... (1)
16 3x=2y+5 s (2)
. o)} = 9 Putting y = 4x — 5 in equation (2), we get
5. 16 3x=2(4x—-5)+5
e Lo T, ;. 3x=8x—10+5
S 3x—8x==5
5. Identify the regression equations of x on y and . el s
y on x from the following equations, .' i C3o1
2x+3y=6 and 5x+7y—12=0. > T
——— Putting x =1 in equation (1), we get
Solution : 4(1) =5
Given : 2x+3y=6; 5x+ 7y = 12=0 r 4—
Lo y=4-5
Let the regression equation of Y on X be . -
2x+3y=6 y=—l y=—-l
L3y =6—2x Hence, x=1,y= —1.
. 6 2
- ¥y=373% 7. The equations of the two lines of regression are
2 3x+42y —26=0and 6x+y—31=0. Find :
+be= 3 (i) Means of X and Y.
and the regression equation of X on Y be (ii) Correlation coefficient between X and Y.
Sx+7y—12=0 (iii) Estimate of Y for X = 2.
Sx=12-7y (iv) Var (X) if Var (Y) = 36.
80 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 2) (COMMERCE)
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Solution :

Given : 3x 42y —26=0, 6x+y—31=0

(i)

(ii)

(iii)

Means of X and Y :
3x +2y—26=0 . (1)
6x+ y—31=0 .. (2)
Multiplying equation (2) by 2 and subtracting it
from the equation (1), we get

3x+2y—26=0

12x +2y — 62 =0
- - +

-9 +36=0
36
X=—=

. 9x=36 9

4

Put x =4 in equation (1),
S 34)+2y—26=0
o2y +12-26=0
S 2y=14 U y=7

Hence, x =4,y =7
Correlation coefficient between X and Y :

Let 3x+2y —26=0 be the equation of Y on X.
o 2y=—3x+26

Soy= —gx+l3
. 3
L b= ~5

Another equation 6x + y — 31 = 0 be the equation of
XonY.

L bx=—y+31
¥ x—_l +3_l
=TT
. 1
. by =z

Now, r =+ /by, byy
- (D
h 2 6
+ /1
=l 4

L
2

Hence, r= — 0.5

“r=—-=-05 .. (. by and b, are negative)

Estimate of Y for X =2:
Regression line of Y on X is

Y=y =bux—x)
. 3

. 3 C oyl 3
.y——§x+6+7 . Yy= 2Jc+13

Putx=2iny= —gx+l3

Soy= —gx2+l3
G y=-—3+13
y=10

(iv) Var (X) if Var (Y)=36:
Var (Y)=36=0}
. ¢,=6, Var X)=2?

G
Now, by, =r--4

.. Var (X)=¢,>=4.

8. Find the line of regression of X on Y for the

following data :
n=8, X(x;—x?=36X(y,—y)* =44,
-2 (y,—y) =24
Solution :
Given: n=8, Z(x;—x)*=36, Z(y,—y)* =44,
Z(x,—x)(y,—y)=24.
Line of regression of X on Y :
I—.:\;=b,,(y—_l—/)
Z(J._E)(yé_g)
Z(y,—y)
_4_6
41

Now, b,y =

Line of regression of X on Y is obtained as follows :

x—x=by(y—y)

i By
.x—x—ﬁ(y—y).

3. LINEAR REGRESSION
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9. Find the equation of line of regression of Y on X for
the following data :
n=8, T(x,~x)(y,—y)=120, x=20, y =36, 0,=2,
o,=3.
Solution :
Given: n=8, x =20, y =36,
22 (y;—y)=120,06,=2, 0,=3.

Cov(x, y)
By = ——=

oy

Now, Cov (x, y) = ‘E‘_’ﬁ;{}.‘ﬁ;y)

120
=—=—=15
8

15 15
(22 4
=3.75

b=

Line of regression of Y on X :
y=a+b,x
a=y—b,x
=36 —3.75(20)
=36—-75=—39
L a=—39
.". line of regression of Y on X is
y= —39+3.75x
=y =3.75x — 39.

10. The following results were obtained from records
of age (X) and systolic blood pressure (Y) of a
group of 10 men :

X Y

Mean 50 140
Variance 150 165

and X (x, — x) (y, — y) = 1120.
Find the prediction of blood pressure of a man of

Now, Cov (x,y) = 20— 29’ i—Y)
_1120
10
=112
2 112
. D= =
=0.75
Regression line of Y on X :
y=a+b,x
b, =0.75
a=y—b,x
=140 — 0.75(50)

=140—-375=102.5

.". regression line of Y on X is

y=102.5+0.75x
=y =0.75x +102.5
Prediction of blood pressure (Y) for the age X =40
Putting x =40 in y = 0.75x + 102.5, we get
y=0.75(40) + 102.5 =30 + 102.5
.o y=1325

[ Note : Answers given in the textbook are incorrect. |

11. The equations of two regression lines are
10x — 4y = 80 and 10y — 9x = — 40.
Find :
(i) xand y.
(ii) by, and by, .
(iii) If var(Y) =36, obtain var(X).
@iv) r.
Solution :

Given : 10x — 4y =80, 10y —9x= —40

() xand y :
10x— 4y= 80 (1)
— 9%x+10y= —40 ... (2)

Multiplying equation (1) by 9 and equation (2) by 10

age 40 years. and then adding them, we get
e 90x— 36y= 720 =)
X =Age, Y =Systolic blood pressure. —90x + 100y = — 400 )
Given : x =50, y =140, 5,2 =150, ¢,> =165, n =10, o 6dy= 320
(x,— ) (y,—y) =1120 320

. Covixy) o

LY Put y =5 in equation (1), we get
82 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 2) (COMMERCE)
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10x — 4(5) = 80
<. 10x =80 +20
100

e 10
=0

Hence, x=10% y =5

(ii) by, and by, :
Let regression equation of X on Y be
10x — 4y =80
. 10x =4y + 80

4

. by=04
And another equation 10y — 9x = — 40 be the regres-
sion equation of Y on X.
S 10y =9x — 40
9 9
% y=10x—4 by,=i’d=0.9
Hence, by, =0.9 and b,, =0.4
(iii) Var(X) if Var() =36 .. ¢,=6:

¥y

gy
Now, byy=r-—
X

Sor=—036

Comment :

r2=h by

Hence, by, - by, > 0 and signs of by, and b,, should be same.
—1<r*<1=r*=(+1)% Hence the sign of correla-

tion coefficient is similar as the signs of b, and b,,. Here,

by, and b,, both are negative. Hence 7 is also negative and

hence X and Y are negatively correlated.

ACTIVITIES = Textbook pages 54 to 56

1. Consider a group of 70 students of your class to take
their heights in cm (x) and weights in kg (y). Hence
find both the regression equations.

Solution :

Let the data of 70 students on height (x) (in cm) and

weights (y) in (kg) are summerised in the following

results :

x=150 cm, y=45 kg

Z(x —x)* =15000, Z(y —y)* =27000.

Z(x —x)(y —y) =18000

(i) The regression equation of Y on X :

=a+b,x
2 0.9=0.6x:- ! 2 Fe—2XyL3) 18000 6
X x—x)y—-y) 1
Now, b, = = =—=12
L 09 1 .1 A W e = T s —x) 15000 5
06x6 o, i o, VAN
n gyt s =45—1.2(150)
. Var(X)=0,"=(4)*=16. — 45— 180 = —135
(iv) Coefficient of correlation r : Y= =Pl
- =y=12x—135.
r= /by by
=+./09x04 (ii) The regression equation of X on Y :
= +./036 x=a'+b,y
. r=0.6 ... (" byx and by, are positive) NB& _Z(x—i)(y—_v})_lSOOO_g
[ *Note : Answers given in the textbook are incorrect. | A S(y— 3})2 27000 3
- a=x—byy
12. If by, = — 0.6 and b,, = — 0.216 then find correlation ’
coefficient between X and Y. Comment on it. =150 3 (45) =150 —30
Solution : =120
Given : b, = —0.6, b, = —0.216
‘,y— ! % x=120+§y
r=t /by by
=+ /(= 0.6)(—0216) ax:gyﬂm
= +,/0.1296
3. LINEAR REGRESSION 83
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2. The age in years of 7 young couples is given below :

‘Husband(x)[ 21 l 25 ‘ 26 ‘ 24 ‘ 22 ‘ 30 v 20

‘Wife(y)‘19‘20‘24‘20!22124718

(i) Find the equation of regression line of age of husband on age of wife.

(ii) Draw the regression line of y on x.

(iii) Predict the age of wife whose husband’s age is 27 years.

Solution : (i)

Regression equation of age of husband (x) on age of wife (y)
x=a'+b,y
Now, b,, = L= x)("‘f-jy) P
Iy-y? A
a=x—byy

39
_24_ﬁle

816819

34
8

34

» r—_i+§
A VL Ve

;. 34x= —3+3%
. 34x—39 +3=0

Age of Age of (x—7%) y—v
Husband =~ Wife T=24 j=21 - 4 -
X y
21 19 -3 -2 6
25 20 1 -1 -1
26 24 2 3 6
24 20 0 -1 0
22 22 -2 1 -2
30 24 6 3 18
20 18 -4 -3 12
Zx =168 Yy=147 Z(x-X)=0 ZE@y-y)=0 42
— 3
x—-X)y—7)
=39

www.saiphy.com

y—n?

O O = e O =

(y-y)P=34
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(ii) Regression line of y on x :
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(Answers are given directly.) 4. Given: n=8, E(x,—x)? =36, Z(y,—y)* =40,
3. The equations of two regression lines are 5 (x,— F)y,—7) =24
10x — 4y =80 O ¢ b
. Z(X,—i)(\/‘—g)
l —9x="_40 cee (2) s b -
i — - T(x;—x)?
.. (x, y) is the point of intersection of both the
regression lines. —— lz
. solve equations (1) and (2), we get E
_ - : E(x—x)y;— )
x=|10|and y = s Oy
<=0 and 3 =[5} N
Now, consider 10x — 4y =80 E
© a=[10} b=[-4] "o 5
-, slope(m,) = _%z .. regression equation of Y on X :
4 - N
|—_| y—y=b,(x—x)
Consider, 10y —9x = —40 @
" a=[=9} b=[10] | y—@=@(x—@)
", slope (m,) = _g =@ .. regression equation of X on Y :
x—'z:bay(y_.';)
Lo lmy| > my) E]
1 x—[x]==-[¥]
" b, =[25]and be:@ 5]
.. 10x — 4y = 80 is the regression equations of E on 5. Consider, given
[Y]and n=8, E(x;—x)y,—y) =120, y=36, 6, =2, 5, =3
. 10y —9x = — 40 is the regression equations of Y v, )= E(x—x)y—y)
on _ ” % n
i
NOW, Y=:t\/byx'b,y =—=@
g, [ d 1
x + 10 “ =g @
r.—. b =cov(x, y)==I_E_]
xry
If Var(y) = 36, thena,=~/=@ ‘ ? El
.. regression equation of Y on X :
b, =rg1 -
T v-[y]=b.—[x)
@=x@ y—[36]=[3.75](x - [])
K ". regression equation of Y on X :
. —=(9 N -
,=0) x—x=(y—y)

<3
&
=
N
Il
~Q
~
|
(=]
Pt

- [5]-[E87]y -3
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INTRODUCTION Vs VS \

In practice we associate some events with the flow of
time. The price of shares and stock of industrial firms,
the population of a country, per-capita national
income, prices of different commodities, their produc-
tion, demand and sales, profit of industrial firms, etc.
are time based events. By studying the data of such
events it can be predicted about the nature of changes
in such events or phenomena. The data collected on
such time based events form a Time Series. The study
and analysis of the time series of the events affecting
the growth and development of the country play an
important role. This reflects the economic, industrial
and social development and growth of the country. In
this chapter we will study the basic elements of time
series and some statistical methods used in the analy-

sis of time series.

<_  IMPORTANT FORMULAE

”

y .
N

Notations :

x = variable quantity

t=time

x, = value of the variable at time t
T;=Secular trend or Trend

S, =Seasonal variation

C, = Cyclical variation

I; = Irregular variation

. Mathematical models of time series :

(1) Additive model :

X =T+ S+ Ce+ I
(2) Multiplicative model :
=T, xS xCyx1I,
Equation of linear trend :

x;=a + bt; where a, b are constants.

4. TIME SERIES 87
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Normal equations to fit a linear trend :
Xx;=na+bXt
Tty =aZt+bIH

. Short cut method :

We transform the values of  to a new variable u such

that Zu =0.

(1) If the number of terms of time series 7 is an odd
number :

 t—middle ¢ value
B h

where, h = distance between any two consecutive ¢

values.
(2) If the number of terms of time series 7 is an even
number :

t —mean of two middle { values
U=
h/2
where, h = distance between any two consecutive ¢

values.
Two normal equations are :
Ix;=na'+b'Zu
Tux,=a'Zu+b'Tu’
The equation of linear trend :

xp=a +bu

. Method of Moving Averages :

k =The moving average period

% . X+ X+ ... +X
First moving average =2~~~k

k
; X+ X% +X4
Second moving average =~ p 2+
. : Xy+Xg+ .. +X
Third moving average = —>——* n k12

and so on ...

When k is odd : Moving averages correspond to the
time for which time series is given.

When k is even: Moving averages correspond to
midway of two times for which time series is given.
Two-unit moving averages correspond to the time
period given.

(

4.1 : TIME SERIES

Definition of Time Series :

e Time series is a sequence of observations made on a

88

variable at regular time intervals over a specified
period of time.

The statistical data collected at successive interval of
time is referred to as time series.
‘A time series consists of data arranged chronologi-
cally, i.e. according to time.’

— Croxton and Cowden
‘A set of values depending on time is called time
series.”

- Kenny and Keeping

. Examples of time series :

(i) Yearly production of a commodity
(ii) Weekly price of a commodity
(iii) Monthly sales of an electronic item
(iv) Yearly amount of bank deposits
(v) Daily closing price of a share
(vi) Yearly GDP of a country.

4.2 : TIME SERIES ANALYSIS )

Time series analysis involves the use of statistical
methods to extract meaningful statistics from the time
series and understand important characteristics of the
observed data.
Time series analysis is useful in understanding the
pattern of changes in the variable over time.
Time series analysis is the method of understanding,
interpreting the evaluating chronological variations in
the past in time series. It helps us to make reliable
predictions in the future.
Uses of Time Series Analysis : The main objective of
time series analysis is to understand, interpret and
assess chronological change in value of a variable in
the past, so that reliable prediction can be made about
its future values. For example, an industrialist may be
interested in predicting the demand for his product for
making the production schedule.

The important uses of time series analysis are as

follows :

(1) Past behaviour : Time series analysis enables us to

describe the past behaviour of the variable under
consideration. This knowledge is useful in under-
standing various forces which are responsible for the
fluctuations in the values of the variable over the

passage of time.
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(2) Forecasting : The past behaviour of the data is pro-
jected into the future behaviour in order to forecast
the changes that are likely to occur in future. In
economic or business phenomena, such forecasting is
of utmost important in decision making regarding
inventory, sales and purchases, etc.

W
-~

Evaluating : Time series analysis is useful in evaluat-
ing the performance in comparison with predeter-
mined targets. For example, the achievement of Five
Year Plans are evaluated by determining the annual
rate of growth in the gross national product. This is
made possible by analysis of time series of the
relevant variable.

4

Comparison : It helps in comparing the behaviour
of two or more time series. For example, the agricul-
tural production over the last twenty years may be
compared with the population for the same sequence
of years, prices of gold and silver, prices of shares
may be compared over the last ten years period.

[ 4.3 : COMPONENTS OF TIME SERIES )

A critical study of time series reveals that the changes
in the values of variable under consideration are not
always haphazard. A part of the changes accounted for is
in the systematic pattern and the remaining is irregular.
This systematic part of the time series may be used for
forecasting. The systematic part of variations or fluctu-
ations of time series may be referred to as components of
a time series. There are four components of time series,
which are discussed below :

4.3.1 : Secular Trend (T)

The secular trend of time series is the long-term pattern
of the series which can be positive or negative depending
on whether the time series exhibits an increasing or a
decreasing long-term pattern. It is smooth, regular and
long-term movement of the time series. It is also known
simply as trend. The concept of trend does not include
short-time oscillations but rather the steady changes over
a long period of time. The study of trend helps in
predicting a value of variable x of time series for some
value of time # and in comparing two or more sets of time
series data. It may be noted that the trend may be linear
or non-linear in nature.

Examples of upward trend :
(i) yearly population
(ii) yearly agricultural production
(iii) yearly price index number
(iv) yearly profit of the company
Examples of downward trend :
(i) cost of electronic goods
(ii) proportion of illiterates
(iii) yearly death rates
(iv) yearly quantity of minerals

Examples of stagnant trend :
(i) yearly rainfall
(ii) monthly electricity consumption of a family
(iii) daily temperature of a place
(iv) daily demand of salt of a family

4.3.2 : Seasonal Variation (S)

In practice, many business and economic time series
consist of quarterly or monthly observations. Such series
exhibit the phenomenon of seasonality such that patterns
are repeated from year to year. These type of patterns of
variations found in time series are referred to as seasonal
variation. Thus seasonal variation involves patterns of
variation within a year that tend to be repeated from year
to year. For example, wool and woollens have a market
during the winter season only. Fan, coolers, AC and
cold-drinks are in great demand in summer. Umbrella
and raincoats are demanded more during the rainy
season. Certain festivals falling in a particular month
create demand of some items in these particular months.
For example, in Diwali festival there is a tremendous
demand for sweets, crackers, cloth, etc. Thus seasonal
variations are a reflection of climate conditions and

customers and habits of people.

The period of seasonal variation can be taken as year,
month, week, day or hour depending on the type of the
data available. Seasonal variation may be found in the
number of books issued by a library during the days in a
week, passenger traffic during the hours of a day.

Seasonal variations are measured by seasonal indices.
These types of variations are useful in short-term
forecasting. Using such short-term forecasting a
departmental store can plan its inventory for various

months in a year.

4/Navneet Mathematics and Statistics Digest : Std. XII (Part 2) (Commerce) 89

www.saiphy.com



www.saiphy.com

4.3.3 : Cyclical Variation (C)

Cyclical variation is a long-term oscillatory movement
that occurs over a long period of time. This time is
usually two or more years and is called a cycle. The
cyclical variations are not necessarily periodic since the
length of a cycle may change from one cycle to the other.

Cyclical variation is found in almost all business and
economic time series. In these type of time series it is
known as business cycle or trade cycle. The ups and
downs in business recurring at intervals of time are the
causes of cyclical variation. A business cycle consists of
four phases as shown in the following figure :

YA .
prospenty

prosperity

Vr

depression

time r

This figure represents the four phases of business
cycle : (i) prosperity (ii) recession (iii) depression and
(iv) recovery. Each phase changes gradually in the next
phase as shown in the figure.

Usually the period of cyclical variations is 5 to 10 years
or even higher in some cases. The period of a cycle often
changes from one cycle to the other. Cycles can be
affected by the internal factors of an organisation such as
inventory policy and by the external factors such as
economic conditions, government policies, etc.

4.3.4 : Irregular Variation (I)

Irregular variations are either wholly unaccountable or
caused by unforeseen factors such as floods, famines,
strikes, wars, etc. These type of variations do not follow
any particular pattern and hence they are totally un-
predictable. For this reason it is also known as unex-
plained or unaccounted variation.

TIME SERIES J

/

( 4.4 : MATHEMATICAL MODELS OF

There are two standard mathematical models for time
series based on four components of time series, namely,
secular trend (T), seasonal variation (S), cyclical
variation (C) and irregular variation (I).

4.4.1 : Additive Model

In this model, x, is assumed to be the sum of the four
components of time series.

Thus, x,=T,+ 5,4+ C,+ L,

In this model, it is assumed that the components are
non-interactive or independent. This assumption is not
realistic. Hence this model is not used for most of the

economic data.
4.4.2 : Multiplicative Model
Let x, = Value of the variable at time t.

According to classical approach it is assumed that
there is multiplicative relationship among the four com-
ponents of time series, i.e. x, is considered as the product
of the four components—secular trend (T,),
seasonal variation (S;), cyclical variation (C;) and
irregular variation (I,).

Thus, %,=T, xS5; x C X% ¥

In this model, only trend is expressed in terms of actual

value and the remaining components are expressed in

terms of percentage of trend.

Q4.5 : MEASUREMENT OF SECULAR TREND )

4.5.1 : Method of Free hand Curve (Graphical Method)

In this method, we first draw the curve or line-diagram
for the given time series by taking time on X-axis and
values of x, on Y-axis. Then we draw a free hand smooth
curve which seems to fit the data best.

e This method is simple and does not require any
mathematical calculation.

® This method is quite flexible and can be used for linear
as well as non-linear trend and involves minimum
amount of work.

e In this method, different researchers may draw
different trend lines for the same set of data. Thus it
is quite subjective and requires sound judgement.

o Forecasting may be risky if free hand curve is not

drawn by efficient and experienced person.

4.5.2 : Method of Moving Averages

In this method, firstly the period of moving average is
determined. Let k be the moving average period of a time
series. This will give us a new series of arithmetic means,

each of k successive observations of the time series. In this

90 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 2) (COMMERCE)

www.saiphy.com



www.saiphy.com

method, we start with first k observations, then we leave
the first observation and include (k + 1)st observation.
This process is repeated until the last k* observation

arrived. We find the moving average as follows :

. 2 Xy +Xy+ . +X
First moving average = o RBCH A SIIR

k
Z Xy +X3+ ... + X
Second moving average = ———> > el
, , X3+ X+ .. +X
Third moving average = —>——* z ki

and so on ...

Each of these averages is centred against the time
which is the midpoint of the time interval of the given
time series. If k is odd, the moving average is centred
against the given time values of the time series. If k is
even, the moving averages fall midway between two
time values. In this case, we calculate a two-unit moving
averages which correspond to the given time period of

time series.

If the period of moving average is selected properly, it
smooths out cyclical variations from the time series and
gives an estimate of the trend. If the trend is linear, then
the period of moving average is equal to or a multiple of
the period of the cycles.

Merits and Demerits :

The method of moving averages is flexible due to the
reason that if we add a few observations to the series, the
moving averages remain the same. As this method does
not provide a mathematical equation of the trend, it
cannot be used for forecasting purpose. Also in this
method a number of trend values at each end of the time

series remain unestimated.

4.5.3 : Method of Least Squares

This is the best method of measuring trend. Usually, a
polynomial of a suitable degree is chosen and its constant
are estimated by the method of least squares on the basis
of time series data. The choice of an appropriate poly-
nomial can be determined by the graphical representa-
tion of the data.
Fitting of Linear Trend : Let the equation of linear trend
be x, =a + bt where a, b are constants. According to the
method of least squares the constants ‘a’ and ‘b’ are

estimated by solving the following two normal equations :

Zx,=na+bXt (1)
Ztx,=alt+bIt? i (2)
where, t = time, n = number of time periods.

We obtain Zx,, Etx, £t and £t* from the data and
solving the equations we get least squares estimates of
a and b. Putting these estimates in x;=a+bf, we get
the fitted equation of linear trend.

We can transform ‘t’ to ‘u’ to make the calculation
easier.

When 1 is odd :

__t—middle t value

h
When h is even :

mean of two middle ¢ values
hi2
where, h=distance between any two consecutive t

u=t-—

values.
The equation of linear trend becomes y, =a' + b'u.
To estimate @’ and b’ the following two normal equations

are solved.
Zx,=na+bZu (1)
Tux,=a'Zu+bTu? . (2

¥x,, Tu, Tu? and Tux, are obtained from the data,
solving the equations we get least squares estimates of
@’ and b'. Putting these estimates in x,=a' +b'u, we get
the fitted equation of linear trend.

'EXERCISE 4.1 | _Ts*,*,,l!@ek pages 66 and 67

1. The following data gives the production of bleach-
ing powder (in "000 tonnes) for the years 1962 to
1972 :

Year 1962 | 1963 | 1964 | 1965 | 1966
Production ' 0 0 1 1 4

Year 1967 | 1968 | 1969 | 1970 | 1971 | 1972
Production = 2 4 9 7 10 8

Fit a trend line by graphical method to the above
data.

Solution : Taking year on X-axis and production on
Y-axis, we plot the points for production corresponding
to the years. Joining the points by straight lines we get
the graph for the given time series. We draw trend line

as shown in the figure 4.1.
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2. Use the method of least squares to fit a trend line to

value for the year 1975.

i Scale : X-axis 1 cm = 1 Year
Ylli Y-axis 1 cm = 1 unit
i
10} ®
: iE ﬁ
i £
9 ;
oy
531 & | X
T HiE
= oF :
2 }l JA——Trend line
3 :
20
4 ;
: 8 : &
355 E
:E g = N s
- ¥ -
—{ _— -
0 962 11963 - 1964 1965 1966 1967 . 1968 1969 1970 1971 1972 ' x
i Yarew aE
Fig. 4.1
. The equation of trend line is x,=a' + b'u.
the data in Problem 1 above. Also, obtain the trend ~ The two normal equations are
| Ex,=nd' +b'Eu . (1)
. Zux,=a'Zu+bIu? v (2)

Solution : Here, n=11. Hence, we transform year f to

‘u’ taking origin at 1967.

We construct the following table for calculation of

Su, Tu?, Ix, Tux, :

-

Year | Production
t Xy u=t—"67 u? ux,

('000 tonnes)
1962 0 -5 25 0
1963 0 4 16 0
1964 1 -3 9 -3
1965 1 -2 4 -2
1966 4 -1 1 —4
1967 2 0 0 0
1968 4 1 1 4
1969 9 2 4 18
1970 7 3 9 21
1971 10 - 16 40
1972 8 5 25 40
123
Total Ix=46  Zu=0 |Zu*=1100 - 9

Tux,=114

Putting the values Xx,=46, n=11, Zu=0. Zu*=110,

Zux, =114 in the equations, we get
46=11a"+b'(0)
114 =a'(0) + b'(110)

From equation (3), a’ = :—? =4.182

From equation (4), b'= % =1.036

We get the equation of trend line,
x,=4.182 +1.036u, where u =t —1967.
Trend value for the year 1975 :
For t =1975, u =1975—1967 =8
Putting u =8 in x, =4.182 + 1.036 4, we get
X975 = 4.182 +1.036(8)
=4.182 +8.288
" Xygys=12.47

Hence, the trend value for the year 1975 is 12.47 (in *

tonnes).

.. (3)
e (4)

000
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3. Obtain the trend line for the above data using 4. The following table shows the index of industrial
5-yearly moving averages. production for the period from 1976 to 1985, using
Solution : the year 1976 as the base year :
We construct the following table to obtain 5-yearly
. . Year 1976 =~ 1977 = 1978 | 1979 | 1980
moving averages for the data in problem 1 : | | | | [

Index 0 2 3 3 2

Year Production 5-yearly 5-yearly

2 < : Year 1981 1982 1983 @ 1984 | 1985
t  (in "000 tonnes) moving moving averages ! ! | ! !

X total Trend value Index 4 5 6 7 | 10
1962 0 = = Fit a trend line to above data by graphical method.
1963 0 _ _ Solution :
1964 1 12 Taking year on X-axis and index on Y-axis, we plot the
1965 1 16 points for indices corresponding to the years. We get the
1966 4 12 24 graph of the given time series. We draw trend line as
1967 2 20 40 shown in the figure 4.2.
1968 4 26 5.2
1969 9 32 6.4
1970 7 38 7.6
1971 10 - -
1972 8 - -

e ey

Index of industrial production

HHE > X
04 1976 11977 1978 . 1979 . 1980 . 1981 . 1982 - 1983 . 1984 . 1985

Yoar Sl

Fig. 4.2
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5. Fit a trend line to the data in Problem 4 above by
the method of least squares. Also, obtain the trend
value for the index of industrial production for the
year 1987.

Solution :

Here, n =10, we transform { to u by taking

u=2(t —1980.5)

We construct the following table for calculation :

Year Index of N=

t industrial  2(t-19805)  u? ux,
production x;
1976 0 -9 81 0
1977 2 -7 49 —14
1978 3 -5 25 -15
1979 3 -3 9 -9
1980 2 -1 1 -2
1981 4 1 4
1982 5 3 9 15
1983 6 5 ‘ 25 30
1984 7 7 49 49
1985 10 9 81 90
‘ 188
Total | Zx,=42 | Zu=0 Zu’=330/ - 40
Y ux, =148
The equation of trend line, x; =4’ + b'u
The normal equations are,
Xxy=na +bXu w5 (1)
Zux,=a'Zu+bTu? wauf2)

Here, n=10, £x,=42, u =0, Zu*>=330, Sux,=148
Putting these values in the normal equations, we get
42 =10a"+b'(0) = (3)
148 = a'(0) + b'(330) .. (4)
From the equation (3), we get

, 42
A== 42
From the equation (4), we get

. 148
b = 25y = 04485

Putting @' =4.2 and b’ = 0.4485 in x, = a’ + b'u, we get the
equation of trend line as
x,=4.2 +0.4485u, where u = 2(t — 1980.5)

I'rend value for the year 1987 :
For t =1987, u = 2(1987 — 1980.5)
=2(6.5)=13
Putting u =13 in x, =4.2 + 0.4485u, we get
Xy0ey =42 +0.4485 x 13
. X957 =42+5.8305
", Xy9g7 = 10.0305
Hence, the trend value for the index of industrial produc-
tion for the year 1987 is 10.0305.

6. Obtain the trend values for the data in problem 4
using 4-yearly centered moving averages.

Solution :

We construct the following table to obtain 4-yearly

moving averages for the data in problem 4 :

veui: | Badac d4-yearly 4-yearly 2 unit  4-yearly centred

: % moving moving moving moving averages
total | averages total (Trend value)

1976 0 = = = =

1977 2 8 20 - -

1978 3 10 25 4.5 225

1979 3 12 3.0 55 2.75

1980 2 14 35 6.5 3.25

1981 4 17 4.25 7.75 3.875

1982 5 22 5.5 9.75 4.875

1983 6 28 7.0 12.5 6.25

1984 7 - - - -

1985 10 - -

| Note : Answer given in the textbook is incorrect. |

7. The following table gives the production of steel (in
millions of tonnes) for years 1976 to 1986.

L Year 1976 1977 1978 1979 1980 | 1981

IProduction| 0 %4 L. 4 | 2 | 6 | 8

Year 1982 1983 1984 1985 1986
Production 5 9 4 10 10

Fit a trend line to the above data by the graphical
method.
Solution :
Taking year on X-axis and production on Y-axis, we plot
the points for production corresponding to years. Joining
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these points by staight lines, we get the graph of the given time series. We draw trend line as shown in the figure 4.3.

Y
4

' Production of steel (in millions of ldunés)

Scale : X-axis | cm = | Year
Y-axis | om = ] unit

>

8. Fit a trend line to the data in Problem 7 by the
method of least squares. Also, obtain the trend value

Of¥ 1976 1977 1978 1979 1980 1981 1982 1983 1984 1985 1986

Year ._.___>

i Fig. 4.3

The equation of trend line is x, =a' + b'u
The normal equations are

for the year 1990. Zx;=na'+b'Zu s (1)
Solution : Here, n=11. We transform year—t to u by Zux,=a'Zu+b Zu sss {)
taking u =t — 1981. Here, n =11, £x,=62, Su=0, Tu?=110,

We construct the following table for calculation : Zux, =8
‘ 1\ g | A Putting these values in normal equations, we get
Year Production u=t—1981 &2 ux, 62 =11a + b'(0) e (3)
] (. L \\ | 87=a(0)+b'(110) @
1976 0 -5 25 0 From equation (3), we get
1977 4 —4 16 ~16 =22 56364
11
1978 4 -3 9 —-12 . G o () :
rom equation (4), we ge
1979 2 2 4 —04 87““ 8
1980 6 -1 1 —06 b =13g=0.7909
1981 8 0 0 0 Putting @’ =5.6364 and b’ = 0.7909 in the equation
1982 5 1 1 5 x,=a'+b'u, we get the equation of trend line as
1983 9 2 4 18 x,=5.6364 + 0.7909 u
1984 4 3 9 12 Irend for the year 1990 :
1985 10 4 16 40 For t =1990, 1 =1990 — 1981 =9
1986 10 5 25 50 Putting 1 =9 in x, = 5.6364 + 0.7909 u, we get
125 Xy999 = 5.6364 +0.7909 x 9
Total £x,=62 Tu=0 [Eu=110 — 38 G 9000k 720
T ux, =87 ", Xyg9o = 12.7545
Hence, trend value for the year 1990 is 12.7545.
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9. Obtain the trend values for the above data using Solution :
3-yearly moving averages. (i) We construct the following table to obtain 5-yearly
Solution : moving average :
We construct the following table to obtain 3-yearly : :
moving averages for the data in problem 7 : Year Production  5-yearly 5-yearly
I ' ' (millions of moving  moving averages
: 3-yearly t
Year Production  3-yearly . barrels) x, total Trend value
maving totel moving averages
d t Trend value 1962 0 - -
1963 0 - -
1976 0 - = 1964 1 4 0.8
1977 4 8 2.6667 1965 1 . 14
1978 4 10 3.3333 1966 ’ 1 22
1979 2 12 4.0000 1967 3 15 3.0
1980 6 16 5.3333 1968 4 20 4.0
1981 8 19 6.3333 1969 5 25 5.0
1982 5 22 7.3333 1970 6 30 6.0
1983 9 18 6.0000 1971 7 35 7.0
1984 4 23 7.6667 1972 8 38 7.6
1985 10 24 8.0000 1973 9 41 8.2
1986 10 - - 1974 8 44 8.8
I £ 4 1975 9 - -
10. The following table shows the production of 1976 10 - =

- 5 .
gasc?lme anpRAdoe the y'ears OR w7} (ii) Taking year on X-axis and production trend on

Production Production Y-axis, we plot the points for production correspond-

Year = (million Year || (million ing to years to get the graph of time series and plot
barrels) barrels) the points for trend values corresponding to years to
1 get the graph of trend as shown in the figure 4.4.

1962 0* 1970 6 : .
1963 0 1971 7 W - o o
1964 1 1972 8 19
1965 1 1973 9 9
1966 2 1974 8 8
1967 3 1975 9 7
1968 4 1976 10 e
1969 5 e

(i) Obtain the trend values using 5-
yearly moving averages for the

above data.

Production of gamll‘ne in millions barrels
rJ W

(ii) Plot the original time series and the
trend values obtained in (i) on the

o -

same graph. (*Correction in text.) 1962 1963 1964 1965 1966 1967 1968 1969 1970 1971 19721973 1974 1975 1976, X
4 YearSissiuainitgrsy i
Fig. 4.4
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. EXAMPLES FOR PRACTICE 4.1 /

1. Find a trend line to the following data using the graphical method and interpret it :

Year 2008 2009 2010 & 2011 @ 2012 | 2013 | 2014 2015 2016 @ 2017 & 2018

Production
20 25 30 25 30 35 40 30 25 35 40
(in tons)

2. Find a trend line to the following data using the graphical method and interpret it :

Year 2005 2006 @ 2007 @ 2008 @ 2009 @ 2010 | 2011 & 2012 @ 2013 2014

No. of crimes
(in “000)

45 50 48 40 45 45 40 35 30

3. Find a trend by 3 years moving averages for the following data :

Year 2005 @ 2006 | 2007 @ 2008 2009 2010 2011 2012 2013 2014 2015

Index number 112 104 108 121 116 111 133 125 129 139 131

4. The cost of living index numbers for different months of the year 2015-"16 are given below. Find a trend using
5 monthly moving averages :

Cost of living Cost of living

Year/month Year/month
Index number Index number
2015 April 200 2015 November 218
May 194 December 196
June 181 2016 January 201
July 178 February 203
August 202 March 191
September 247 April 189
October 258 May 203

5. Find a trend value for the following time series using 4 yearly moving average :

Profit | Profit
Yer  n000n | | ™ | (in000%)
2005 406 2011 | 1016
2006 520 2012 638
2007 936 2013 563
2008 573 2014 677
2009 488 2015 1089
2010 59% 2016 718
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6. Fit a straight line trend to the following data by the method of least squares. Also obtain the trend values for the given
time series :

Year 2013 2014 2015 2016 @ 2017

Production (in "000 tons) 40 50 62 58 60

7. Fit a straight line trend to the following data by method of least squares :

Year 2011 | 2012 | 2013 @ 2014 2015 2016 2017 2018
Profit (in lakh ) 38 40 65 72 69 60 87 95

Also obtain the trend value for the year 2020.

Answer
1. Increasing trend 2. Decreasing trend
3. —, 108, 111, 115, 116, 120, 123, 129, 131, 133, —
4, —, —, 191.0, 200.4, 213.2, 220.6, 224.2, 224.0, 215.2, 201.8, 196.0, 1974, —, —.
5. —, —, 619.00, 638.75, 658.25, 676.37, 693.87, 713.37, 732.62, 751.75, —, —.
6. x=54+484, u=1t-2015

Trend values : 44.4, 49.2, 54.0, 58.8, 63.6

7. x=65.75+3.7u, u=2(t—2014)5
Trend for the year 2020 : 106.12.

} ' - 4. Moving averages are useful in identifying

\_ _MISCELLANEOUSEXERCISE-4 | () icooonul component

(Textbook pages 67 to 70) ®) iz compopnt

(c) trend component
I. Choose the correct alternative : 2
(d) cyclical component.
1. Which of the following can’t be a component of a o
5. We can use regression line for past data to forecast

time series? future data. We then use the line which
(a) Seasonality (b) Cyclical (a) minimizes the sum of squared deviations of past
(c) Trend (d) Mean. data from the line

2. The first step in time series analysis is to S inininsineh the; sum;of «deyiations-of jpast detn
(a) perform regression calculations | fepr e fece

(c) maximizes the sum of squared deviations of past
data from the line
(d) maximizes the sum of deviations of past data

(b) calculate a moving average
(c) plot the data on a graph

(d) identify seasonal variation.
from the line.

3. Time series analysis is based on the assumption that " 6. Which of the following is a major problem for

(a) random error terms are normally distributed. 5 forecasting, especially when using the method of
(b) the variable to be forecast and other independent least squares?

variables are correlated. (a) The past cannot be known
(c) past patterns in the variable to be forecast will (b) The future is not entirely certain

continue unchanged into the future. (c) The future exactly follows the patterns of the past
(d) the data do not exhibit a trend. (d) The future may not follow the patterns of the past.
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An overall upward or downward pattern in an
annual time series would be contained in which
component of the times series

(a) trend (b) cyclical

(c) irregular (d) seasonal.

The following trend line equation was developed for
annual sales from 1984 to 1990 with 1984 as base or
zero year.

Y1 =500+ 60X (in ¥ 1000). The estimated sales for
1984 (in ¥ 1000) is
(a) T 500

(c) T 1040

(b) T 560
(d) T 1100.

. What is a disadvantage of the graphical method of

determining a trend line?

(a) Provides quick approximations

(b) Is subject to human error

(c) Provides accurate forecasts

(d) Is too difficult to calculate.

Which component of time series refers to erratic time
series movements that follow no recognizable or

regular pattern?

(a) Trend (b) Seasonal
(c) Cyclical (d) Irregular.
Answers
1. (d) Mean

2. (c) plot the data on a graph

3. (c) past patterns in the variable to be forecast will

continue unchanged into the future.

4. (c) trend component

o

. (a) minimizes the sum of squared deviations of past

data from the line

< - component of time series is indicated by a
long wave spanning two or more years.
. P component of time series is indicated by up
and down movements without any pattern.
5. Additive models of time series ......... independence
of its components.
6. Multiplicative models of time series ......... indepen-
dence of its components.
7. The simplest method of measuring trend of time
series is .........
8. The method of measuring trend of time series using
only averages is .........
9. The complicated but efficient method of measuring
trend of time series is .........
10. The graph of time series clearly shows ......... of it is
monotone.
Answers
1. Trend 2. Seasonal 3. Cyclical 4. Irregular
5. assume 6. does not assume 7. Graphical
8. moving average 9. least square 10. trend.

III. State whether each of the following is True or

False :

. The secular trend component of time series repre-

sents irregular variations.

. Seasonal variation can be observed over several

years.

. Cyclical variation can occur several times in a year.

Irregular variation is not a random component of

time series.

. Additive model of time series does not require the

assumption of independence of its components.

6. (d) The future may not follow the patterns of the past
7: (a) trend 6. Multiplicative model of time series does not require
8. (a) T 500 the assumption of independence of its components.
9. (b) Is subject to human error 7. Graphical method of finding trend is very compli-
10. (a) Trend. cated and involves several calculations.
8. Moving average method of finding trend is very
IL. Fill in the blanks : complicated and involves several calculations.
) P component of time series is indicated by a 9. Least squares method of finding trend is very simple
smooth line. and does not involve any calculations.
2 e component of time series is indicated by 10. All the three methods of measuring trend will always
periodic variation year after year. give the same results.
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Answers 2. Fit a trend line to the data in Problem IV (1) by the
1. False 2. True 3. False 4. False 5. False method of lesst squaes,
6. True 7. False 8. False 9. False 10. False. Solution :
Here, n =9. We transform year f to u by taking
IV. Solve the following problems : u—1—1978.
1. The following table shows the production of pig- We construct the following table for calculation :
iron and ferro-alloys ("000 metric tonnes) :
Year Production u u? ux,
Year 1974 | 1975 | 1976 | 1977 1978 t X, = (t-1978)
Production 0 1 9 9 8 1974 0 —4 16 0
Year 1979 1980 1981 1982 Y : = . =12
1976 9 -2 4 —18
Production 5 - 8 10 1977 9 1 1 _ 9
Fit a trend line to the above data by graphical 1978 8 0 0 0
method. 1979 5 1 1 5
Solution : 1980 4 2 4 8
Taking year on X-axis and production on Y-axis, we plot 1981 8 3 9 24
the points for production corresponding to years. Joining 1982 10 B 16 40
these points, we get the graph of time series. We fit a | ‘ -
trend line as shown in the figure 4.5. Total Ex,=57 | Zu=0 ETu?=60 _139
i T ux, =38

Scale : X-axis 1 cm = 1 Year
Yeaxis 1 cm =1 umt =

>
>
~
~

The equation of trend line is x, =a’ + b'u.
The normal equations are

Ix;=na' +b'Zu

Zux,=a' Tu+b Zu?

57 =9a" +b'(0)
38 =a'(0) + b'(60)

From equation (3), we get

Here, n =9, Zx,=57, Zu =0, Zu? =60, Zux, = 38.

Putting these values in normal equations, we get

1)
- @

. (3)

. (4)

57

= —=6.33

a 9 6.3333

From equation (4), we get
38

bV =-—=0.6333

" T 60

"4 1974 1975 11976 1977 (1978 1979 1980 1981 1982 X' | Pyt ¢'=6.3333 and b’ = 0.6333 in x, =4 + b'u, we get the
_______ y Year Gy

equation of trend line as

x, = 6.3333 + 0.6333u, where u = (1 —1978).

Fig. 45
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3. Obtain trend values for data in Problem IV (1) using

5-yearly moving averages.

Solution :

We construct the following table to obtain 5-yearly

www.saiphy.com

moving averages for the data in Problem 1 :

Solution :

Year Production  5-yearly 5-yeaﬂy

£ e otel Trend value ;
1974 0 = -
1975 4 - - ;
1976 9 30 60
1977 9 35 7.0 ;
1978 8 35 7.0
1979 5 34 638 ;
1980 4 35 7.0 !
1981 8 - -
1982 10 = - ,

Year

1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981
1982

S»ummmnwnuoug
-1

4. Following table shows the amount of sugar produc-
tion (in lakh tonnes) for the years 1971 to 1982 :

Fit a trend line to the above data by graphical
method.

Taking year on X-axis and production on Y-axis, we plot the points for production corresponding to years. Joining these
points we get the graph of time series. We fit a trend line as shown in the figure 4.6.

H
it

>

i;. SEeie:
B3t 3tt 133888 3
3 3
3

i3
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) L 3
t g i ; : if
i8] : : i
ii : 333 '~::::: Trend line
g = -
EE 1 ;
e =
-9 il = =
& : / +
12 i : Y frnpnme
.!g.; : A
== it i
1975 1976 1977 1978 1979 1980 1981 1982 X
Year -
Fig. 4.6
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5. Fit a trend line to data in Problem 4 by the method
of least squares.

Solution :

Here, n=12. We transform year t to u by taking

u=2(t—1976.5).

We construct the following table for calculation :

Year Production u= u

2 ux,
t x, 2(t—1976.5)

1971 1 -11 121 - 11
1972 0 -9 81 0
1973 1 -7 49 - 7
1974 2 - 5 25 — 10
1975 3 -3 9 -9
1976 2 -1 1 - 2
1977 3 1 1 3
1978 6 3 9 18
1979 5 5 25 25
1980 1 7 49 7
1981 4 9 81 36
1982 10 11 121 110
199
Total Xx,=38 Tu=0 [Zu=572 — 39

Sux, =160

The equation of trend line is x, =a' + b'u.
The normal equations are

Ix,=na’ +b'Zu (1)
Sux,=a' Su+bIu? .. 2)
Here, n=12, £x,=38, Zu =0, Tu?=>572.

Zux, =160

Putting these values in normal equations, we get

38 =124'+b'(0) s {8)
160 = a'(0) + b'(572) e (4)

From equation (3), we get
, 38
a = - 3.1667

From equation (4), we get

, 160
b= 57~ 0.2797

Putting @’ = 3.1667 and b’ = 0.2797 iny, = a’ + b'(u), we get
the equation of trend line as x, = 3.1667 + 0.2797 u, where
u=2(t —1976.5)

6. Obtain trend values for data in Problem 4 using 4-yearly centered moving averages.

Solution : We construct the following table to obtain 4-yearly centred moving average for the data in Problem 4 :

Yeast Production 4-yearly 4-yearly 2-unit 4-ye?rly centren
t X moving total moving average = moving total bl ot
Trend value
1971 1 - - - -
1972 0 4 1.0 - -
1973 1 6 15 25 1.25
1974 2 8 2.0 3.5 1.75
1975 3 10 25 45 225
1976 2 14 3.5 6.0 3.00
1977 3 16 4.0 7.5 3.75
1978 6 15 3.75 7.75 3.75
1979 5 16 4.0 7.75 3.75
1980 1 20 5.0 9.00 4.50
1981 4 - - - -
1982 10 - - - -

[ Note : Answer given in the textbook is incorrect. |
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7. The percentage of girls’ enrollment to total Y Scale : X-axis | cm =5 Year
. = A el e o
enrollment for years 1960-2005 is shown in the bt i

following table :

Year 1960 1965 1970 1975 1980

v ¥

Percentage of £ HH
#%——— Trend line

girls” enrollment

Year 1985 1990 1995 2000 2005

Percentage of
. 6 8 8 10
girls’ enrollment

Fit a trend line by graphical method to the

Pcrn-'nlage of girls' enrollment HHHH

above data. -
Solution : i1 e

Taking year on X-axis and Percentage of enrollment

on Y-axis, we plot the points for enrollment corre- ‘—5- ‘1960 1965 + 1970 + 1975 ; 15:{30 1985 1990 1995 2000 2065 o
sponding to years. Joining these points, we get the J" ' Year e
graph of time series. We fit the trend line as shown
in the figure 4.7. Fig. 4.7
8. Fit a trend line to the data in Problem 7 by the method of least squares.
Solution :
Here, n =10 and the interval between the year t is 5. We transform ¢ to u by taking u = 2({%9825)
We construct the following table for calculation :
Percentage of =
Yetar enroilmgent L~ w ut *
N - v

1960 0 -9 81 0

1965 3 -7 49 —-21

1970 3 -5 25 —15

1975 4 -3 9 —12

1980 B -1 1 — 4

1985 5 1 1 5

1990 6 3 9 18

1995 8 5 25 40

2000 8 7 49 56

2005 10 9 81 90

209
Total Tx =51 Zu=0 Tu? =330 — 52
Zux, =157
4. TIME SERIES 103
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The equation of trend line is x, =4’ + b'u.

Two normal equations are

Ixp=na'+b'Zu sosii(1)

Tux,=a' Tu+b Zu? s (2)

Here, n=10, £x,=51, Zu=0, Zu>=330, Sux,=157
Putting these values in normal equations, we get

51 =10a’ + b'(0) .o+ (3)

157 = a'(0) + b'(330) .. (4)

From equation (3), we get

, 51 .
a —10—5.1

From equation (4), we get

157

'=_— =047
b 330 0.4758

Putting @' =5.1 and ¥’ = 0.4758 in x, =a' 4 b'u, we get the equation of trend line as

%, =5.1+0.4758 4,

2(t —1982.5)
where u =~ 3

9. Obtain trend values for the data in Problem 7 using 4-yearly moving averages.

Solution :

We construct the following table to obtain 4-yearly centred moving averages for the data in Problem 7 :

Vo Percentage of ety Nepeirly o et 4-yearly centred
t Eoisest moving total moving averages = moving total MORISE AVerages
X Trend value
1960 0 - - - =
1965 3 10 2.50 - -
1970 3 14 3.50 6.00 3.00
1975 4 16 4.00 7.50 3.75
1980 4 19 475 8.75 4.375
1985 5 23 5.75 10.5 5.25
1990 6 27 6.75 12.5 6.25
1995 8 32 8.00 14.75 7.375
2000 8 - - - -
2005 10 - - - -
[Note : Answer given in the textbook is incorrect. ]
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10. Following data shows the number of boxes of cereal
sold in years 1977 to 1984 :

Year 1977 1978 1979 1980

Number of boxes
0 3 8

(in ten thousands)

1981 1982 1983 1984

Year

Number of boxes
10 4 5 8

(in ten thousands)

Fit a trend line to the above data by graphical method.
Solution :

Taking year on X-axis and number of boxes on Y-axis, we
plot the points for number of boxes corresponding to

years. Joining these points we get the graph of time

o

' Number of Imn\s‘(ln 10000) —eee

—
=

oo

-~

o i

S

W

»

W

Scale : X-axis 1 cm = 1 Year
Y-gxi8 1 cm = 1 unit

2
series. We fit the trend line as shown in the figure 4.8.
1
i : > X
04 1977 (1978 1979 (1980 1981 | 1982 1983 | 1984
----- b £ i Year fe e
Fig. 4.8
11. Fit a trend line to data in Problem 10 by the method of least squares.
Solution :
Here, n = 8. We transfer year | to u, by taking u = 2(t —1980.5)
We construct the following table for calculation :
Year Number of boxes w—2(£~1980.5) u? .
t (in "000) x,
1977 1 -7 49 -7
1978 0 -5 25 0
1979 3 -3 9 -9
1980 8 -1 1 - 8
1981 10 1 1 10
1982 4 3 9 12
1983 5 25 25
1984 7 49 56
103
Total Tx,=39 Tu=0 T u? =168 = 24
Zux,=79
The equation of trend line is x, =a’ + b'u.
The normal equations are,
4. TIME SERIES 105
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Ix,=na' +b' Zu i (1)

Zux,=a'Zu + b’ Zu? s (D)

Here, n =8, £x, =39, Zu =0, Zu? =168, Tux,=79
Putting these values in normal equations, we get
39 =8a"+b'(0) e (3)

79 =a'(0) + b'(168) .. (@)

From equation (3), we get

a'= %9 =4.8750

From equation (4), we get

.79
b = g = 04702

Putting @’ = 4.8750, b’ = 0.4702 in x, =a’ + b'u, we get the equation of trend line as
x, = 4.8750 + 0.4702 u, where u = 2(t —1980.5).

12. Obtain trend values for the data in Problem 10 using 3-yearly moving averages.
Solution :

We construct the following table to obtain 3-yearly moving averages for the data in Problem 10 :

Production

Year 3-yearly Syeurly
(in 000) = moving total moving averages
; bA Trend value

1977 1 - -~

1978 0 B 1.3333

1979 3 11 3.6667

1980 8 21 7.0000

1981 10 22 7.3333

1982 1 19 6.3333

1983 5 17 5.6667

1984 8 - -

13. Following table shows the number of traffic fatalities (in a state) resulting from drunken driving from years 1975
to 1983 :

Year 1975 1976 1977 1978 1979 1980 1981 1982 1983
Number of deaths 0 6 3 8 2 9 4 5 10

Fit a trend line to the above data by graphical method.
Solution :
Taking year on X-axis and number of deaths on Y-axis, we plot the points for number of deaths corresponding to years.
Joining these points we get the graph of time series. We fit the trend line as shown in the figure 4.9.
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]

Y Scale : X-axis 1 em = 1 Year
Y-axis 1 cm =1 unit
10
9
18
g 7|
3 F
E E
; 6
2
g
z
4
3
T
4—-—6- >
1975 £1976 £1977 £1978 £ 1979 £ 1980 £ 1981 1982 +1983 X
Yy

Year ——————
Fig. 4.9

14. Fita trend line to data in Problem 13 by the method

Here, =9, £x,=47, Zu =0, Zu*=60, Zux,=40.
Putting these values in normal equations, we get
47 =9a’ + b'(0) ()
40 =a'(0) + b'(60) o (4)
From equation (3), we get

, 47
a = o 5.2222
From equation (4), we get

, 40
V= i 0.6667
Putting a2’ =5.2222 and b’ = 0.6667 in x, = a' + b'u, we get
the equation of trend line as x, = 5.2222 + 0.6667u,

where u = (t — 1979).

15. Obtain trend values for data in Problem 13 using
4-yearly moving averages.

Solution :

We construct the following table to obtain 4-yearly

moving averages for the data in Problem 13 :

Year Number of
t deaths x;

4-yearly 4-yearly

moving total moving averages

1975 0 - =
of least squares. 1976 6 B B
Solution : Here, n=9. We transform year t to u by 1977 3 17 425
taking u =t —1979. 1978 8 19 4.75
We construct the following table for calculation : 1979 2 22 5.50
Year Number of u 3 % 1980 9 23 5.75
t deaths x, =t—1979 ' 1981 4 20 5.00
' ' I &\ 2 1982 5 28 7.00
1975 0 —4 16 0
1976 6 -3 9 —18 o 4 - -
1977 3 —2 4 = 6
1978 8 | 1 ) 16. Following table shows the all India infant graphical
1979 2 0 0 0 rates (per “000) for years 1980 to 2010 :
1980 9 1 1 9
1981 4 ’ 4 8 _Yfar_ 1980 ' 1985 ‘ 1990 | 1995
1982 5 3 9 15 IMR 10 7 5 4
1983 10 4 16 40
1 ‘ = Year 2000 2005 2010
Total | Zx,=47 | Zu=0 |Zu®>=60 -32 IMR 3 1 0
Zux,=40 : :
. - Fit a trend line to the above data by graphical
The equation of trend line is x;, =a" + b'u. method.
The normal equations are, Solution :
Zxy=na'+b'Zu .. (1) Taking year on X-axis and mortality rate on Y-axis, we
Tux;=a'Zu+bZu? . (2) put the points for mortality rate corresponding to years.
4. TIME SERIES 107
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Joining these points we get the graph of time series. We
fit the trend line as shown in the figure 4.10.

Scale : X-axis | cm = 5 Years
Y-axis 1 cm = 1 unit

17. Fita trend line to data in Problem 16 by the method
of least squares.

Solution :

The equation of trend line is x, =a' + b'u.

The normal equations are,

Zx,=na’+b'Zu s

Sux,=a'Su+b Tu? )

Here, n=7,2x,=30, Zu=0, Zu?*=28, Tux;= —44

Putting these values in normal equations, we get
30=7a"+b'(0) vesiAR)

—44 =a'(0) + b'(28) o (4)

From equation (3), we get

,_30 _
a —~7-—4.286

From equation (4), we get

, —44
b —2—8 = —1.571

Putting 2’ =4.286 and b’ = — 1.571 in x, =a' + b'u, we get
the equation of trend line as

t—19
x, =4.286 — 1.571u, where u = . 95.

-

18. Obtain trend values for data in Problem 16 using
3-yearly moving averages.

Solution :

We construct the following table to obtain 3-yearly

moving averages for the data in Problem 16 :

Infant 3-yearl
Here, n=7 and interval between the year t is 5. Year ] 3-yearly . FeAry
. ¢ 1995 y Mortality Loving total moving averages
We transform year ¢ to u by taking u = 5 Rate x, Teend valte
We construct the following table for calculation : 1980 10 _ B
Year Infant = (t-1995) . o~ 1965 4 2 7.3333
t Mortality 5 1990 5 16 5.3333
Rate x, 1995 4 12 4.0000
2000 3 2.6667
stul ~1 ’ 14 2005 1 13333
1985 7 -2 4 - 14 gass
199 5 i 1 - I . = =
1995 4 0 0 0
2000 3 1 1 3
2005 1 2 -4 2
2010 0 3 9 0
5
Total  £x,=30 | Zu=0 Zu?=28 —49
Zux,= —44
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19. Following table shows the wheat yield (in "000
tonnes) in India for years 1959 to 1968 :

Year

1959
1960
1961
1962
1963

Fit a trend line to the above data by the method of

Yield

-0 N = O

least squares.

Solution :

Here, n=10, we transform year f to u by taking
u=2(t — 1963.5). We construct the following table for

calculation :
Yens Yield e
(in 000
t fonnes) 7. 2(t —1963.5)
1959 0 -9
1960 1 -7
1961 2 -5
1962 3 -3
1963 1 -1
1964 0 1
1965 4 3
1966 1 5
1967 2 7
1968 10 9
Total | Xx,=24 Zu=0

Year

1964
1965
1966
1967
1968

Yield

N o= s O

10

The equation of trend line is x,=a' + b'u.

The normal equations are,

Zx,=na' +b'Zu

Sux;=aXu+b Tu?

Here, n=10, £x,=24, Tu=0, Zu?=330, Zux,=9%

Putting these values in the normal equation, we get

24 =10a"+ b'(0)

94 = qa'(0) + b'(330)
From equation (3), we get

24
facis 0
=10

From equation (4), we get
, 94

b= 330 0.2848

Putting a' =2.4 and b’ = 0.2848 in x, =a' + b'u, we get the

equation of trend line as

x, =24+ 0.2848 u, where u =2(f —1963.5)

| Note : Answer given in the textbook is incorrect. |

20. Obtain trend values for data in Problem 19 using
3-yearly moving averages.

Solution :

We construct the following table to obtain 3-yearly

moving average for the data in Problem 19 :

~ Yield 3-yearly 3-yearly
(in "000 moving  moving averages
y 7 [ tonnes) x; total Trend value
1959 0 - -
: ux, 1960 1 3 1
4 1961 2 6 2
81 0 1962 3 6 2
49 - 7 1963 1 4 1.3333
25 —-10 1964 0 5 1.6667
9 _9 1965 4 5 1.6667
1 -\ 1966 1 7 2.33
1 0 1967 2 13 4.3333
9 12 1968 10 - -
25 5 [ Note : Answers given in the textbook are incorrect. |
49 14 y ”
81 90 ACTIVITIES = Textbook pages 70 and 71
121 [ Note : You may change the origin and scale in the following
Zu?=330 - 27 problems according to your convenience. |
Zux, =94 1. Daily SENSEX index values at opening are given for
fifty days in the following table. Plot a graph from
the data. Find the trend graphically, using moving
) averages, and by the method of least squares.
. (2) ’ Date Index Date Index
1Jan 19 36161.8 2 Jan 19 36198.13
3Jan 19 35934.5 4Jan 19 35590.79
e &) 7 Jan 19 35971.18 8Jan 19 35964.62
- @ 9]Jan 19 36181.37 | 10 Jan 19 36258
11 Jan 19 36191.87 | 14 Jan 19 36113.27
15 Jan 19 35950.08 | 16 Jan 19 36370.74
4. TIME SERIES 109
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Date

17 Jan 19
21 Jan 19
23 Jan 19
25 Jan 19
29 Jan 19
31 Jan 19
4 Feb 19
6 Feb 19
8 Feb 19
12 Feb 19
14 Feb 19
18 Feb 19
20 Feb 19
22 Feb 19
26 Feb 19
28 Feb 19
5 Mar 19
7 Mar 19
9 Mar 19

Index

36413.6

36467.12
36494.12
36245.77
35716.72
35805.51
36456.22
36714.54
36873.59
36405.72
36065.08
35831.18
35564.93
35906.01
35975.75
36025.72
36141.07
36744.02
36753.59

Date

18 Jan 19
22 Jan 19
24 Jan 19
28 Jan 19
30 Jan 19
1 Feb 19
5 Feb 19
7 Feb 19
11 Feb 19
13 Feb 19
15 Feb 19
19 Feb 19
21 Feb 19
25 Feb 19
27 Feb 19
1 Mar 19
6 Mar 19
8 Mar 19
12 Mar 19

Index

36417.58
36649.92
36146.55
36099.62
35819.67
36311.74
36573.04
37026.56
36585.5
36279.63
35985.68
35543.24
35837
35983.8
36138.83
36018.49
36544.86
36753.59
37249.65

Solution :

We take origin at 35000, we get the approximate

value of index as follows :

Date

1Jan 19
3 Jan 19
7 Jan 19
9 Jan 19
11 Jan 19
15 Jan 19
17 Jan 19
21 Jan 19
23 Jan 19
25 Jan 19
29 Jan 19
31 Jan 19
4 Feb 19
6 Feb 19
8 Feb 19
12 Feb 19
14 Feb 19
18 Feb 19

110

)
[N
%

—_ e ks NN N ke e e el e e e e ek e e e

Date

2Jan 19
4 Jan 19
8 Jan 19
10 Jan 19
14 Jan 19
16 Jan 19
18 Jan 19
22 Jan 19
24 Jan 19
28 Jan 19
30 Jan 19
1 Feb 19
5 Feb 19
7 Feb 19
11 Feb 19
13 Feb 19
15 Feb 19
19 Feb 19

© o N NN = e e N e e b e e e

.saiphy.com

l Date l Index Date Index
20 Feb 19 | 0 21 Feb 19 1
22 Feb 19 1 25 Feb 19 1
26 Feb 19 1 27 Feb 19 1
28 Feb 19 1 1 Mar 19 1

5 Mar 19 1 6 Mar 19 0
7 Mar 19 2 8 Mar 19 2
9 Mar 19 | 2 12 Mar 19 2

We take the group of 5 dates we get the data as follows :
1 2 3 4 5

Date 1Jan- 8Jan— 15Jan— 22Jan- 29 Jan-

group 7Jan  14Jan 21Jan 28 Jan 4 Feb
| Index | 5 | 5 . 5 | 6 | 6 |
6 7 8 9 10
Date 4 Feb- 12 Feb- 19 Feb- 26 Feb- 6 Mar—
group 11Feb 18Feb 25Feb | 5Mar 12 Mar
Index 10 l 5 1 3 I 5 i 8 |

Take date group on X-axis and Index on Y-axis. We get
the trend line as shown in the figure 4.11.

Scale : X-axis | cm = Date group
Y-axis 1 cm = 1 unit f

-

Trend line ~==p2

4 Feb
4-11 Feb

8-14 Jan
15-21 Jan
19-25 Feb

H26-12 Mar [t

Fig. 4.11
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Moving Average Method :
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We find trend taking 5 dates moving average :

www.saiphy.com

5 dates ? da.tes 5 dates ? da.tes
Date Index moving moving Date Index moving moving
total average total average
trend trend
1Jan 19 1 = = 6 Feb 19 2 10 2
2 Jan 19 1 - - 7 Feb 19 2 10 2
3Jan 19 1 5 1 8 Feb 19 2 9 1.8
4Jan 19 1 5 1 11 Feb 19 2 8 1.6
7 Jan 19 1 5 1 12 Feb 19 1 7 14
8 Jan 19 1 5 1 13 Feb 19 1 6 12
9 Jan 19 1 5 1 14 Feb 19 1 5 1
10 Jan 19 1 5 1 15 Feb 19 1 4 0.8
11 Jan 19 1 5 1 18 Feb 19 1 3 0.6
14 Jan 19 1 5 1 19 Feb 19 0 3 0.6
15 Jan 19 1 5 1 20 Feb 19 0 3 0.6
16 Jan 19 1 5 1 21 Feb 19 1 3 0.6
17 Jan 19 1 5 1 ‘ 22 Feb 19 1 5 1
18 Jan 19 1 6 12 25 Feb 19 1 5 1
21 Jan 19 1 6 1.2 26 Feb 19 1 5 1
22 Jan 19 2 6 1.2 27 Feb 19 1 5 12
23 Jan 19 1 6 12 | 28 Feb 19 1 5 1
24 Jan 19 1 6 12 1 Mar 19 1 4 0.8
25 Jan 19 1 5 1 5 Mar 19 1 5 1
28 Jan 19 1 5 1 6 Mar 19 0 6 12
29 Jan 19 1 5 1 7 Mar 19 2 7 14
30 Jan 19 1 6 12 8 Mar 19 2 8 1.6
31 Jan 19 1 7 14 9 Mar 19 2 = =
1 Feb 19 2 8 1.6 12 Mar 19 2 - ~
4 Feb 19 2 9 1.8
5 Feb 19 2 10 2
4. TIME SERIES
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Least Square Method :
We consider the data of group of 5 dates.

Date groups Index x, t u=t—55 u? u-x,
1 Jan- 7 Jan 5 1 —4.5 20.25 —-225
8 Jan-14 Jan 5 2 —3.5 12.25 —17.5
15 Jan-21 Jan 5 3 —-25 6.25 —12.5
22 Jan-28 Jan 6 N —-15 225 — 9.0
29 Jan—- 4 Feb 6 5 -0.5 0.25 - 30
4 Feb-11 Feb 10 6 0.5 0.25 5.0
12 Feb-18 Feb 5 7 1.5 225 7.5
19 Feb-25 Feb 3 8 25 6.25 7.5
26 Feb— 5 Mar 5 9 35 12.25 17.5
6 Mar-12 Mar 8 10 45 20.25 36.0
73.5
Total Zx, =58 - Zu=0 Tu?=82.50 —64.5
Zux,=9.0
The equation of trend line is x; =a" + b'u.
The normal equations are,
x;=na' +b'Zu sasslCL)
Tux,=a'Su+bIu? «+ (2)
Here, n=10, £x,=98, Zu=0, Zu?=8250, Zux,=9.0
Putting these values in normal equations, we get
58 =10a" + b'(0) .. 58 =104 Soa= % =58
, , . , R 9
9=a'(0) + b'(82.50) .. 9=282.50b = b=§i§=0.11

Putting @' =5.8 and b’ =0.11 in equation x, =a’ + b'u, we get the equation of trend line as
x,=5.8+0.11(t—5.5).

2. Onion prices (per quintal) in a market are given for fifteen days. Plot a graph of given data. Find the trend

graphically, using moving averages, and by the method of least squares.

Date Price Date Price ‘
24/1/2019 | 400 14/3/2019 | 600
31/1/2019 | 650 28/3/2019 | 600
3/2/2019 | 650 7/4/2019 | 800
7/2/2019 | 700 11/4/2019 | 801
24/2/2019 | 550 14/4/2019 | 800
28/2/2019 550 25/4/2019 800
5/3/2019 | 500 2/5/2019 | 800
7/3/2019 | 600 |
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Trend Graphically :
Take date on X-axis and Price on Y-axis. Plotting the price against date and joining the points we get the graph of the

given data and we draw trend line from the graph as shown in the figure 4.12.

11

Moving Averages Method :
We find trend by using 3-days moving averages :

www.saiphy.com

RFAS
Date Price "‘{ﬂ' novin;

moving 06l rrena
24-1-2019 400 = z
31-1-2019 650 1700 566.67
3-2-2019 650 2000 666.67
7-2-2019 700 1900 633.33
24-2-2019 550 1800 600.00
28-2-2019 550 1600 533.33
5-3-2019 500 1650 550.00
7-3-2019 600 1700 566.67
14-3-2019 600 1800 600.00
28-3-2019 600 2000 666.67
7-4-2019 800 2201 733.67
11-4-2019 801 2401 800.33
14-4-2019 800 2401 800.33
25-4-2019 800 2400 800.00
2-5-2019 800 - -

4. TIME SERIES
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Least Square Method :
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Date Price x,

24-1-2019 400
31-1-2019 650
3-2-2019 650
7-2-2019 700
24-2-2019 550
28-2-2019 550
5-3-2019 500
7-3-2019 600
14-3-2019 600
28-3-2019 600
7-4-2019 800
11-4-2019 801
14-4-2019 800
25-4-2019 800
2-5-2019 800

Total Zx; =9801

t u=t—8§ u
1 -7 49
2 -6 36
3 -5 25
4 —4 16
5 -3 9
6 -2 4
7 -1 1
8 0 0
9 1 1
10 2 4
11 3 9
12 - 16
13 5 25
14 6 36
15 7 49
- Su=0 Su* =280

21804
— 14200
Zux, =7604

The equation of trend line is x,=a'+ b'u.

The normal equations are,

Zx,=na'+b'Zu
Sux,=a'Xu+bXu?

9801 = 154"+ b'(0)
.. 9801 =15a'
7604 = a'(0) + b'(280)

. 7604 = 2800 Sob=

x;=653.4+27.16u

Putting u =t — 8, we get x,=653.4 4+ 27.16 (¢ —8).

. 9801

15

e (1)
L. @)
Here, n =15, £x,=9801, Zu =0, u* =280, X ux,=7604
Putting these values in normal equations, we get

.. (3)
=653.4
e (4)

7604
280

Putting ' = 653.4 and b’ = 27.16 in equation x, = 2’ + b'u, we get the equation of trend line as

=27.16

3. Following table gives the number of persons injured in road accidents for 11 years. Plot a graph from the data.

Find the trend graphically, using moving averages, and by the method of least squares :

Year 2006 | 2007 ! 2008 | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015 | 2016 ‘
Number of injured | 29955 | 27464 ‘ 32224 | 32144 | 25400 | 28366 | 27185 | 26314 | 24488 | 23825 | 22072 ‘
Solution :
We take origin to 22000, so we get the number of injured approximately as follows :
[ Year 2006 [ 2007 i 2008 | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015 | 2016 ‘
| Numberofinjured| 8 | 5 | 10 | 10 | 3 | 6 | 5 | 4 | 2 | 1 | 0 |
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Taking years on X-axis and number of injured on Y-axis, we get trend line as shown in the figure 4.13.

oo

gt

"li:: i ittt

L h S
@) 2006 * 2007 2008 - 2009 12010 * 2 ll*20|2!2013 2014
H £ 133331

s iR
+ 3

23333
’e

333

$333

833

33
3
37
1
$3s.

$33234

Fig. 4.13
Moving Averages Method : Least Square Method :
We find trend by using 3 yearly moving averages :
“Number

Number 3 yearly 3yearly Year of inlmd t o ju=t—6 u ux,
% total trenid 2006 8 1/| -5 | 25| -4
2006 8 - = 2007 5 2 —4 16 —-20
2007 23 7.67 2008 10 3 -3 9 —30
2008 10 25 8.33 2009 10 4 -1 4 —-20
2009 10 23 7.67 2010 3 5 -1 1 -3
2010 3 19 6.33 2011 6 6 0 0 0
2011 6 14 4.67 2012 5 7 1 1 5
2012 5 15 5.00 2013 4 8 2 4 8
2013 4 11 3.67 2014 2 9 3 9 6
2014 2 233 2015 1 10 4 16 4
2015 1 3 1.00 2016 0 11 5 25 0

2016 0 = i
Zut= 23
Total Zx,=54 - | Zu=0 110 —-113

Zux,= -90
4. TIME SERIES 115
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The equation of trend is x,=a' + b'u

The normal equations are,

Ix;=na'+b'Zu e (L)

Zux,=a' Zu +b' Tu? B 173

Here, n=11, Zu =0, Zu? =110, £x,=54, Tux,= —90
Putting these values in normal equations, we get

54=11a"+1b'(0) ... (3)
. 4 . ’ g_
. 54=1la Soa 11—4.91
—90=a'(0) + &'(110) .. (4)
’ . g %0 e
. —90=110b S.ob= Tio = 0.82

Putting @' =4.91 and b'= —0.82 in the equation x,=a' + b'u, we get the equation of trend line as x,=4.91 —0.82u
Putting u =t — 6, we get x,=4.91 —0.82(t —6).

4. Following table gives the number of road accidents due to over-speeding in Maharashtra for 9 years. Plot a graph
from the data. Find the trend graphically, using moving averages, and by the method of least squares :

Year 2008 | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015 | 2016

Number of accidents | 38680 | 18090 | 21238 | 28489 | 27054 | 26931 | 22925 | 24622 | 22071
Solution :

We take origin to 18000, we get approximate value of number of accidents as follows :

Year 2008 | 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015 | 2016
Number of accidents 21 0 3 10 9 9 5 7 4

Take year on X-axis and number of accidents on Y-axis, we get the trend line as shown in the figure 4.14.

=Y

T3 > :...::;S‘.:?:T:T:f:?::m::‘.:::::!:!ftt:‘.:t:.:
sh 5 Scale : on X-axis | con = 1 Year
Rt LTI on Y-axis 1 em = 2 units

=3t 8 13

4
i

i

s28

1
BO8S4 £
~

4
Hu;n

T 1338

S it
G
#
i
1

3118
[

V4
7.
/
7/
y
/

.... ' —
S 05008 £ 2009 2010 - 2011 £2012 52013 2014 52015 2016 * x|

Fig. 4.14
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Moving Averages Method :

We find trend by using 3 years moving averages :

3 years

www.saiphy.com

Number of 3 years

Year  accidents moving = moving averages

X total trend
2008 21 - -
2009 0 24 8.00
2010 3 13 4.33
2011 10 22 7.33
2012 9 28 9.33
2013 9 23 7.67
2014 5 21 7.00
2015 7 16 5.33
2016 4 - -

The equation of trend
The normal equations
Zx,=na'+b'Zu
Sux;=a'Zu+b Tu?

Here, n=9, £x,=68, Zu=0, Zu?*=60, Zux,= —44

isx;=a'+b'u
are,
. (1)
.

Putting these values in normal equations, we get

68 =94’ + b'(0)

;. 68 =9a' oA =—

—44 =a'(0) + b'(60)

. —44 =600

. )
68
5 =756
. (4)
—44
R
60 ’

Least Square Method :

Year

2008
2009
2010
2011
| 2012
2013
2014
2015
2016

Total

Number of
accidents

Xy

21

1

1x

0
3

0

=N v W0

O 00 N & O = W N =

[ * R S

Zu=0

Putting @' =7.56 and b’ = —0.73 in the equation x, =4’ 4+ b'u, we get the equation of trend as

x,=7.56—0.73u

Putting u =t —5, we get x,=7.56 — 0.73 (¢ — 5).

www.saiphy.com
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5.5 Cost of Living Index Number =31
5.5.1 Steps in Construction of Cost of Living Index Number <3131
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INTRODUCTION
Changes in the value of money are reflected in

changes in general level of prices over a period of time.
Also such changes in the value of money are found to
be inversely related to changes in price level. So
changes in the value of money can be understood well
by observing changes in the general level of prices
over a specified time period. Changes in the general
level of prices are measured using a statistical tool
known as Index Numbers.

Index numbers are not expressed in terms of any
units of measurement as they are ratios usually
expressed as percentage.

Index numbers are relative measures which indicate
the changes over a specified period of time in (i) prices
of commodities, (ii) industrial production, (iii) agri-
cultural production, (iv) imports and exports, (v) pri-
ces of shares, (vi) demand and supply, etc. They are
good indicators of inflationary or deflationary tenden-
cies of the economy of a country. Thus, they are
referred to as ‘Economic Barometers’ of the country.
They are also useful for Government and Management
people for taking the decisions and planning the
policies to be implemented in future.

\ IMPORTANT FORMULAE /

1. Simple Aggregate Method

(1) Price Index Number :
= 3X)

Ipo
p, = Price of commodity in the current year

Pos x 100,

Po = Price of commodity in the base year.

(2) Quantity Index Number :
Qp1.= zi‘;: x 100,
where g, = Quantity of commodity consumed in the
current year.
4o = Quantity of commodity consumed in the
base year.

(3) Value Index Number :

— M X lm
Zpodo

where p g, =Value of commodity in the current year.

01

Pofo = Value of commodity in the base year.
2. Weighted Aggregate Method

- Zpw
- Ipow

Py, x 100,

where w = weight assigned to commodity.
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(1) Laspeyre’s Price Index Number :

Zp,q
P,,(L) = =210 » 100,
O Epodo

where base year’s quantities (g,) are weights.
(2) Paasche’s Price Index Number :

P,,(P) = % x 100,

Pod1
where current year’s quantities (g,) are weights.

(3) Dorbish-Bowley’s Price Index Number :

Ipydo + Ip,q,
Ipodo  Ipods ke

L Py, (L) + Py, (P)
2

P,,(D-B) = 100

Note : Py,(D-B) is the mean of P, (L) and P,,(P).

(4) Fisher’s Price Index Number :

Zp1qo 5 Ip,q,

x100=/Py,(L) » P,,(P)
Podo  ZPofly Y79 "

Pox(F) -

Note : Py, (F) is the geometric mean of P, (L) and P,,(P).
(5) Marshall-Edgeworth’s Price Index Number :
Xz
Py, (M-E) = M % 100
Zpo(do +91)
Z z
- _Rﬁo + P191 x 100
ZPodo + Zpod

Note : In Py, (M-E), the mean of g, and q, is taken as weight.

(6) Walsch’s Price Index Number :

Py, (W) =M x 100
ZPov/ G091

Note : InP,, (W), the geometric mean of g, and 4, is taken as weight.
3. Cost of Living Index Number

(1) Aggregate Expenditure Method :

CLI=2P10 5 109
Zpodo

Note : This formula is equivalent to formula of Laspeyre’s formula.

(2) Family Budget Method :
_IIW P B
CLI= W' where I - x 100, W =poq,

Note : Both the formulae are equivalent.

[ 5.1 : DEFINITION OF INDEX NUMBERS |

Index number can be defined as follows :
o “Anindex number is a statistical measure designed to
show changes in a variable or a group of related

variables with respect to time, geographic location or
other characteristics such as production, income, etc.”

® “An index number is a measure which measures
the changes in some quantity which we cannot observe
directly.”

o Index number is a percentage ratio which measures
the average change in several variables between two
different times, places or situations.

| Notes :

o Index Number is an “economic indicator of business
activities.”

e “An Index Number is a numerical value characteriz-
ing the change in a complex economic phenomenon
over a period of time.” —Maslow.

® ““AnIndex Number is a statistical measure designed to
show changes in a variable or a group of related
variables with respect to time, geographical location or
some other characteristics.” - Spiegel.

e ““AnIndex Number is a measure designed to show an
average change over time in the price, quantity or
value of a group of items.” — Gregory and Ward.

® ““An Index Number is a device that measures differ-
ences in the magnitude of a group of related variables.”

- Croxton and Cowden.

¢ “An Index Number is a series that reflects in its trend

and fluctuations the movements of some quantity to
which it is related.” —B.L. Bowley.

¢ ““An Index Number is a special kind of average.”

- Blair. |

Examples of Index Numbers :

o NIFTY 50 is the benchmark index of the National Stock
Exchange (NSE) in India that represents the weighted
average of top 50 Indian companies across 13 different
sectors.

® S & P BSE Sensex is the benchmark index of the
Bombay Stock Exchange (BSE) in India. It is the
weighted average of 30 largest and most actively
traded stocks of Indian companies on the BSE.

l' 5.2 : TYPES OF INDEX NUMBERS ]

Index numbers are classified into the following three
categories :

(1) Price Index Number : It is the most common index

number which measures the general changes in the

5. INDEX NUMBERS 119
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prices of the goods. It is very good measure of
inflation in the economy. It compares the prices of
current year with the base year which represents
relative variation.

—
19
—

Quantity Index Number : It measures the changes in
the quantity of goods produced, consumed, sold or
purchased, etc. over the specified years. It is a good
indication of the output of an economy.

(3

-~

Value Index Number : It measures the combined
effect of changes in prices as well as quantities. It
takes product of price and quantity and measures the
percentage change in the value of a commodity or a
group of commodities.

([ 53: TERMINOLOGY AND NOTATIONS |

1. Terminology :

(1) Base Period : The period with respect to which
comparisons are made is called Base Period. It is
denoted by suffix zero (0).

(2) Current Period : The period for which compari-
sons are required to be made is called ‘Current
Period’. It is denoted by suffix one (1).

Note : The period may be ‘a day’, “a week’, “a month’ or ‘a year’.

2. Notations :

po : The price of a commodity in the base year.

go :Quantity of a commodity consumed during the
base year.

p, : The price of a commodity in the current year.

g, :Quantity of a commodity consumed during the
current year.

w : Weight assigned to a commodity according to its
relative importance in the group of commodities.

I :Price relative. It is given by I=,’% x 100. Simple
0

Index Number.

Py, : Price Index Number for the current year with
respect to base year.

Qo : Quantity Index Number for the current year with
respect to base year.

Vy; : Value Index Number for the current year with
respect to base year.

5.4.1: Simple Aggregate Method

In this method every commodity is given equal import-
ance.

(1) Price Index Number :
z
P,, =P x 100
Zpo
(2) Quantity Index Number :
4,
Qo1 ==—x 100
' g,

(3) Value Index Number :
Value = Price x Quantity
Base year’s value = p,q,
Current year’s value =p,q,

Ip.q,
= x 100
o 2Po‘io_

| EXERCISE 5.1 | Textbook pages 77 and 78

Find the Price Index Number using Simple Aggregate
Method in each of the following examples :

1. Use 1995 as base year in the following problem :

Commodity WP Q R S T

Price (in ) in 1995 15 20 24 22 28

Price (in X) in 2000 27 38 32 40 45

Solution :

Here, Base year = 1995

.. po= Price in the year 1995 and
p, = Price in the year 2000.

Price (in %)
Commodity

o Po | P1

P 15 27

Q 20 38

R 24 32

S 22 40

T 28 45
Total Ip, =109 Ip, =182

Price Index Number by Simple Aggregate Method :

x
P°,=z—”‘x100

( 5.4 : CONSTRUCTION OF INDEX NUMBERS | 1:;
There are two methods of constructing Index “109 e
Numbers : =1.6697 x 100
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=166.97 p, = Price in current year.
Hence, price index number is 166.97. ' Price (in ?)
Commodi Unit [
2. Use 1995 as base year in the following problem : 0 v g Yo 71
Commodity A B C D E Wheat kg 28 36
L | 1 | Ly Rice kg 40 56
Price (in %) in 1995 2 | 30 54 70 120 Milk litre 35 45
' ! J Clothing metre 82 104
Price (in %) in 2005 55 74 110 140 Fuel litre 58 72
Total Zpo=243 | Ip, =313
Solution :
Here, Base year = 1995 Price Index Number by Simple Aggregate Method :
.'. po="Price in th 1995 and z
Po = Price in the year an Py, = 291 .. 100
p, = Price in the year 2005. Zpo
. 313
Price (in ?) \ =23” U
Commodity £ 4 =1.2881 x 100
Po P =128.81
, price i is 128.81.
A o 60 He_nce price index mu_nl_)er is 128.8
B 30 55
? 4. Use 2000 as base year in the following problem :
& 54 74 N\ - Al .
D 70 110 Contmodity Price (in ) for Price (in ) for
E 120 140 | year 2000 year 2006
! Watch 900 1475
Total Epo=316 | Xp, =439 Shoes 1760 2300
Sunglasses 600 1040
Price Index Number by Simple Aggregate Method : Mobiles 4500 8500
P01 =§# x 100 Solution :
Po Here, Base year = 2000
=599 % 100 .. po = Price in the year 2000 and
6 p, = Price in the year 2006.
=1.3892 x 100 : o 4
Price (in )
=138,
18892 Commodity T
Hence, price index number is 138.92. Po P1
N Watch 900 1475
% Shoes 1760 2300
Sunglasses 600 1040
Base Year Current Year ‘ .
Commodity Units Mobiles 4500 8500
Price (in %) Price (in ?) ‘ [ ‘
| Total Zpo=7760 | Ip, =13315
Wheat kg 28 36 . .
Price Index Number by Simple Aggregate Method :
Rice kg 40 56 5
Milk litre 35 45 Py o= -2—% x 100
0
Clothing metre 82 104 \ 13315
Fuel litre 58 72 =760 < 100
G =1.7159 x 100 = 171.59
Solution :

Here, p, = Price in Base year

Hence, price index number is 171.59.
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5. Use 1990 as base year in the following problem : Solution :

Price in 1990 ~ Price in 1997 Here, base year = 2000

Commmadity S (in?) (in?) .'. po = Price in the year 2000 and
— ' . 5 ' 35 p, = Price in the year 2007.
utter g 2
Cheese kg 30 36 Price (in ?)
Milk litre 25 29 Fruits Unit
Bread loaf 10 14 Po P1
Eggs d.oz %4 36 Mango doz 250 300
Ghee S =0 0 Banana doz 12 24
Solution : Apple kg . 110
Peach kg 75 90
Here, Base year = 1990 Orange doz 36 65
*. Po = Price in the year 1990 and Sweet Lime doz 30 45
p, = Price in the year 1997. Total Spo—483 | Ip, =634
Pricy 940 Price Index Number :
Commodity Unit v
, s i Py =522 x 100
Butter kg 27 33 6::
Cheese kg 30 36 VTR 100
Milk litre 25 29 )
Bread loaf 10 14 =1.3126 x 100 = 131.26
Eggs doiz 24 36 Hence, price index number is 131.26.
Ghee tin 250 320 | :
! I LTS — 7. Use 2005 as base year in the following problem :
Total Ipy= Iy, = 4 A\ N\ | ¥ 7 1 |
o | | Poi 7366 | 7771 ) 468 Price Price
Vegetables Unit in 2005 in 2012
i ber :
Price Index Number n D P
Zp 1 ! 1
Po; = z_p; x 100 Ladyfinger kg 32 38
468 Capsicum kg 30 36
Tomato kg 40 62
=1.2787 x 100 Potato kg 16 28
=127.87 : ;
Seolution :

Hence, price index number is 127.87.

Here, Base year = 2005

6. Assume 2000 to be base year in the following - {Pot Price i theyeak 20057and p, = Price in the year

problem : 2012.
. ) Price in 2000 Price in 2007 Price (in )
Fruits Unit E > Vegetables Unit T

(in ) (in3) Po P
Mango doz 250 300 Ladyfinger kg 32 38
Banana doz 12 24 Capsicum kg 30 36
Apple kg 80 110 Brinjal kg 40 60
Peach kg 75 90 Tomato kg 40 62
Orange doz 36 65 Potato kg ' 16 ‘ 28
Sweet Lime doz 30 45 Total Ip, =158 Ip, =224
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Price Index Number :
_ZIp
Py, = %, x 100

224

=1.4177 x 100
=141.77

Hence, price index number is 141.77.

Find the Quantity Index Number using Simple
Aggregate Method in each of the following examples :

8.

Commodity 1 11 o 1v v

Base Year quantities 140 = 120 | 100 | 200 225

Current Year quantities

Solution :
Let, g, =Quantity of base year and
4, = Quantity of current year.

Quantity
Commodity 22 Al —rifitd

To 9
I 140 100
i 120 80
I 100 70
v 200 150
A% 225 185

Total g, =785 Zg, =585

Quantity Index number by Simple Aggregate Method :

_Zgq,
Qo = e 100

100 80 70 150 185

Solution :
Let, g, = Quantity of base year and
9, = Quantity of current year.

Quantity
Commodity

o 91
A 360 440
B 280 320
C 340 470
D 160 210
E 260 300

Total Iq,=1400 Xq,=1740

Quantity Index number by Simple Aggregate method :
Zq, 1740
QOI =}:—q; X 100=—1400 x 100
=1.2429 x 100 = 124.29

Hence, quantity index number is 124.29.

Find the Value Index Number using Simple Aggre-
gate Method in each of the following examples :

10.

Base Year Current Year
Commodity ! ! 1 |
| Price Quantity Price Quantity
| (in3) (in )
A i 30 22 40 18
B 40 16 60 12
C 10 38 15 24
D 50 12 60 16
E 20 28 25 36

Solution :
Here, p,=Price in base year, p, =Price in current year,
9o, = Quantity of base year and

_585 % 100 9, = Quantity of current year.
785 .
— 0.7452 x 100 Base year | Current year ‘
; Commodity - ' ‘ Podo | P
=74.52 Po ‘ To P1 T
Hence, quantity index number is 74.52. A 30 22 40 18 660 720
B 40 16 60 12 640 720
2. C 10 | 38 | 15 | 24 | 380 | 360
Commodity A B c D E D 50 12 60 16 600 960
‘ - < - : E 20 28 25 36 560 900
Base Year quantities 360 280 340 160 @ 260 1 | I [ I
| ! ! - ' Total Zpodo | Zp.dy
Current Year quantities 440 320 470 210 300 =2840 =3660
5. INDEX NUMBERS 123
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Value Index Number by Simple Aggregate Method :

%" Zpodo
3660
=—X
2840
—1.2887 x 100
=128.87

zplql % 100

100

Hence, value index number is 128.87.

11.
Base Year Current Year
Commodity | T 1 =1
Price  Quantity Price  Quantity
(in ) (in )
A 50 22 70 14
B 70 16 90 22
C 60 18 105 14
D 120 12 140 15
E 100 22 155 28
Solution :

Let p, = Price in base year,
p, = Price in current year,
4o = Quantity of base year,
4, = Quantity of current year.

- . - VR VAR .

’ Base year | Current year :
Commodity | BR% \ Pode | Pud:
| 2o | 40 ’ | @ |
A 50 | 2 | 70 | 14 | 1100 & 980 |
B 70 | 16 90 | 22 | 1120 | 1980
C 60 | 18 | 105 | 14 | 1080 | 1470
D 120 | 12 | 140 | 15 | 1440 | 2100 |
E 100 | 22 | 155 | 28 | 2200 | 4340 |
b
Total oo IPid:

=6940 =10870

Value Index Number by Simple Aggregate Method :

_Ipagy
Vo1 = Z—Po% x 100

10870
" 6940

=1.5663 x 100
=156.63

Hence, value index number is 156.63.

x 100

12. Find x, if Price Index Number by Simple Aggregate
Method is 125 :
Commodity P Q R S 3 )
Base Year Price (in ) 8 12 | 16 | 22 | 18

Current Year Price (in %) 12 18 x 28 22

Solution :

Given: Py, =125, x="?

Price (in %)
Commodity T
Base year p, Current year p,
P 8 12
Q 12 18
R 16 x
S 22 28
T 18 22
Total Zp,=76 Zp, =80+x

Now, Price Index Number

P0,=§—Z(‘;x100

80 +x

y 152

x 100

 125x76

100 =80+x

. 95=80+x

. 95—-80=x
% =15

Hence, the value of x is T 15.

13. Find y, if the Price Index Number by Simple
Aggregate Method is 120, takin 1995 as base year :

Commodity ' A B 4 C 4 D
Price (in ) in 1995 95 v | 80 | 35
7I’;ice (in ) in 2003 T 116 i 74 ¥ 92 i 42
Solution :

Here, Base year = 1995

.. po="Price in 1995 and
p; = Price in 2003.

Given : Py, =120, y=?
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Price (in )
Commodity :
Po . P
A 95 116
B y 74
C 80 2
D 35 42
Total Ipe=210+y Ip,=324

Now, Price Index Number
Xpy
Poy = 2—}70 x 100
324
210 +y
" 120(210 + y) = 32400
32400
120
S 210 +y =270
;. y=270—210
Soy=60
Hence, the value of y is T 60.

x 1

2104y =

\

. EXAMPLES FOR PRACTICE 5.1 )

1. Calculate the Price Index Number using Simple
Aggregate Method with respect to the base year 2010 :

Commodity Price in 2010 Price in 2020
A 12 40
B 30 40
C 10 25
D 25 30

2. Calculate Price Index Number using Simple Aggre-
gate Method taking 2012 as the base year :

Commodity Price in 2012 Price in 2015
A 12 38
B 28 42
C 10 24
D 26 30
E

24 46

3. Calculate the Quantity Index Number for the year
2020 using Simple Aggregate Method from the follow-
ing data :

Quantity consumed in the year

Commodity
2019 2020
Wheat 50 60
Rice 40 90
Potato 70 70
Sugar 40 50

4. Calculate Value Index Number for the year 2020 using

Simple Aggregate Method :

2016 2020
Commodity Price Quantity Price Quantity
l (nd Gnky (G(nd  (nkg
A | 5 60 10 50
B \ 6 40 18 60
C 4 15 6 20
D

10 25 30 20

5. Find x from the following data if Price Index Number
is 132:

Commodity A B C D E
Price Base year 100 20 x 50 80

(n?) | Currentyear 130 30 30 80 93

6. Find y from the following data if the Quantity Index
Number is 120 :

Commodity A|lB|c|D
Quantity Base year 50 40 20 5
(in kg) Current year 60 40 15 y

7. Find x from the following data if the Value Index
Number is 200 :

Base Year Current Year
-
Commodity = Price Quantity Price Quantity
(in %) (in kg) (in Q) (in kg)
A 10 10 20 10
B 8 20 22 15
C 2 x 8 10
D 9 10 16 10
E 5 6 3 10
Answers
1. 175.32. 2. 180. 3. 135. 4, 270.59. 5. x.=25.

6. y=23. 7.x=10.
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5.4.2 : Weighted Aggregate Method

In this method, suitable weights are assigned to
various commodities according to their relative import-

ance in the group.
If w is the weight assigned to a commuodity,

Price Index Number P, = Zzlw
0

In most of the cases w = Quantity consumed.

x 100

Methods of constructing Weighted Index Number :

(1) Laspeyre’s Price Index Number :
Here, w = base year’s quantity

P01(L)"" 71‘70 x% 100
ZPodo

(2) Paasche’s Price Index Number :

Here, w = current year’s quantity

P,,(P) ——Z 11 100

o1
(3) Dorbish-Bowley’s Price Index Number :
Zpido | Zpud
Poho Epod
Py,(D-B) = % x 100

Relation among Laspeyre’s, Paasche’s and

Dorbish-Bowley’s Index Numbers :
Dorbish-Bowley’s Index Number is the arithmetic
mean of Laspeyre’s and Paasche’s Index Numbers, i.e.

P,, (D-B)= P, (L) +Po, (P) ;_‘ Po,(P)
zplqo X 100 Skt ! L. zplql w
_ZPoo zPo‘h
2
Zpy4o +2p141
Zpodo  ZpPod
Py, (D-B) = % % 100

(4) Fisher’s Price Index Number :

Zp 4o = Zp, g,

Poil®)= [ Zouto * Trots

x 100

Relation among Laspeyre’s, Paasche’s and Fisher's
Index Numbers :
Fisher’s Index Number is the geometric mean of

Laspeyre’s and Paasche’s Index Numbers, i.e.
Poy(F)= \-"EPM(L) “Poy(P)

27’1‘70 Px‘h
= 100 x —= x 100
\/ Epoqo Zpody
zPl‘lo Pl‘?l
Py, (F) = x 100
ot Zpodo 2?0‘?1
126

(5) Marshall-Edgeworth’s Price Index Number :

P, (M-E) = P10 1)

x 100
Zpo(qo +94)
_Ipiqo +Ep1qy % 100
 Zpofo + ZPods
(6) Walsch’s Price Index Number :
Po‘(w) Zpl\’/qoql 100
Zpor/ G091

EXERCISE 5.2 | Textbook page 82 |

Calculate Laspeyre’s Paasche’s, Dorbish-Bowley’s
and Marshall-Edgeworth’s Price Index Numbers in

Problems 1 and 2:

:
Base Year Current Year
Commodity
Price Quantity Price Quantity
A 8 20 11 15
B 7 10 12 10
C 3 30 5 25
D 2 50 4 35
Solution :
Base Year  Current Year
Commodity Pio | Poflo | Prdy | Pofly
Po Jo {’1 q1
A | % 20 11 15 220 | 160 | 165 | 120
B 7 10 12 10 [120| 70| 120 | 70
C 3 |30/ s 25 [150 | 90 | 125 | 75
‘ D 2 50 | 4 35 200 | 100 | 140 70
Total Zpido TPodo ZP14: ZPofy
=690 =420 =550 =335
Laspeyre’s Price Index Number :
Py
Po(L)=5—2x1
01(L) p o" 00
690
=—x 100
420
=1.6429 x 100
=164.29.
Paasche’s Price Index Number :
PM(P)———” 191 100
Zpoq,
550
—x1
335 < 100

=1.6418 x 100 = 164.18
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Dorbish-Bowley’s Price Index Number :

AAAAAA oy sz‘h
zPoqo Zpod, % 100
2
16429 +1.6418
S e

Py, (D-B) =

x 100

_32847
2

=1.6424 x 100

=164.24

x 100

[Alternative Method :

Pyy(L) + Py, (P)  164.29 +164.18
2 B 2

= 3—282'47 =164.24]

Py, (D-B)=

Marshall-Edgeworth’s Price Index Number :
E) = Zpiqo + P14y

EPoflo + ZPofls
690+ 550

T 420+335 335 *An

= % x 100
=1.6424 x 100
=164.24
Hence, P,,(L)=164.29, P,,(P)=164.18,

P,,(D-B) = 164.24 and P, (M-E) = 164.24.

POI(M-

[Note : Answers given in the textbook are incorrect. |

2.
Base Year Current Year
Commodity T | N :
Price Quantity Price Quantity
I 10 9 20 8
I 20 5 30 4
m 30 7 50 5
v 40 8 60 6
Solution :
Base Year |Current Year ,
Commaodity Pulo | Pofle | Pufly | Pols
Po Go | P2 L f1 |
I 0,9 |20 8 | 180 | % 160 | 80
I 20 5 30 < 150 100 120 80
I 30 7 50 5 350 210 250 150
v 4 | 8 | 60 | 6 | 480 | 320 | 360 | 240
Total Ip\90 EPodo IPif: IPofy

=1160 =720 =890

5. INDEX NUMBERS

=550

Laspeyre’s Price Index Number :

100

Ipiqo
P,,(L) = X
o Ipoqo

1160
—ﬁa x 100

=1.6111 x 100
=161.11

Paasche’s Price Index Number :
zPl‘h

Zpod,

:_si_oxloo

Poy(P)= 100

=1.6152 x 100
=161.82

Dorbish-Bowley’s Price Index Number :

l_’m(L) + Py, (P)

P,, (D-B) = >

16111 + 161.82
-

_32293
T2
=161.46

Marshall-Edgeworth’s Price Index Number :

Zpi90 + Zp.4y
P,,(M-E)=21210 ~ 7111 o 100
Y, 2poGo + Zpod,

_ 1160 + 890

720+ 550 100

2050
1270

=1.6142 x 100
=161.42
Hence, P,,(L)=161.11, P,,(P)=161.82,
PM(D-B) 161.46 and Pol(M-E) 161.42.

% 100

Calculate Walsch’s Price Index Number in problem
3and 4:

3.
Base Year Current Year
Commodity
Price Quantity Price Quantity
L 4 16 3 19
M 6 16 8 14
N 8 28 7 32
127
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Solution : 5. If P,,(L)=90 and P,,(P) =40, find P, ,(D-B) and

Base | Current Py, ().

: Solution :
Commodity| Year = Year | 5.,
g et Landiald Lendies Given : P, (L) =90, Py, (P) =40, P,,(D-B) =2, Py, (F)

Po|9 | P | T
| | P + Py, (P
|~ We have, P,,(D-B) = Poy (@) + Py, (P)
L 16| 3 |19 304 | 1744 | 5232 | 6976 2
M 6|16| 8 |14 | 224 | 1497 | 11976 | 89.82 90 +40 130
N 8 (28| 7 (32| 896 | 2993 | 20951 | 23944 = g oo
Total £p17/808: EPor/40: =65
=38159  =399.02 We know that, P,(F) is geometric mean of Pg,(L) and

Py, (P).
" Poy(F)= \/JPN(L) x Pg,(P)

Py, (W) = =P 901 109 = /90 x 40

Walsch’s Price Index Number :

Zpov
Pov/ God1 d J%TO
T
~399.02 3
—0.9563 x 100 = 95.63 Hence, P,,(D-B) =65 and P, (F) = 60.
Hence, Walsch's mdex number is 95.63. 6. If zpoqo — 140’ Zpo‘h =200, ZPMO — 350 and
[Note : Answer given in the textbook is incorrect. | Ep,q, = 460.
4 /4 — Find Laspeyre’s, Paasche’s, Dorbish-Bowley’s and
. . Marshall-Edgeworth’s Price Index Numbers.
Base Year Current Year Solubion :
Commodi - —t—— :
S Price = Quantity  Price  Quantity Given : Zpyq, = 140, Epoq, = 200, Zp,q, = 350,
******** — TH S 1 | Zp,q,=460.
I 10 12 20 9 P19
1 20 4 25 8 Laspeyre’s Price Index Number :
I 30 13 40 27 _Ipiq,
v 60 2 75 3% Fal) s 1®
: \ /B 7 350
Solut : e it
olution \\ 4 i 140 x 100
Base | Current =2.5x100
Commodity| Year | Year | qog, | /g /3o | P/t | ~250
Po |90 P | 1 : | - Paasche’s Price Index Number :
1 10{12|20 | 9| 108 | 1039 | 2078 : 1039 P,,(P)= 2P % 100
it 20 4|25 | 8| 32| 566 | 1415 1132 | Zpoq,
O [30(13 /40 |27 | 351 | 1873 | 7492 | 5619 | 460
v 60129 |75 | 36 | 1044 | 3231 1 24232 1938.6 =2ﬁ %100
Total £pi/a08s EPon/aoh| | =23 x100
=3521.75 | =2717.6 | | =230
Walsch’s Price Index Number : Dorbish-Bowley’s Price Index Number :
e Ipido , Tpad
Zpi\/ 9o L L
" ZPov/ 4o Poy(D-B) = _Eg‘fgz_fo_‘h x 100
3521.75
= 25423
27176 <100 ==——x100
=1.2959 x 100 =129.59 48
Hence, Walsch’s index number is 129.59. = %100
[Note : Answer given in the textbook is incorrect. | —2.4 x 100 =240
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Marshall-Edgeworth’s Price Index Number :
Zp14o + Xp1ds
Poy(M-E) = =P190 T 211 449
i ZPofo + Epody
_ 3504460
- 140 +200

810
=340 x 100

=2.3824 x 100
= 238.24.

100

7. Given that, the Laspeyre’s and Dorbish-Bowley’s
Price Index Numbers are 160.32 and 164.18 respec-
tively. Find the Paasche’s Price Index Number.

Solution :

Given : Py, (L) =160.32, Py,(D-B) = 164.18, P,,(P) =?

We know that,

Py, (L) + Py, (P)

2

160.32 + Py, (P)
2
. 2(164.18) =160.32 + P, (P)
.. 328.36 —160.32 =P, (P)
.. 168.04 =P,, (P)
. Py, (P)=168.04
Hence, P,,(P) is 168.04.

Py, (D-B) =

. 16418 =

8. Given that, Ip,q,=220, Ip,q, =380, Ip,q, =350
and Marshall-Edgeworth’s Price Index Number is
150. Find Laspeyre’s Price Index Number.

Solution :
Given : Zpyq, =220, Zp,q, =380, Zp,q, =350.
Py, (M-E) = 150, P, (L) =?

We have,
Ep,qo + Zp1q,
P,,(M-E) =————— x 100
o(M-E) ZPoq0 + Zpody
. 150 = ZP10 350
= 180= 220+ 380 x 100
. 150 = Z_”L"é’a“(;?‘i’ x 100

o 150 X 6 = Zplqo + 350
. 900 — 350 = Zp,q,
" Zpygo =550

550
=2‘2?‘)X100

=2.5x100
=250
Hence, Laspeyre’s Price Index Number is 250.

9. Find x in the following table if Laspeyre’s and

Paasche’s Price Index Numbers are equal :

Base Year Current Year
Commodity | 1 1 i |
Price Quantity Price Quantity
A 2 10 2 5
B 2 5

Solution :

Given : Py, (L) =Pg,(P)

Base Current

P10 Pofo 1SUR Pofy

| Po 90 | P1 | 1
| A 2|10/ 2|5 20 20 10 10
B 5 x 2 5x 10 2x 4

Zpio | Zpodo | TP | TP

Total
=2045x| =30 =10+2¢x| =14

We have,

P,,(L) =% x 100

20 +5x
= x
30

100

by

_10+2x
T 14

Given : Py, (L) =P,,(P)

. 20+5x 10 +2x
: 14

x 100

x 100 = x 100

W5 1042
30 14

. 14(20 + 5x) =30(10 4+ 2x)
.. 280 + 70x = 300 + 60x

*. 70x — 60x =300 — 280

. 10x=20
Now, E ol
Zp14o
P,, (L) = =12 x 100 Hence, x =2.
o Zpodo
5. INDEX NUMBERS 129
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10. If Laspeyre’s Price Index Number is four times
Paasche’s Price Index Number, then find the
relation between Dorbish-Bowley’s and Fisher’s
Price Index Numbers.

Solution :

Given . POI(L) =4P01(P)

We have, P,,(D-B) = Ii@lm_;%@

_ 4P, ,(P) + P,,(P)
2
_5Po,(P)
2
=2.5P,,;(P) (1)
Also, we have,
Poy(F)= \r";m
= /4P, (P) x Py, (P)
= 2P, (P) ssi: ()

From (1), Py, (P) = PL‘Z(I;E) «f (3)

Py, (F)

From (2), Py, (P) = >

.. (@)

From (3) and (4),
Py (D-B) Py, (F)

2.5 2

2.5Py,(F) 5

. Poy(D-B) =280 =2 P, (F)

Hence, Py,(D-B) =Z Po, (F).

[Note : Answer given in the textbook is incorrect.

11. If Dorbish-Bowley’s and Fisher's Price Index
Numbers are 5 and 4 respectively, then find

Laspeyre’s and Paasche’s Price Index Numbers.

Solution :
Given : P,,(D-B) =5 and P,,(F)=4, Py,(L)=7?, P,,(P)=?
We have, P,,(D-B) = P——.‘”(L) ; P°LP)
. =_ Poi(L) +P,,(P)
e
2
"o Poy(L) + Py (P)=10 sasnkd)

AlSO, P°1(F) - \/P‘)l(L) X POI(P)

<. Poy(L) x Py, (P) =16 . (2

Now, we have,
[Pox(L) - Pmﬂ))]z
= [Pyy(L) + Py, (P)]* — 4Py, (L) - Py, (P)
[ (=B =(x+p)* —4up]
= (10)* — 4(16)
=100—-64
=36
" Pgy(L)—Py,(P) = +6 i 1B)
Adding equations (1) and (3), we get
2P,,(L) =16
5 Poy(L)=8
Using this result in (1), we get
Py, (P)=2
If we take Py, (L) — P,,(P)= — 6 then
P,,(L)=2 and Py,(P)=8
Hence, P,,(L) =8 and P,,(P)=2 ... (. AM > GM)

[Note : Answer given in the textbook is incorrect. |

 EXAMPLES FOR PRACTICE 5.2 |

1. If Zpyq,=700, Epyq, =900, p,g,=1070 and Marshall-
Edgeworth’s Price Index Number is 140, find
Paasche’s Price Index Number.

2. Calculate Walsch’s Price Index Number from the
following data :

Base Year Current Year

Commodity | price  Quantity  Price = Quantity
A 5 40 8 10
B g 50 7 32

3. Calculate Laspeyre’s Price Index Number for the year
2002 from the following data :

Year 2001 Year 2002
Commodity Price Quantity Price (p,)
v G
A 20 8 40
B 50 10 60
C 40 15 50
D 20 20 20

4. If for a data, Laspeyre’s Index Number is 86.02 and
Paasche’s Index Number is 81.25, then calculate
Dorbish-Bowley’s Index Number.
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5. Compute Walsch’s Price Index Number for the follow-
ing data :

Base Year Current Year
Commodity 1 | T ‘
Price Quantity Price Quantity
A 4 9 5 4
B 5 8 6 2
C 6 2 8 2

6. Compute Marshall-Edgeworth’s Price Index Number
from the following :

Base Year Current Year
Commaodity
Price Quantity Price Quantity
A 5 10 6 5
B 15 5 10
C 2 20 2 15

7. If Laspeyre’s and Paasche’s Price Index Numbers
are 50 and 72 respectively, find Dorbish-Bowley’s and
Fisher’ Index Numbers.

8. Find the missing price, if Laspeyre’s Price Index
Number is equal to Paasche’s Price Index Number for
the following data :

Base Year Current Year
Commodity T Tl ' 8 N
l Price Quantity Price Quantity
A 1 10 2 5
B 5 - 2

9. If Zpoqo =150, Zpyq, =250, Ip,q, =375 and Laspeyre’s
Price Index Number is 140, find Marshall-
Edgeworth’s Index Number.

10. If Zp,qgo : Zpogo =5 : 4and Ip,q, : Zpyq, = 8 : 5, find
Laspeyre’s, Paasche’s, Fisher’s and Dorbish-Bowley’s
Index Numbers.

11. The ratio of Laspeyre’s Index Number to Paasche’s

Index Number is g If Fisher’s Index Number is 120,

find Dorbish-Bowley’s Index Number.

Answers
1.130. 2.200. 3.124.7. 4.83.635. 5.125.
6.116.33. 7. POI(D-B) =61, Po1(F) =60.
8. Missing price =% 2. 9. 146.25.

10. Py, (L) =125, Po,(P) = 160, Py, (F) = 141.42,
P,,(D-B) = 142.5.
11. P,,(L) = 107.33, P,,(P) = 134.16, P,,(D-B) = 120.745.

_ 5.5: COST OF LIVING INDEX NUMBER /l

The percentage change occurring in the cost of living

of a particular section of people at a given place during a

certain period in relation to base period is called Cost of

Living Index Number of that particular section of people.

o It measures the effect of change in prices on cost of
living of people.

e The standard of living depends on the type and
quantity of commodities used by different sections of
people. Hence, the Cost of Living Index Number is
different for different class of people.

e Cost of Living Index Number is also known as
Consumer Price Index Number.

5.5.1 : Steps in Construction of Cost of Living Index

Number

L. Choice of Base year: The base year should be a
normal year free from abnormal condition like wars,
femines, floods, political instability, etc.

Base year can be chosen either using (i) Fixed base
method or (ii) Chain base method.

. Choice of Commodities : Since, all commodities

15

cannot be included, only representatives should be
chosen according to the purpose of the index number.

The commodities chosen must (i) represent the
tastes, habits and customs of the people (ii) be recog-
nizable (iii) have the same quality over different per-
iods and places (iv) be sufficiently large in numbers
(v) have in common use and stable in nature (vi) have

economic and social importance.

29

. Collection of Prices : (i) Prices must be collected from
places where a particular commodity is traded in large
quantities (ii) If published data on prices is available,
it must be used (iii) Prices collected from individuals
or institutions must correct (iv) Retail prices of com-
modities are collected (v) If prices are collected from
several sources must be averaged.

4. Choice of Averages : Geometric mean is theoritically

the best but arithmatic mean is used in practice.

5. Choice of Weights : Proper weights must be assigned

to the commodities according to their relative import-

ance. Weights should be chosen rationally and not
arbitrarily.
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6. Purpose of Index Number : All steps are to be viewed
in light of the purpose for which index number is being
prepared. It is important to have a clear idea about the
purpose of the index number before it is constructed.

5.5.2 : Methods to Construct Cost of Living Index Number

1. Aggregate Expenditure Method (Weighted Aggre-
gate Method) : In this method, quantities consumed
in the base year are used as weights.

Hence, Cost of Living Index Number

CLI =Total expenditure in current year

: . x 100
Total expenditure in base year

- zplqo x 100
Zpodo

Note : The above formula is equivalent to formula of
Laspeyre’s Index Number.

N

. Family Budget Method (Weighted Relative
Method) : In this method, Price relatives (I) for all
items are obtained, i.e.
1=t x 100

Po
The base year’s expenditure of items (p,q,) are taken

as weights of Price relatives L.

Hence, Cost of Living Index Number

_ZIW P J
CLl= W’ whervel—p0 x 100 and W = pyq,.

Note : This formula is equivalent to formula of Aggre-
gate expenditure method.

IIW
CLI= W

Putl=§—1 x 100 and W =pyq,
0

£P1 % 100(pog0)

; Po
-, CLI=
Zpodo

- CLI=2P10 , 100
Zpodo

6.6 : USES OF COST OF LIVING INDEX NUMBER|

(1) Cost of living index number provides a realistic
picture of the economic position of different classes
of people. Hence, it is used to regulate the dearness
allowance or the grant of bonus to the employees so
as to enable them to meet the increased cost of living.

(2) It is used to settle the disputes related to salary and
wages.

(3) It is used to calculate purchasing power of money.
Purchasing power of money

1
" Cost of Living Index Number

(4) Tt is used to determine the real wages

Actual wage o
Cost of Living Index Number

Real wages =

(5) It helps the government in divising the taxation
golicy.

‘ EXERCISE 5.3 = Textbook page 87 l

Calculate the cost of living index in problems 1 to 3 :
]

Base Year Current Year
Group W § ; !
Price Quantity Price

Food 120 15 170

Clothing 150 20 190

Fuel and Lighting 130 30 220

House Rent | 160 10 180

Miscellaneous 200 12 200
Solution :

— b\ 'y
Base Current
Group Year Year Pio Pofo
|
| Po To P
| [

Food 120 15 170 2550 1800
| Clothing 150 | 20 190 3800 3000
|Fuel and Lighting' 130 | 30 220 6600 3900

House rent 160 10 180 1800 1600
iMiscellamous 1200 | 12 | 200 | 2400 | 2400

Zpio  ZPodo
Total \
= =17150 = 12700

By aggregate expenditure method,

_Zp.g, 17150
CU—Z—PO% x 100 = 12700 x 100

=1.3504 x 100

=135.04

Hence, Cost of Living Index Number is 135.04.
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2.
Base Year Current Year
Group . !
Price Quantity Price
Food 40 15 45
Clothing 30 10 35
Fuel and Lighting 20 17 25
House Rent 60 22 70
Miscellaneous 70 25 80
Solution :
Base Current
Group Year Year Pid0 Podo
1 |
Po Jo P I
Food 40 | 15 45 675 600 |
Clothing 30 10 35 350 300 |
Fuel and Lighting| 20 17 25 425 340
House rent 60 22 70 1540 1320
| Miscellaneous 70 25 80 2000 | 1750
|. . |
Total Zpi90  ZPodo

=4990 =4310

cLI=ZPilo
Zpodo
=1.1578 x 100 = 115.78

Hence, Cost of Living Index Number is 115.78.

3.
Base Year Current Year
Group

Price Quantity Price
Food 132 10 170
Clothing 154 12 160
Fuel and Lighting 164 20 180
House Rent 175 18 195
Miscellaneous 128 5 120

5. INDEX NUMBERS

Solution :
Base Current
Group year year Pido | Pofo
Po To P

Food 132 | 10 170 1700 1320
Clothing 154 | 12 160 1920 1848
Fuel and Lighting| 164 | 20 180 3600 3280
House rent 175 | 18 195 3510 3150
Miscellaneous 128 5 120 600 640

Total Ipide  ZPolo

=11330 =10238

By aggregate expenditure method,

_Zpyqe 11330
CLI= Y x 100 = 10238 *

=1.1067 x 100 = 110.67

100

Hence, Cost of Living Index Number is 110.67.

Base year weights (W) and current year price relatives
(I) are given in Problems 4 to 8. Calculate the cost of

living index in each case :

4.

Fuel and House

Group Food Clothing Miscellaneous
Lighting Rent
I 70 90 100 60 80
w 5 3 2 - 6
Solution :
Group 1 w Iw
Food 70 5 350
Clothing % 3 270
Fuel and Lighting 100 2 200
House Rent 60 4 240
Miscellaneous 80 6 480
Total IW=20 ZXIW=1540
By Family budget method,
ZIW 1540
H=sw a0 T

Hence, Cost of Living Index Number is 77.
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Fuel and House

Group | Food Clothing Miscellaneous
Lighting Rent
I 400 300 150 120 100
W 3 3 4 5 2
Solution :
Group I w w
Food 400 3 1200
Clothing 300 3 900
Fuel and Lighting 150 N 600
House Rent 120 5 600
Miscellaneous 100 2 200
Total IW=17 ZIW=3500

By Family budget method,

TIW 3500

Hence, Cost of Living Index Number is 205.88.

Fuel and ‘ House

7. Find x, if cost of living index is 150 :

Fuel and House

Group Food Clothing Miscellaneous
Lighting Rent
I 180 120 300 100 160
w N 5 6 x 3
Solution :
Group I W w
Food 180 4 720
Clothing 120 5 600
Fuel and Lighting 300 6 1800
House Rent 100 x 100x
Miscellaneous 160 3 480
Total IW=18+x ZIW=3600+100x

By Family budget method,

TIW
CLI=3

Given : CLI=150

3600 + 100x

S 184x

*. 150(18 + x) = 3600 + 100x
.. 2700 +150x = 3600 + 100x
.. 150x — 100x = 3600 — 2700
*. 50x =900

. 150 =

Group | Food Clothing Miscellaneous -
Lighting Rent
! | ! | ! J. x=18
|
I 200 150 120 180 160 Hencel x is 18.
w 30 20 10 40 50
8. Find y, if the cost of living index is 200 :
Solution : . .
Group Food Clothing F‘.lel a'nd Houne Miscellaneous
Group I w w s : i _ |Lighting| Rent
Food 200 30 6000 I . 180 ' 120 _ 160 . 300 ‘ 200
Clothing 150 20 3000 w 1 5 3 y 2
Fuel and Lighti 1 12 ‘ ' ‘
el ane Liging i \ - Solution :
House Rent 180 40 7200 J
Miscellaneous 160 50 8000 Group 1 w w
Total TW=150 XIW =25400 Food 180 4 720
Clothing 120 5 600
By Family budget method, Fuel and Lighting = 160 3 480
House Rent 300 v 300y
ZIW 25400 :
- — = 169. Miscellaneous 200 2 400
CLI SW o~ 150 169.33 ' _ . |
Hence, Cost of Living Index Number is 169.33. Total IW =14 +y  XIW =2200 + 300y
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By Family budget method,

ZIW

Given : CLI =200

20020 500

*. 200(14 + y) = 2200 + 300y
.. 2800 + 200y = 2200 + 300y
. 2800 — 2200 = 300y — 200y
", 600 =100y

W y=6

Hence, y is 6.

9. The Cost of Living Index Number for the years 1995
and 1999 are 140 and 200 respectively. A person earns
11,200 per month in the year 1995. What should be
his monthly earnings in the year 1999 in order to
maintain his standard of living as in the year 1995?

Solution :

Here, given that,

CLI for 1995 =140

CLI for 1999 =200

Earning of a person in the year 1995 =% 11200 p.m.

Earning for the year 1999 = ?

Earning of a person in the year 1999

__His earning in 1995 x CLI for 1999
- CLI for 1995

_ 11200 x 200
B 140
=T 16000

Hence, the earning p.m. of a person in the year 1999

should be T 16,000 to maintain his former standard of

living.

[Alternative Method :

Real income of a person in the year 1995

_ Income
CLI

- 11200
T 140

=X 8000

x 100

x 100

Income
200

8000 x 200
100

=316,000]

.. 8000 = x 100

.. Income =

L EXAMPLES FOR PRACTICE 5.3 /

1. Compute the Cost of Living Index Number using the

following data :

Base Year Current Year
g [ ' Price
Price Quantity
A : 5 50 7
B 12 100 15
C 8 30 10
D 40 8
E 10 10 13

2. Find the value of k, if the Cost of Living Index Number
for the following data is 246 :

Fuel and House Miscellaneous

Group Food Clothing
Lighting  Rent

I 300 240 220 k 250
w 6 3 5 4 2

3. Find the Cost of Living Number from the following
data :

Group Index Number Weight
A 120 52
B 150 14
C 170 6
D 110 12
E

130 16

IL. Find x, if the Cost of Living Index from the following
data is 150 :

Fuel and House

Now, in the year 1999, CLI = 200. Group Food Clothing Lighitng | Rt Miscellaneous
Real income = ¥ 8000. t : : ! !
I 1 200 150 140 100 120
ncome
income =~ w6 | 4 x | 3 4
Real income ClLl x 100
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5. Compute the Cost of Living Index Number from the

following data :

Group Index Number Weight
Food 125 52
Clothing 200 36
House Rent 110 12

6. If the Cost of Living Index Number for the following
data is 150, find x :

Group Group Index (I) Weight (W)
Food 150 4
Fuel 140 3
Clothing 100 3
House Rent 120 4
Miscellaneous 200 x

7. Construct Cost of Living Index Number for the
following data :

= Base Year Current Year
roup — S
Price Quantity E.'nce
(ind v 7 i
Food and clothing 40 3 70
Fuel and Lighting 30 5 60
House Rent 50 2 50
Miscellaneous 60 3 90

8. The Cost of Living Index Numbers for the year 2001
and 2007 are 150 and 200 respectively. A person
earned ¥ 18,000 per month in the year 2001, what
should be his earning per month in the year 2007, so as
to maintain his former (i.e. of the year 2001) standard
of living ?

9. For the following data compute the Cost of Living
Index Number. If the monthly income of a person was
¥ 12500 in the year 2005, find his expected monthly
income in the year 2008 :

Group | Food Clothing Fuel = Rent Misc.
Weights . 45 ' 20 ‘ 15 . 10 7 10
' Price | 2005 | 75 . 20 . 15 | 50 4 30
(in %) | 2008 | 90 | 30 . 18 | 80 | 36

10. The expenditure for the five groups have been

increased by 50%, 90%, 110%, 160% and 200%
respectively in the year 2008 as compared to the year
2004. If their relative importance in the group is in the
ratio of 10: 6 : 4 : 3 : 2, compute the Cost of Living
Index Number for the year 2008.

Answers

1.133.33. 2. k=200. 3.127.60. 4.x=3. 5.150.20.
6. x=6. 7.160. 8.%24000. 9. CLI=130, ¥ 16250.
10. [Hint : I =100 + % increase] CLI = 194.4.

TN T -

. MISCELLANEOUS EXERCISE -5 )

(Textbook pages 89 to 94)
I. Choose the correct alternative :
1. Price Index Number by Simple Aggregate Method is
given by

@) ¥ x 100 ) Y70 x 100
Po Pi
Zp, Zpo

(c) =— x 100 (d) =—— x 100.
Zpo p,

2. Quantity Index Number by Simple Aggregate
Method is given by

@) Y x 100 ) Y7 x 100
9o i

Zq, L4,
(c) =—=x 100 (d) == x 100.
Z4qo g,

3. Value Index Number by Simple Aggregate Method is
given by

P10 Pod1
(@) Y2 %100 (b)) YE¥ x 100
Zpo‘h Zpﬂo

(c) Zpii x 100 (d) =P ¥ 100.
Zpido Zpodo

4. Price Index Number by Weighted Aggregate Method
is given by

pw Pow
(a)§—x100 (b) 3 ="— x 100
Pow p,w

© 2P 5100 (d) =P x 100.
Zpow Zpw
5. Quantity Index Number by Weighted Aggregate
Method is given by

q,w 4o
(a) Y “—x100 (b) ¥ 2= x 100
)3 = Y =

0%, 100 (@) =70 x 100.

(c) ==
Zgqow Zq,
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. Value Index Number by Weighted Aggregae Method 12. Walsh’s Price Index Number is given by

is given by (a) M x 100 (b) %;@ % 100
@ TP9% 100 (b) TP 100 Zpo\/:@ =P ﬂ
heie Pele () ZHNPPL g (q) ZdoPols g,
(0 P 00 (@) ZPID 5 ygp Zgov/PoPs 24:/Pops
Pof1¥ Poo® 13. The Cost of Living Index Number using Aggregate

. Laspeyre’s Price Index Number is given by Bxpenditare Mistiod 36 s by

Zp1fo P11
Z pofo Z ol (a) =—2x100 (b) ¥ =2 x 100
(a) =22 x 100 (b) =% x 100 pod q
140 Zpidy 2 i pelt
(c) =P191 5 100 @) ¥ P  100.
(c) =P1% 100 (@ ZP2% 100, EPota St
ZPofo Zpods o ) _
14. The Cost of Living Index Number using Weighted
. Paasche’s Price Index Number is given by Relative Method is given by
ZPoflo . Zpofy : et li w
(a) =222 x 100 (b) =~ x 100 : (a) ®) Y
Zpydo . Zpydy W w
ZP1do Ipady (c) w (d) w
(c) =P2%0 5 100 d) =P1%1 ¢ 100, | c Y
ZPod0 Zpody ZW W

Answers

. Dorbish-Bowley’s Price Index Number is given by

Zp, Zq,
2!’1‘70 +§Po‘h imx +§Po‘70 B %) e X100
Pod1 Pifo Podo P19 . .
() 2 x100° Kb) 2 %108 3. (d) ZP1%1 5 100 4. (¢) ZP1% 4 100
5 % % 5 Zpofo Zpow
P140 P14 Podo Pod1
e — +to—— v F e Lqw Ipiqaw
5. (c) =% v 100 6. (@) =P111% 5 100
() ZPolo d ZPofls 100 (d) ZPrdo . ZPi1 o 100, VT D
7. (c)yxlw 8. (d)yxloo
. Fisher’s Price Number is given by ' Poo Pod

ZP1%+2P1¢]1

P10 ZP14y S S
(a) zpoqo X 2p0q1 X 100 A (C) quO 5 Po‘h X 100

ZPodo ., ZPofls
(b) [0 40 ZF0EL 5 100 Zpsfo . ZP19s
Zpigo  Zpigy 10:¢3) Zpoo g Zpod, G
(0) [2o ZPuin, 100 1. (@) ELB I 100 g5 (g EPiAohs 100
Podo ZP140 Zpo(q0 +41) Zpo/ G0

Zpido , ZPofdo Zp.q TIW
(d) [ x 5=—"x 100 13, (a) 21 % 100 14. (a) =5
Ipigy Zpody @ ZPodo y (a) W

. Marshall-Edgeworth’s Price Index Number is given IL. Fill in the blanks :

-]

by 1. Price Index Number by Simple Aggregate Method is
iven by ..........
@) 2P0t 100 (p) ZPoldota1) 149 glven oy
Zpolqo +41) Zp(qo+41) 2. Quantity Index Number by Simple Aggregate
( ;‘hg%_**h; x100  (d) ;‘70:?0 +P1; x 100. Method is given by ..........
90iPo + 11 91{Po* P 3. Value Index Number by Simple Aggregate Method is
[ Note : Option (d) is modified. | given by ......... .
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4. Price Index Number by Weighted Aggregate Method
is given by ......... ;

5. Quantity Index Number by Weighted Aggregate
Method is given by ......... 3

6. Value Index Number by Weighted Aggregate
Method is given by ......... :

7. Laspeyre’s Price Index Number is given by ..........
8. Paache’s Price Index Number is given by ..........
9. Dorbish-Bowley’s Price Index Number is given by

10. Fisher’s Price Index Number is given by ......... -
11. Marshall-Edgeworth’s Price Index Number is given

12. Walsh’s Price Index Number is given by ......... >

Answers

Zp, Zq,

1. =—/—x 100 2. — x 100
Zp, Zqo

¥

3, ZPuit 00 a. =2P1% 100
Zpofo Zpow

5. Z1% . 100 6. 2P | 100¢
Zgow Zpofow

7. zplqo 00 8. zplql 100
zF’o‘io ZPo‘h

5. 2P0 100 is Laspeyre’s Price Index Number.
Zpod,

6. P10  EPro 109 is Dorbish-Bowley’s Price Index
Zpofo ZPodo
Number.

7. [ / =Pifo N Paflx Pl‘h:I % 100 is Fisher’s Price Index
2 ZPodo V' Pod1
Number.

8. ZEP—')(‘,M x 100 is Marshall-Edgeworth’s Price
Zpy(q0+4q,)

Index Number.

z /
9. M x 100 is Walsh’s Price Index Number.
Zp N 9091

10. M>< Eﬂ‘ixwo is Fisher's Price Index
VEPodo \ Epods

Number.
Answers
1. True 2. False 3. False 4. False 5. False
6. False 7. False 8. False 9. False 10. False.

IV. Solve the following problems :
1. Find Price Index Number using Simple Aggregate
Method. Consider 1980 as base year :

: Price in 1980 Price in 1985
o, [t 2] 300 10 \/EP,@ P11y 100¢ Commodity e o
2. Zpodo  Zpody Zpofo ZPols v | /4 |
I 22 46
11. ;p‘((% i q‘)) 100* 12. —z”“ A1 100 I 38 36
Pol90+4 '
0310 5 Z'p0\,' qoq1 I 20 28
[*Note : Answers given in the textbook are incorrect. ] v 18 44
v 12 16
III. State whether each of the following is True or False :
¥ Solution :
—%: x 100 is the Price Index Number by Simple Here, Base year = 1980.
Aggregate Method. Base Year 1980  Current Year 1985
240 Commodity 1
2. 4 % 100 is the Quantity Index Number by Simple po (in ) Py (in%)
Aggregate Method. I 22 46
I 38 36
Poflo
3. },=*%x 100 is Value Index Number by Simple m 20 28
P v 18 44
Aggregate Method. v 12 16
4, Zp ‘Z° % 100 is Paasche’s Price Index Number. Total Ip, =110 Ip, =170
0
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Price Index Number by Simple Aggregate Method : 3. Find the Value Index Number using Simple Aggre-
3 gate Method :
Py, = =11 x 100 .
Zpo Base Year Current Year
Commodity T T T '
. ﬂ) Price Quantity Price Quantity
= x 100
110 1 | | I
I 20 42 22 45
=1.5455 x 100 i 35 60 40 58
I 50 22 55 24
=154.55. v 60 56 70 62
\% 25 40 30 41
2. Find the Quantity Index Number using Simple = )
Solution :
Aggregate Method : i e T T
' ‘ Base Year Current Year J
: Base Year Current Year Commodity | - P Podo
Commodity | Po | %o ’ P1 ‘ 91 l
Quantity Quantity ' | !
| \ I 20| 42 | 2 45 990 840
A 100 130 ‘ I 35 | 60 40 58 2320 2100
B 170 200 | I 50 | 22 | 55 | 24 | 1320 | 1100
1Y 60 56 70 62 4340 3360
C 210 250
\Y% 25 40 30 41 1230 1000
D 90 110
E 50 150 Total zplql zpoqo
11, - i1 =10200 = 8400
Solution :
Value Index Number by Simple Aggregate Method :
Quanti X
- NS P11 100
' LR | T~ 7 Zpodo
Commodity Base Year Current Year 10200
=———x100=1.2143 x 100 =121.43.
7o 7 8400
A 100 — 4. Find x, if Price Index Number using Simple Aggre-
B 170 200 gate Method is 200 :
5 - n Commodity | P | [ [s ]
mm
D 90 110 i L : ' 2 : f
E 50 150 Base Year Price A 20 . 12 » 22 _ 23 . 13
[ | Current Year Price 30 x 38 51 19
Total g0 =620 Tq, =840 '
Solution :
Quantity Index Number by Simple Aggregate Method : Base Year price  Current Year price
s Commodity 1
Qoy =1 x 100 | Po | P
4o
P 20 30
840 Q 12 x
~on R 2 38
S 23 51
=135.48. Total £po =90 Tp, =138 4 x
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Price Index Number by Simple Aggregate Method :

Po,zg—;xmo

Given, Py, =200

138 + x
—_—X

. 200 =- %0 100

200 x 90
100

;. 180=138 +x
J. 180138 =x
ox=42

Hence, x is 42.

=138 +x

5. Calculate Laspeyre’s and Paasche’s Price Index
Number for the following data :

Base Year Current Year
Commodity —y
Price Quantity Price Quantity

Po | qo [/ P | 91

A 20 18 30 15

B 25 8 28 5

32 5 40 7

D 12 10 18 10

Solution :

Base Year  Current Year | |
Commodity 1 P19o | Po9o| P19:  Por

Po | 90 | P1 41 . ‘ | | ‘
A 20|18 | 30 | 15 | 540 | 360 | 450 | 300 |
B 25| 8| 28 | 5 | 224 | 200 140 | 125
C 3225 |4 | 7 | 200 | 160| 280 | 224 |
D 1210 18 | 10 | 180 | 120 | 180 | 120 |
Total Zp o  IPofo Iy IPof:

=1144 =840 =1050 =769

Laspeyre’s Price Index Number :

Py, (L) = ?’,.;ff_g <100

=136.54
Hence, Py,(L) is 136.19 and P, (P) is 136.54.

| Note : Answers given in the textbook are incorrect. |

6. Calculate Dorbish-Bowley’s Price Index Number for
the following data :

Base Year Current Year
Commodity
Price Quantity Price Quantity
Po o P q
I 8 30 11 28
|| 25 12 22
il { 10 15 13 11
Solution :
; Commo- Base Year hm’ent Yeaf
| dity - —_ = + 1
’ | Po | 9o ‘ Pi ’ 91 | Pilo | Poflo | P11 | Py
I 8130 | 11 | 28 | 330 | 240 | 308 | 224
I 9|25 | 12| 22| 300 | 225 | 264 | 198
11 10|15 | 13 11 195 150 143 110
B\ | | A - | |
z z z z
Total P190 | =Podo | =P141 | P41

=825 | =615| =715| =532

Dorbish-Bowley’s Price Index Number :

Zp,do +2P1‘71

P,,(D-B) = E’g%izzl’ﬁz x 100

a8 i

6
615752 o
2
_13415+13440
-

2.6855
=—X

100

100

Podo
=1.3427 x 100 = 134.27.
ARV AN IO L | T A . .
7. Calculate  Marshall-Edgeworth’s  Price  Index
=1.3619 x 100
— 13619 Number for the following data :
Paasche’s Price Index Number : Base Year Current Year
p.4, R ’ : s :
Py (P)= 5 x 100 Price  Quantity  Price  Quantity
ik Po o P1 h
1050 ‘ ' '
= g9 X 100 X 12 35 15 25
Y 29 50 30 70
=1.3654 x 100 | |
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Solution :
Base Year Current Year
Commodity Pifo | Pollo | Pifh | Poly
Po |G | Pn | M \
X 12 \ 35.]1 15° 125 525 | 420 | 375 300
Y 29 ‘ 50 | 30 | 70 | 1500 | 1450 | 2100 @ 2030

Zp1go | ZPodo IP19: IPofy
Total
=2025 =1870 = 2475 =2330

Marshall-Edgeworth’s Price Index Number :
Zp1o + Zpad,
Py(M-E) =—"—"———-=x 100
o Ipodo + Zpods

_2025+2475
" 1870 +2330

4500
=505 10

=1.0714 x 100 = 107.14.

100

8. Calculate Walsch’s Price Index Number for the
following data :

Base Year Current Year
Commodity T TN TN
Price Quantity Price Quantity
Po 4o P q;
I 8 30 12 25
I 10 42 20 16
Solution :
| A TR 1
Base | Current
fe year y!ﬁl‘ | —
Commodity T | /3oty | Pi/Aofs | Por/90s
Po |90 | P1| % ‘ |
I 8301225 750 | 2739 | 32868 | 21912 |
11 10(42 20 |16 | 672 | 2592 518.40 259.20
Total ZPI\/E ZPo\/rc‘h
=347.08 =47832

Walsch’s Price Index Number :

/o,
Py (W) = =1/ 401, 109

9. Calculate Laspeyre’s and Paasche’s Price Index
Number for the following data :

Base Year Current Year
Commodity
Price Quantity Price Quantity
Po Jo P1 g1
I 8 30 12 25
1 10 42 20 16
Solution :
| T |
| Base Year iCumn( Year
Commodity ' Pifo | Polo | Py | Pof
Polldo | P |
! |
I |8 30 12|25 360 |240 | 300 | 200
I | 10 ‘ 42 | 20 16 840 | 420 | 320 160
Total ZpiGo ZPodo IP14r EPods

= 1200 =660 =620 =360

Laspeyre’s Price Index Number :

>
P,, (L) = Zz—l"-" x 100

0
1200
= 660 X
=1.8181 x 100
=181.82.

100

Paasche’s Price Index Number :
Zp.q,
P,,(P)=—""= %100
o Zpogy

2
=§—0x100

=1.7222 x 100

=172.22
Hence, Laspeyre’s and Paasche’s Price Index Numbers
are 181.82 and 172.22 respectively.

10. Find x, if Laspeyre’s Price Index Number is same as
Paasche’s Price Index Number for the following
data :

Zpor/ 904,
Base Year Current Year
— 847.08 % 100 Commodity
478.32 Price Quantity Price Quantity
=1.7709 x 100 | Po ‘ o . P1 ‘ q
=177.09 ~ 177.10 A 3 x 2 5
Hence, Walsch’s Index Number is 177.09 ~ 177.10. B 4 6 3 5
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Solution :

Base | Current
.| Year Year
Commodity, | Pido Podlo s | Pots
AR |
A 13]x[215] 2 3 | 10 | 15
B 416|3|5 18 | 24 15 20
Total Ipide | IPodo  IPid: IPods

=18+4+2x|=24+3x =25 | =35

Laspeyre’s Price Index Number :

Po,(L)zy % 100

Podo

1842
T24+3x

Paasche’s Price Index Number :

100

Zp 4,
Py, (P)==—"—"=x100
o Zpod,

25 |
=% x 100

Given : Py, (L) =P,,(P)

1842 25
oy X 100=3; x 100

. 18+2x 25

" 24+43x 35

", 35(18 + 2x) = 25(24 + 3x)
*. 630 + 70x = 600 + 75x

Base Year Current Year
. 630 — 600 = 75x — 70 Commodity 71 T T 1
% = Price Quantity Price Quantity
©, 30=>5x Po 9o P1 9
Vs | ! |
30 A | 20 8 40 7
e =6 B 50 10 60 10
) C 40 15 60 x
Hence, X 18 6. D 12 15 15 15
11. Find x, if Walsch’s Price Index Number is 150 for ~ ~0lution:
the following data : [ ﬂl Base | Current
Y Y
B Y. c Y. Commodity o ! - P19 Pof
ase Year urrent Year ‘ | 70 | 46 \ - ‘ a
Commodity [ | | | I
Price Quantity Price Quantity A 2| 8 |40 | 7 280 140
Po To P: q, B 50 | 10 | 60 | 10 600 500
" [ 5 [ 10 ' " C 40 | 15 | 60 | x 60x 40x
B 2 4 16 9 D 12: 115 | 15 | 15 225 180
C 15 5 23 5 Total .4, 2pols
D 10 2 26 8 =1105+60x = =820 +40x
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Solution :

: 4 c
Base Current
‘ . | year | year
Commeodity ——————— 901 | /go8: | P1o/To81 | Pon/908:
%Po o | P: | s
A 5(3|10]3] 9 3 30 15
B x|al16| 9| 36 6 9% 6x
C 15/5|23|5 | 25 5 115 75
D 10/2|26| 8] 16 4 104 40
Total 2p1/ 9081 | ZPor/oh
=35 |=130+6x
Walsch’s Price Index Number :
- ‘/-—
P, (W) =}l’&& x 100
ZPov/ G0
345
~Bore >
But, given, P,,(W) =150
\ 345
\ ="
. 150(130 4 6x) =345 x 100
. 19500 + 900x = 34500
*. 900x = 34500 — 19500
‘. 900x = 15000 x=%q C. o x=16.66

Hence, x is 16.66.

12. Find x, if the Paasche’s Price Index Number
is 140 for the following data :
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Paasche’s Price Index Number :
Ipyq
P,,(P) = =11 % 100
T Epoa,

_1105+60x
820 +40x

But, it is given, P,,(P) =140

1105 +60x %

820 +40x

. 140 1105 + 60x

" 100 820 +40x

", 1.40(820 + 40x) = 1105 + 60x
.. 1148 + 56x = 1105 + 60x
. 1148 — 1105 = 60x — 56x
43 =4x

43

Iy

‘. x=10.75
Hence, x is 10.75.

100

140 = 100

%

13. Given that, Laspeyre’s and Paasche’s Price Index
Numbers are 25 and 16 respectively. Find Dorbish-
Bowley’s and Fisher’s Price Index Numbers.

Solution :

Given : Py, (L) =25, Py,(P) =16, P,,(D-B) =? and

Poy(F)=?

We have, Py, (D-B) = w
25416
T2
_a
T2
=20.5
Also, we have,
Poy(F) = /Poy (L) x Py, (P)
=/25x16
= /400
-20
Hence, Dorbish-Bowley’s and Fisher's Index

Numbers are 20.5 and 20 respectively.

14. If Laspeyre’s and Dorbish’s Price Index Numbers
are 150.2 and 152.8 respectively. Find Paasche’s
Price Index Number.

Solution :

Given, Po, (L) =150.2, P,(D-B) = 152.8, P, (P) =?

We have,

Py, (D-B) = _’LL);M)

150.2 + P, (P)
2

s 2x152.8=150.2 + Py, (P)
.. 305.6 —150.2 =P,,(P)
. 155.4="P,,(P)
;. Poy(P)=1554
Hence, Paasche’s Index Number is 155.4.

. 1528 =

15. If Zpoq,=120, Zp.q, =160, Zp,q,=140 and
Ip,q,=200, find Laspeyre’s, Paasche’s, Dorbish-
Bowley’s and Marshall-Edgeworth’s Price Index
Numbers. [ Note : Question is modified. |

Solution :

Given : Zpgq,=120, Zp,q, =140, Zpoq, =160, Zp,q,=200

Laspeyre’s Price Index Number :

p>
Poy(L) = 53%.3: x 100

_200
120

= 1.6667 x 100 = 166.67

x 100

Paasche’s Price Index Number :

_Zpg,y
Py, (P)= E—o‘h x 100
140

=160 x 100 = 0.875 x 100

=875
Dorbish-Bowley’s Price Index Number :

Zpido , Zpuis

Pox(D'B) — M x 100

2
200 140
_120 160

A° 7

_ 16667+ 0875
- ERIEEE

100

100

25417
T2

=1.27085 x 100 = 127.085
Marshall-Edgeworth’s Price Index Number :

x 100

POI(M'E) = pr‘io T zplql

e F1li 4100

Zpodo + Zpody
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200+ 140
120 4 160

=340
280
=1.2142 x 100 =121.42
Hence, Laspeyre’s Price Index Numbers = 166.67
Paasche’s Price Index Number = 87.5
Dorbish-Bowley’s Price Index Number = 127.085
Marshall-Edgeworth’s Price Index Number =121.42.

x 100

x 100

16. Given : Xpyq,=130, Xp,q,=140, Zp,q,=160 and
Ip,q,=200. Find Laspeyre’s, Paasche’s, Dorbish-
Bowley’s and Marshall-Edgeworth’s Price Index
Numbers. [ Note : Question is modified. |

Solution :

Given : Zpyq, =130, Zp,q, =140, Zpyq, =160,

2p1go =200,

Laspeyre’s Price Index Number :

ol(L) = _Zplqo 100
Zpodo

200
-1—§6x100

=1.5385 x 100
=153.85

=on1m

=1.1724 x 100
=117.24.

17. Given that Zp,q, =300, Xp.q, =320, Zp,q, =120
and Marshall-Edgeworth’s Price Index Number is
120. Find Paasche’s Price Index Number.

Solution :

Given, Zp,q, =300, Zpoq, =320, Zpyq, =120,

Po,(M-E) =120, P,,(P)=?

Ipyqo + Zpag,y % 100

we have, Py,(M-E) =
“y Zpodo + ZPol:

Zpifo + 300
120 + 320

Zp,q0 +300

. 120= x 100

. 120= x 100

120 x 440
" 7100

. 52800

" 100

. Zp,qo =528 —300 =228
Paasche’s Price Index Number :

=Zp,q, + 300

—300=Zp,q,

P°1(P)— plql 100

Paasche’s Price Index Number : ) °q1
300
—— x 100
Py, (P) = 171 100 =228
Ipod,
$i4is =1.3158 x 100
—1—60X100 =0.875 x 100 =131.58
—875 Hence, Ep,q, =228 and Paasche’s Price Index Number is
Dorbish-Bowley’s Price Index Number : 131.58.
Py,(D-B) = (_I;Ziipp_x_(l_)_) 18. Calculate the Cost of Living Index Number for the
153.85 4+ 875 following data :
2 Base Year Current Year
241.35 Group T [
2 Price Quantity Price
== 12068 Po o P1
Marshall-Edgeworth’s Price Index Number : Food 130 13 160
Clothing 170 18 150
Poy(M-E) = 27190+ ZPud1 g s )
01 0od0 + ZPod, Fuel and Lighting 175 10 190
House Rent 200 12 210
200 + 140
= 130 + 160 x 100 Miscellaneous 210 15 260
144 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 2) (COMMERCE)

www.saiphy.com



www.saiphy.com

Solution :

Base Current

Year Year

Group : ¢ P90 PoTo
Po Jo P1

'Food 150 | 13 | 160 | 2080 | 1950
' Clothing 170 | 18 | 150 | 2700 | 3060
\Fuel and Lighting| 175 | 10 | 190 | 1900 | 1750
' House rent 200 | 12 210 2520 | 2400
| Miscellaneous 210 15 260 3900 3150

Total
=13100 =12310

Cost of Living Index Number :

cLI=ZP1%0 o 100
Zpodo

_13100
12310
=1.0642 x 100
=106.42.

100

19. Find the Cost of Living Index number by the
weighted aggregate method :

Fuel and ‘ House

Zpido | ZPofo

20. Find Cost of Living Index Number by Family
Budget Method for the following data. Also, find
the expenditure of a person in the year 2008 if his
expenditure in 2005 was ¥ 10,000 :

2005 2008
Group Base Year Current Year Weight
Price Price
Food 12 60 25
Clothing 10 45 20
Fuel and Lighting 20 35 15
House Rent 25 20 30
Miscellaneous 16 48 10
Solution :
| 2005 | 2008
Base qumnt} i
| Group year } year 1 =; % 100 w w
| & § d o
Po | P
' 60
| Food 12 60 E x 100 =500 25 12500
|
45
Clothing 10 | 45 B x 100 =450 20 9000

35
Fuel and Lighting | 20 35 ZT) x 100 = 175 15 2625

i ‘ 2
Group Food Clothing Lighting | Rent Miscellaneous A - % 2_: «100=80 | 30 | 2400
| | ‘ | | | .
! 78 80 110 60 -~ Miscellancous | 16 | 48 | —x100=300 | 10 | 3000
w 5 3 4 2 6 — ! 4-
. , , .- 4 . IW | EIW
! ; Total
Solution : =100 | =29525
' Group | 1 w w Cost of Living Index Number :
Food 78 5 390 CLI— W
Clothing 80 3 240 W
Fuel and Lighting 110 4 440 29525
House Rent 60 2 120 = 100
Miscellaneous 90 6 540 =295.25
Total IW=20 EIW=1730 Given : Expenditure in 2005 =¥ 10,000
Cost of Living Index Number : Now, expenditure in the year 2008
CLI for 2008 x Expenditure in 2005
S N 100
=W 295.25 x 10000
25 x
20 Hence, the expenditure of a person in the year 2008
= 86.5. is ¥ 29525.
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21. Find x, if the Cost of Living Index number is 193 for . 193x —171x = 15191 — 14861
the following data : S 22x=330
. 330
Group Food | Clothing reeland | House Miscellaneous b g 2

Lighting  Rent
| L x=15

I 221 198 171 183 161 Hence, x is 15.
w 35 14 x 3 20 .
22. The Cost of Living Index Number for the years 2000
Solution : and 2003 are 150 and 210 respectively. A person
earns < 13,500 per month in the year 2000. What
Group 1 w Iw . L. .
. should be his monthly earning in the year 2003 in
Food 21 35 7735 order to maintain the same standard of living?
Clothing 198 14 2772 E ot ®
Fuel and Lighting = 171 - 171
el Lighiing * * Given : CLI for 2000 = 150
House Rent 183 8 1464 .
Miscellaneous | 161 20 3220 CL AR =210
The earning p.m. of a person in the year 2000 =3 13500.

ikatat EW =77 +xff JW=15191 + 1713 Now, the earning of a person in the year 2003

_ Earning in the year 2000 x CLI for 2003

Cost of Living Index Number :

CLI for 2000
SIW 15191 4 171x 1
CLI= IW= 7rax 13500 x 210
o | 150
But it is given, CLI =193
=T 18900
x 15191 +171x
Co193= — e Hence, the earning of a person should be ¥ 18,900 p.m.
© 193(77 + x) = 15191 + 171x s0 as to maintain his former standard of living.

.. 14861 + 193x = 15191 + 171x

ACTIVITIES & Textbook page 94

Try each of the following activities for better understanding of index numbers.
1. Find weekly prices of any five vegetables for at least six months. Taking the first week of observation as the

base period, find Price Index Numbers for the remaining five months for every vegetable :

Weekly price per kg (in )

Vegetables
Jan. 20 Feb. 20 Mar. 20 April 20 May 20 June 20
Ladyfinger 30 36 36 39 42 45
Capsicum 25 30 35 40 45 50
Brinjal 40 42 42 45 40 48
Tomato 25 30 32 35 35 40
Potato 20 22 22 25 30 35
Base period : Jan. 20 .. po = Price of Jan. 20

.". Price Index is 100 for Jan. 20  p, = Prices of the rest months.
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Price Index = x 100
Vegetables Po
Jan. 20 Feb. 20 Mar. 20 April 20 May 20 June 20
g 36 36 39 42
Ladyfinger 100 30 x 100 =120 0 x100=120 — x100=130 0 x 100 = 140 0 x 100 = 150
; 30 35 40 45 50
Capsicum 100 25 X 100 =120 25 X 100 =140 25 100 =160 55 X 100 =180 25 X 100 =200
- 42 42 45 40
Brinjal 100 4—0><100—105 4—0x100—105 4—0x100—112.5 ExlOO—lOO — x 100 =120
30 32 35 35 40
Tomato 100 25 % 100 =120 EXIOO—128 2—5x100—140 »2-5x100—140 i§x100—160
22 22 25 30 35
Potato 100 20 100 =110 z—ox 100=110 20 x 100 =125 z—ox 100 =150 Z—OX 100 =175

2. Note the SENSEX for six months. Talking the first
month as the base period. Find price index numbers

for the remaining five months :

3. Note inflation rate for six months. Taking the first
month as the base period. Find price index numbers

for the remaining five months :

Months | SENSEX
Oct. 19 | 32500
Nov. 19 | 33150
Dec. 19 | 33300
Jan. 20 | 32800
Feb. 20 | 34000
Mar. 20 | 33900

Index numbers
Base : 32500

100

33150
32500
33300
32500
32800
32500
34000
32500
33900
32500

x 100 =102

x 100 = 102.46

x 100 = 100.92

x 100 = 104.62

x 100 =104.31

5.

’ Inflation Index numbers
Months
rate % Base : 1st month
1st | 84 =100
|
2nd | 85 8—5 x 100 =101.19
84
3rd 9.0 9—0 x 100 =107.14
8.4
4th | 8.8 8—8 x 100 = 104.76
| 8.4
5th 9.0 9—0 x 100 =107.14
8.4
6th | 93 g x 100 =110.71
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4. Note petrol prices for six months. Taking the first 5. Note gold prices for six months. Taking the first

month as the base period, find price index numbers month as the base period, find price index numbers
for the remaining five months : for the remaining five months :
Petrol prices Index numbers | Gold prices Index numbers
Months . 4 Months .
per litre (in %) Base : Jan. 20 per gram (in %) Base : June "19
Jan. 20 72.00 =100 June "19 3300 =100
72.60 ) 3350 ;
Feb. 20 72.60 5 X 100 = 100.83 July 19 3350 3300 X 100 =101.52
Mar. 20 72.62 7202 x 100 = 100.86 Aug. ‘19 3400 ot x 100 = 103.03
3 # 7 =100. g. ‘16 | 3300 =103.
72.70 \ 3280
i ; — =100. % 3 — = 99.3
April 20 72.70 7 X 100 =100.97 Sept. '19 280 3300 100 = 99.39
72.75 3370
2 —_ =101. 4 33 - =102.
May 20 72.75 7 % 100=101.04 Oct. '19 3370 3300 < 100 =102.12
June 20 72.80 £F0 x 100 =101.11 Nov. '19 3520 % x 100 =107.67
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LINEAR PROGRAMMING

# Introduction . 149
¥ Important Points to Remember . 150
6.1 Meaning of Linear Programming Problem (LPP) ae 100
6.2 Mathematical Formulation of LPP 151
6.3 Solution of LPP by Graphical Method 156

INTRODUCTION

Linear programming was first introduced for
American Air Force in 1939 by George B. Dantzig for
planning war strategies hence to optimise the utiliz-
ation of limited resources to get maximum returns.
After the Second World War its scope widened. Many
industries took its advantage as an optimization tech-
nique for different fields such as management, plann-
ing, production, transportation, decision-making, etc.
Thus, today linear programming is one of the best and
widely used developed optimization techniques. The
different optimization techniques are known as Oper-
ation Research.

Linear programming problems are related to effi-
cient use of limited resources such as man power, raw
material, cost of material, availability of machine
hours, warehouse space and so on. Linear program-
ming is a mathematical technique designed to help the
managers in their planning and decision-making. It is
usually used to optimize a certain function called
objective function subject to given conditions or
restrictions known as constraints.

Applications of Linear Programming : Linear

programming under the caption Operation Research,

is the technique widely used in many fields.

(1) In planning the best strategy in a war and to plan
expenditures and returns in order to reduce cost to
the army and increase losses to the enemy.

(2) Linear Programming helps managers of organiz-
ations in their planning and decision-making.

(3) It is used in micro-economics and company man-
agement such as planning, production, transporta-
tion, technology and other issues for optimizing
the object like to maximize profit or minimize cost

with limited resources.

(4) In developing production schedule to minimize
total production and inventory costs.

(5) In establishing an investment portfolio to maxi-

mize return on investment.

(6) In determining a distribution system of transporta-
tion that will minimize the total shipping cost from
several warehouses to various market locations.
Such problem is referred to as Transportation

problem.

(7) In allocating different jobs to different persons that
will minimize the time and cost. Such problem is
referred to as Assignment problem.

(8) In allocation of a limited advertising budget in

order to maximize advertising effectiveness.

(9) Indiet problem where the object is to minimize the
cost of diet with a certain minimum amount of

each nutrient required.

In the earliear classes, we have studied graphical
solution of linear inequations in two variables. Now,
we shall study the graphical solutions to find the

maximum / minimum value of a linear expression.

6. LINEAR PROGRAMMING 149

www.saiphy.com



www.saiphy.com

(IMPORTANT POINTS TO REMEMBER /

1. Linear Inequations in two variables :
ax+by+c =0, ax +by+c <0, where, a b, ¢ are real
numbers and a4, b # 0.

Solution : The set of all ordered pairs (x, y) which
satisfy the given inequations is called the solution set
of the inequations.

"~

Graphical representation : Graphical representation
(graphs) is a region on either side of straight line
ax+by=c in the Cartesian Coordinate System.
3. Common region and Feasible region : The set of
ordered pairs (x, y) that satisfy all the inequations in
the given system of linear inequations is the common
solution and the region represented by the common
solution is called common region. If it lies in the first
quadrant, it is called feasible region.

4. Linear Programming Problem (LPP) : It is defined as
the problem of maximising or minimizing a linear
function (objective function) subject to linear
constraints. The constraints may be equalities or
inequalities.

(1) The mathematical structure of the general LPP with

two variables :

Optimize z = c,x; + ¢,

Subject to linear constraints

ay,%, +a5,%, (K =2)b,

831X +a5,%, (€ =2) b,

Xy + X, (< = =)b,

where, x,, x, are two decision variables

¢,, ¢, are profit or cost parameters of the problem,

by, by, ... b, are requirement parameters

z = objective function.

The problem is to determine the values of x, and x,

which satisfy all the constraints and non-negativity

restriction of the LPP so that z is either maximized or
minimized.

Solution of LPP :

(@) Methods : LPP can be solved by two methods:

(i) Graphical method (ii) Simplex method.
[Note : We will discuss about graphical method only in

,.
)

this chapter. |

(b) Solution : A set of values the variables which
satisfies all the constraints of LPP is called solution
of the LPP.

(c¢) Feasible Solution : A solution of the LPP which
also satisfies non-negativity restriction of the LPP, if
present, is called feasible solution.

(d) Optimum Feasible Solution : A feasible solution
which optimises, i.e. either maximizes or minimizes
the objective function of the LPP is called optimum
feasible solution.

(e) Convex Set : The set of all feasible solutions of LPP
is a convex set.

() Optimum Value : The objective function of LPP
attains its optimum value (i.e., either maximum or

minimum) at, at least one of the vertices of the convex
polygon.

6.1. MEANING OF LINEAR PROGRAMMING
\ PROBLEM (LPP)

A linear programming problem may be defined as the
problem of maximizing or minimizing (i.e., optimizing)
a linear function subject to linear constraints. The
constraints may be equations or inequations.

Here, the word ‘linear’ is used to indicate that all the
mathematical functions are linear and the word ‘pro-
gramming’ (planning) refers to the process of determin-
ing a particular programme of action out of several
alternatives available.

| Note : We shall study LPP with at most two variables. |

Some terms used in LPP :

(1) Decision variables : The variables involved in LPP
are called decision variables. If all the expressions of
LPP are linear functions of two variables x and y, then
these variables are decision variables.

(2) Objective function : A linear function of variables
which is to be optimized, i.e. either maximized or
minimized is called objective function of LPP.
Usually it is denoted by z.

e.g. Find the values of x and y such that z = 2x + 5y is
optimized subject to given constraints.

Constraints : Conditions under which the objective
function is to be optimized are called constraints.

)

These constraints are in the form of linear equations
or inequations.
eg.x>0,y=>0,x+y<6, 2x+3y>15.
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(4) Non-negativity constraints : The values of variables
under consideration may be positive or zero but not
negative, such constraints are referred to as non-

negativity restrictions. e.g. x >0, y > 0.

£6.2 : MATHEMATICAL FORMULATION OF LPP |

The mathematical structure of the general LPP with
two variables is as follows :
Optimize z =c¢,x, + ¢,x,
Subject to constraints
AyXy +a,%, (S =2)b,

Ay Xy +ay%, (£ =2)b,

AXy + BppXy (< = 2) b,
where, x, and x, are decision variables
¢, and c, are profit or cost parameters
b; are known values
a, are activity parameters
z is objective function
The problem is to determine the values of x, and x,
which satisfy all the constraints, non-negativity restric-
tions of the LPP so that the value of the objective function

z is either maximized or minimized.

EXERCISE 6.1 | Textbook pages 97 to 99 |

1. A manufacturing firm produces two types of gadgets
A and B, which are first processed in the foundry and
then sent to machine shop for finishing. The number
of manhours of labour required in each shop for
production of A and B and the number of manhours
available for the firm are as follows :

Gadgets Foundry Ma;hi;e shop
A | 10 | 5 B
B | 6 | 4
Time available (in hour) | 60 . 35

Profit on the sale of A is ¥ 30 and B is ¥ 20 per unit.
Formulate the LPP to have maximum profit.

Let the number of gadgets A produced by the
firm be x and the number of gadgets B produced by the
firm be y.

The profit on the sale of A is ¥ 30 per unit and on the sale

Solution :

of B is ¥ 20 per unit.
.". the total profit is z =30x + 20y.

This is a linear function which is to be maximized.
Hence, it is the objective function.
The constraints are as per the following table :

Gadget A Gadget B Total available

(x) (y) Time (in hour)
Foundry 10 6 60
Machine shop 5 4 35

From the above table total manhours of labour required
for x units of gadget A and y units of gadget B in foundry
is (10x + 6y) hours and total manhours of labour required
in machine shop is (5x + 4y) hours.

Since, maximum time avilable in foundry and machine
shops are 60 hours and 35 hours respectively,
therefore, the constraints are 10x + 6y < 60, 5x + 4y < 35.
Since, x and y cannot be negative, we have x = 0, y = 0.
Hence, the given LPP can be formulated as :

Maximize z=30x+ 20y, subject to 10x-+ 6y < 60,
5x+4y<35x=20,y=0.

2. In a cattle breeding firm, it is prescribed that the food
ration for one animal must contain 14, 22 and 1 unit
of nutrients A, B and C respectively. Two different
kinds of fodder are available. Each unit weight of
these two contains the following amounts of these
three nutrients :

Nuhim:fdd" ” Fodder1 Fodder 2
Nutrients_ A_ . 2 . 1
Nutrients B 2 3
Nutrients C 1 1

The cost of fodder 1 is ¥ 3 per unit and that of fodder
2 is T 2 per unit. Formulate the LPP to minimize the
cost.
Solution : Let x units of fodder 1 and y units of fodder 2
be prescribed.
The cost of fodder 1 is T 3 per unit and cost of fodder 2
is ¥ 2 per unit.
.. the total cost is z=3x +2y
This is the linear function which is to be minimized.
Hence, it is the objective function. The constraints are as

per the following table :
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Fodder —+ Fodder1 Fodder2 Minimum
Nutrient | requirements
Nutrients A 2 1 14
Nutrients B 2 3 22
Nutrients C 1 1 1

From the above table fodder contains (2x +y) units of
nutrients A, (2x 4 3y) units of nutrients B and (x + y)
units of nutrients C. The minimum requirements of these
nutrients are 14 units, 22 units and 1 unit respectively.
Therefore, the constraints are

2x+y>14, 2x+3y>22, x+y=>1

Since, number of units (i.e. x and y) cannot be negative,
we have, x =2 0, y = 0.

Hence, the given LPP can be formulated as

Minimize z = 3x + 2y, subject to 2x + y > 14,
2x+3y=22,x+y=1,x=20,y=>0.

3. A company manufactures two types of chemicals A
and B. Each chemical requires two types of raw
material P and Q. The table below shows number of
units of P and Q required to manufacture one unit

of A and one unit of B.

Chemical — A | B

Availability
Raw
Material |
P 3 2 120
Q 2 8 160

The company gets profits of ¥ 350 and ¥ 400 by

selling one unit of A and one unit of B respectively.

Formulate the problem as LPP to maximize profit.
Solution : Let the company manufactures x units of
chemical A and y units of chemical B. Then the total profit
to the company is p =3 (350x + 400y).

This is a linear function which is to be maximized.
Hence, it is the objective function.

The constraints are as per the following table :

The raw material P required for x units of chemical A
and y units of chemical B is 3x + 2y. Since, the maximum
availability of P is 120, we have the first constraint as
3x + 2y < 120.

Similarly, considering the raw material Q, we have
2x + 5y < 160.

Since, x and y cannot be negative, we have,x > 0,y = 0.

Hence, the given LPP can be formulated as :
Maximize p = 350x + 400y, subject to 3x + 2y < 120,
2x+5y <160, x >0,y = 0.

4. A printing company prints two types of magazines A
and B. The company earns X 10 and ¥ 15 on maga-
zines A and B per copy. These are processed on three
Machines I, I, ITl. Magazine A requires 2 hours on
Machine I, 5 hours on Machine II, and 2 hours on
machine III. Magazine B requires 3 hours on
machine I, 2 hours on machine II, and 6 hours on
Machine ITI. Machines I, I1, III are available for 36, 50
and 60 hours per week respectively. Formulate the
Linear programming problem to maximize the profit.

Solution : Let the company prints x magazine of type A

and y magazine of type B.

Profit on sale of magazine A is ¥ 10 per copy and

magazine B is T 15 per copy.

Therefore, the total earning z of the company is

z=% (10x + 15y).
This is a linear function which is to be maximized.

Hence, it is the objective function.

The constraints are as per the following table :

Magazine  Time required per unit Available
type ; : time per
Magazine A M B
Machine - : @ £ ag?z)m e week
type | ¥ (in hours)
Machine I 2 3 36
Machine II 5 2 50

Machine III 2 6 60

From the above table, the total time required for
Raw £ henaicak - A B R Machine I is (2x + 3y) hours, for Machine II is (5x + 2y)

: (x) ()  Availability i . A
Material | hours and for Machine Il is (2x + 6y) hours. The machin-
P 3 2 120 es I, II, TIT are available for 36, 50 and 60 hours per week.
[ , ' 5 ' 60 Therefore, the constraints are 2x + 3y < 36, 5x + 2y < 50,
Q - - 2x + 6y < 60. Since, x and y cannot be negative, we have,
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x =0,y = 0. Hence, the given LPP can be formulated as :
to 2x+3y < 36,
5x+2y <50, 2x + 6y <60, x =0,y = 0.

Maximize z=10x+ 15y, subject

5. A manufacturer produces bulbs and tubes. Each of
these must be processed through two machines M,
and M,. A package of bulbs require 1 hour of work
on Machine M, and 3 hours of work on Machine M,.
A package of tubes require 2 hours on Machine M,
and 4 hours on Machine M,. He earns a profit of
¥ 13.5 per package of bulbs and ¥ 55 per package of
tubes. Formulate the LLP to maximize the profit.

Solution : Let the number of packages of bulbs pro-

duced by manufacturer be x and packages of tubes be y.

The manufacturer earns a profit of ¥ 13.5 per package of

bulbs and ¥ 55 per package of tubes.

Therefore, his total profit is p =¥ (13.5x + 55y)

This is a linear function which is to be maximized.

Hence, it is the objective function.

The constraints are as per the following table :

Bulbs Tubes Available
(x) (y) Time
Machine M, 1 2 10
Machine M, 3 4 12

From the above table, the total time required for
Machine M, is (x +2y) hours and for Machine M, is
(3x + 4y) hours. Given Machine M, and M, are available
for at most 10 hours and 12 hours a day respectively.
Therefore, the constraints are x + 2y < 10, 3x + 4y < 12.
Since, x and y cannot be negative, we have, x = 0, y = 0.
Hence, the given LPP can be formulated as :

Maximize p = 13.5x + 55y, subject to x + 2y < 10,
3x+4y <12, x>0,y = 0.

6. A company manufactures two types of fertilizers F,
and F,. Each type of fertilizer requires two raw
materials A and B. The number of units of A and B
required to manufacture one unit of fertilizer F, and
F, and availability of the raw materials A and B per

day are given in the following table :

Fertilizers - F; = F,  Availability

Raw
Materials |
A 2 3 40
1 4 70

By selling one unit of F; and one unit of F,, company
gets a profit of ¥500 and T 750 respectively. Formu-
late the problem as LPP to maximize the profit.

Solution : Refer to the solution of Q. 3.

Ans. Maximize z = 500x + 750y, subject to 2x + 3y < 40,

x+4y<70,x>0,y>0.

7. A doctor has prescribed two different kinds of feeds
A and B to form a weekly diet for a sick person. The
minimum requirement of fats, carbohydrates and
proteins are 18, 28, 14 units respectively. One unit of
food A has 4 units of fat, 14 units of carbohydrates
and 8 units of protein. One unit of food B has 6 units
of fat, 12 units of carbohydrates and 8 units of
protein. The price of food A is ¥ 4.5 per unit and that
of food B is ¥ 3.5 per unit. Form the LPP, so that the
sick person’s diet meets the requirements at a
minimum cost.

Solution : Let the diet of sick person include x units of

food A and y units of food B.

Thenx >0,y > 0.

The prices of food A and B is ¥4.5 and ¥ 3.5 per unit

respectively.

Therefore, the total cost is z=73 (4.5x + 3.5y).

This is the linear function which is to be minimized.

Hence, it is objective function.

The constraints are as per the following table :

Food Type— Food A Food B Minimum
Ingredients | (x) () requirements
Fats 4 6 18
Carbohydrates 14 12 28
Proteins 8 8 14

From the above table, the sick person’s diet will include
(4x + 6y) units of fats, (14x + 12y) units of carbohydrates

and (8x + 8y) units of proteins. The minimum require-
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ments of these ingredients are 18 units, 28 units and
14 units respectively.

Therefore, the constraints are

4x +6y > 18, 14x+12y > 28, 8x+8y > 14.

Hence, the given LPP can be formulated as

Minimize z = 4.5x + 3.5y, subject to 4x+6y > 18,
14x+12y > 28, 8x+8y > 14, x>0, y > 0.

[Note : The inequality 7x+8y >14 in the textbook is

incorrect.

8. If John drives a car at a speed of 60 km/hour, he has
to spend T 5 per km on petrol. If he drives at a faster
speed of 90 km/hour, the cost of petrol increases to
I8 per km. He has I600 to spend on petrol and
wishes to travel the maximum distance within an
hour. Formulate the above problem as LPP.

Solution : Let John travel x, km at a speed of 60 km/hour

and x, km at a speed of 90 km/hour.

Therefore, time required to travel a distance of x, km is

x
é hours and the time required to travel a distance of

x, km is ;% hours.

60 90
Since, he wishes to travel the maximum distance within

. : o %/ %
Then total time required to travel is (J + 2) hours.

an hour,
242 <1
He has to spend ¥ 5 per km on petrol at a speed of
60 km/hour and ¥ 8 per km at a speed of 90 km/hour.
.'. the total cost of travelling is ¥ (5x, + 8x,)
Since, he has T 600 to spend on petrol,
5x, + 8x, < 600
Since, distance is never negative, x; =0, x, = 0.
Total distance travelled by John is z = (x; + x,) km.
This is the linear function which is to be maximized.
Hence, it is objective function.
Hence, the given LPP can be formulated as :
%, X

2 <1
60 90 7

Maximize z = x, + x,, subject to
5x, +8x, <600, x, =0,x, =0.

9. The company makes concrete bricks made up of
cement and sand. The weight of a concrete brick has
to be at least 5 kg. Cement costs ¥ 20 per kg and sand

costs ¥ 6 per kg. Strength consideration dictate that a
concrete brick should contain minimum 4 kg of
cement and not more than 2 kg of sand. Formulate
the LPP for the cost to be minimum.
Solution : Let the company use x, kg of cement and
x, kg of sand to make concrete bricks.
Cement costs T 20 per kg and sand costs T 6 per kg.
*. the total cost ¢ =T (20x, + 6x,)
This is a linear function which is to be minimized.
Hence, it is the objective function.
Total weight of brick = (x, + x,) kg
Since, the weight of concrete brick has to be at least 5 kg,
Xy +x, =5.
Since, concrete brick should contain minimum 4 kg of
cement and not more than 2 kg of sand,
x,24 and 0<x,<2
Hence, the given LPP can be formulated as :
Minimize ¢ =20x, + 6x,, subject to x, +x, =5, x; > 4,

0<x,<2,x,20,x,>0.

A \§

’L EXAMPLES FOR PRACTICE 6.1 /

1. A company manufactures two models of cars : model
A and model B. To stay in business it must produce at
least 50 cars of model A per month. It has facilities to
produce at most 200 cars of model A and 150 cars of
model B per month. The total demand for both models
together is at most 300 cars per month.

The profit per car is ¥ 4000 for model A and ¥ 3000
for model B. It is required to determine the number of
cars of each type to be manufactured so as to get

maximum profit. Formulate this problem as a LPP.

2. The manager of an oil refinery must decide on the
optimal mix of two possible blending processes of
which the inputs and outputs per production run are
as follows :

Input Output

& g Crude A Crude B Gasoline X Gasoline Y

1 5 3 5 8
2 4 5 4
The maximum amounts available of crudes A and B

are 200 units and 150 units respectively. Market
requirements show that at least 100 units of gasoline X
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and 80 units of gasoline Y must be produced. The
profit per production run from process 1 and process 2
are 3 and 4 respectively. Formulate this problem as a
LPP so that profit is maximum.

. Give the mathematical form of the following LPP.
A manufacturer produces two types of products A
and B. There are two sections in the factory. Each
product of type A is to be processed for 2 hours in
section I and 1 hour in section II. Each product of type B
is to be processed for 1 hour in section I and 2 hours in
section II. The section I and section II can be used for
maximum 104 hours and 76 hours per month respect-
ively. Each product of A gives a profit of T 6 and that
of product B gives a profit of ¥ 11. The manufacturer
wants to maximize the profit.

. A person likes to decide on the constituents of a diet
which will satisfy his daily needs of proteins, fat and
carbohydrates at the minimum cost. Choices from
three different types of foods can be made. The yields
per unit of this food are given in the following table :

Yields per unit Cost
Food type | : . VA § .per
Proteins Fat Carbohydrates ghft§in 3)
A 4 1 3 2
B 2 4 1 7
C 4 2 1 3
Daily
requirement 6 2 3

Formulate the LPP.

. A dealer wishes to purchase a number of fans and
sewing machines. He has only ¥ 5760 to invest and has
space for atmost 20 items. A fan costs him ¥ 360 and a
sewing machine ¥ 240. His expectation is to sell at
least 5 fans at a profit of ¥ 22 and sewing machine at a
profit of ¥ 18. Assuming that he can sell all the items
that he can buy, how should he invest his money in
order to maximize his profit ? Formulate this problem
as LPP.

. A company manufactures two types of toys A and B.
Each toy of type A requires 2 minutes for cutting and
1 minute for assembling. Each toy of type B requires

3 minutes for cutting and 4 minutes for assembling.

There are 3 hours available for cutting and 2 hours and
40 minutes available for assembling. On selling a toy
of type A, he gets a profit of ¥ 10 and that on selling a
toy of type B, he gets a profit of ¥ 20. Formulate this

problem to maximize the profit.

. A machine is used for producing two products I and II.

Product I is produced by using 3 units of chemical
salt and 2 units of chemical mixture. Product II is
produced by using 2 units of chemical salt and 4 units
of chemical mixture. Only 1000 units of chemical salt
and 1500 units of mixture are available. The profit on
product I is ¥ 25 and on II, it is ¥ 20. Give the
mathematical formulation for this LPP to maximize
the profit.

. A firm produces two products A and B. The profit on

each unit of product A is ¥ 40 and that on each unit
of product B is ¥ 50. Both the products are processed
on three machines M,, M, and M. The time required
in hours by each product and the total time available
in hours per week on each machine is as given below
in the table. Formulate this problem as LPP to

maximize the profit.

Machines
Product ( - . :
M, M, M,
A 3 4 2
B 4 5 8
Time available 36 48 -0
in hours

Answers

. x=Cars of model A, y = Cars of model B.

Maximize z = 4000x + 3000y

subject to constraints, 50 < x < 200. y < 150,
x+y<300,x=0,y=>0.

x, = Production run in process-1,

x, = Production run in process—2.

Maximize z =3x; +4x,

subject to constraints, 5x; + 4x, < 200, 3x, 4 5x, <150,
5x, +4x, > 100, 8x, + 4x, >80, x,, x, > 0.

. x, = Number of product A, x, = Number of product B

Maximize z = 6x, + 11x,
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subject to constraints, 2x, +x, <104, x, +2x, <76,

Xy, X, 20.

. x, = Units of food A, x, = Units of food B, x; = Units
of food C
Minimize z =2x; + 7x, + 3x;
subject to constraints,
dx, +2x, +4x; =6, x; +4x, + 2x, =2,

3xy +x,+x323, xy, x5, X320,

. x, = Number of fans, x, = Number of sewing machines.
Maximize z =22x, + 18x,
subject to constraints, 360x, + 240x, < 5760,

X, +x,<20. x, >5. x4, x, >0.

. Maximize z=10x+ 20y, subject to 2x+ 3y < 180,
x+4y <160, x>0,y =0.

. Maximize z=25x+ 20y, subject to 3x+ 2y < 1000,
2x +4y <1500, x>0, y = 0.

. Maximize z = 40x + 50y, subject to 3x + 4y < 36,
4x +5y < 48, 2x + 8y < 70, x>0, y=>0.

6.3 : SOLUTION OF LPP BY GRAPHICAL
METHOD

1. Convex set : A set of points in a plane is said to be a
convex set if the line joining any two points of the set
entirely lies within the set, i.e. convex set is a geometri-

cal figure having no holes in it.

The following sets are convex sets :

Fig. 6.2

<!
w

ig. 6.
[Notes :
(1) The convex sets may be bounded. Following are

bounded convex sets.

156

Fig. 6.5 Fig. 6.6

(2) The convex sets may be unbounded. Following are

N~

W

unbounded convex sets.
y

i

Fig. 6.7 Fig. 6.8

. Feasible Region : The common region determined by

all the constraints and non-negativity restrictions of
the linear programming problem is called the feasible
region.

[Note : The boundaries of the region may or may not
be included in the feasible region.]

Theorem 1 : The set of all feasible solutions of LPP is a
convex set.

Theorem 2 : The objective function of LPP attains its
optimum value (either maximum or minimum) at
least one of the vertices of the convex polygon. This

is known as convex polygon theorem.

. Selution of LPP : Two different methods of obtaining

the solution of LPP are (i) Graphical method and
(i1) Simplex method. We restrict to grpahical method
only.

Graphical method : LPP with two decision variables
can easily be solved graphically.

Some definitions :

* Solution : A set of values of variables which satis-
fies all the constraints of the LPP is called solution
of the LPP.

* Feasible Solution : A solution of the LPP which
also satisfies non-negativity restrictions of the LPP,
if present, is called feasible solution.

* Optimum Feasible Solution : A feasible solution
which optimizes, i.e. either maximizes or minimizes
the objective function of the LPP is called optimum

feasible solution.
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[Notes :

(1) If a LPP has optimum solutions at more than one
point then the entire line joining those points will
give optimum solutions. Hence the problem will
have infinite solution.

(2) Graphical method of solving a LPP is also known as
Corner Point Method (Convex Polygon Theorem). |

Algorithm of Graphical Method :

(1) Convert all inequations of constraints into equations.

(2) Draw the lines of the equations in XY plane, find at
least two points (x, 0) and (0, y).

(3) Locate common region indicated by the constraints,
which is feasible region.

(4) Find the vertices of the feasible region.

(5) Find the value of the objective function z at all
vertices of the feasible region.

(6) The coordinates of the vertex for which z is maximum
(minimum) gives (give) the optimal solution/ sol-
utions.

| EXERCISE 62 Textbook page 101 |

Solve the following LPP by graphical method :

1. Maximize z = 11x + 8y,
subjecttox <4,y <6,x+y<6,x=>0,y>0.

Solution : First we draw the lines AB, CD and ED whose

equations are x =4, y =6 and x + y = 6 respectively.

Fig. 6.9

The vertices of the feasible region are O(0,0), A(4,0),
P and D (0, 6).

P is the point of intersection of the lines x 4+ y =6 and
x = 4. Substituting x =4 in x +y =6, we get

4+y=6 . .y=2 .. Pis(42).

.". the corner points of feasible region are O (0,0), A (4,0),
P(4,2) and D(0, 6).

The values of the objective function z = 11x + 8y at these
vertices are

z(0)=11(0)+8(0)=0+40=0

z(A) =11(4) +8(0) =44 + 0=44

z(P) =11(4) +8(2) =44 + 16 = 60

Line Equation Points on Points on Sign Region 2(D)=11(0) +8()=0 +16=16
the X-axis | the Y-axis .. z has maximum value 60, when x =4 and y=2.
| :
AB =4 A4, 0 — <  originside
% o of I : 2. Maximize z = 4x + 6y,
line AB | subject to 3x +2y <12, x+y >4,x,y > 0.
i WL oW © Solution : First we draw the lines AB and AC whose
cb y=6 — D (0, 6) <  originside . )
| of the d equations are 3x + 2y =12 and x + y =4 respectively.
| | S -
| lineCD | ! Ifine| Bquation | Pointson | Pointson |Sign| Region
ED | x+y=6 | E(0 | D@06 | < |originside | | the X-axis the Y-axis
of the AB 3r+2y=12 A(4,0) B(0,6) < | orgin
line ED side of the
The feasible region is shaded portion OAPDO in the o
figure. AC x+y=4 A(4,0) C(o, 4) > | non-origin
side of the
line AC |
6. LINEAR PROGRAMMING 157
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Fig. 6.10

The feasible region is the AABC which is shaded in the
figure.
The vertices of the feasible region (i.e. corner points) are
A (4, 0), B(0, 6) and C(0, 4).
The values of the objective function z = 4x + 6y at these
vertices are
z(A)=4(4)+6(0)=16+0=16
z(B)=4(0) +6(6) =0+36 =36
z(C) =4(0) +6(4)=0+24=24

*. z has maximum value 36, when x =0, y =6.

3. Maximize z = 7x + 11y,
subject to 3x + 5y < 26, 5x +3y <30, x>0,y > 0.
Solution : First we draw the lines AB and CD whose

equations are 3x + 5y =26 and 5x 4 3y = 30 respectively.

Line Equation Points on Points on Sign Region
the X-axis = the Y-axis

AB 3x+5y=26 A(?,O) B(O,%) <  origin side
of the
line AB

CD 5x+3y=30 C(6 0) D(0, 10) <  origin side
of the
line CD

158
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Fig. 6.11
The feasible region is OCPBO which is shaded in the
figure.
The vertices of the feasible region are O(0, 0), C(6,0),
P and B (0, g )
5

The vertex P is the point of intersection of the lines

3x +5y =26 5s )
and 5x 43y =30 - (2

Multiplying equation (1) by 3 and equation (2) by 5,
we get

9x + 15y = 78
and 25x + 15y = 150
On subtracting, we get

72 9

16x=72 x=ig=§=4.5
Substituting x = 4.5 in equation (2), we get
5(4.5) + 3y =30
22543y =30
. 3y=75 L Yy=25

.. Pis (45,25)

The values of the objective function z =7x + 11y at these
corner points are

z(0)=7(0)+11(0)=0+0=0

z2(C)=7(6)+11(0) =42+ 0 =42

z(P)=7(4.5) +11(2.5) =31.5+27.5 =59.0 = 59
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z(B)=7(0)+11(2§6)=2%6=57.2

*. z has maximum value 59, when x =4.5 and y =2.5.

4. Maximize z =10x+ 25y,

subject to 0 <x<3,0<y<3,x+y<5.
Solution : First we draw the lines AB, CD and EF whose
equations are x =3, y =3 and x + y =5 respectively.

The values of the objective function z = 10x + 25y at these
vertices are

z(0)=10(0) +25(0)=0+0=0

z(A) =10(3) +25(0) =30 + 0 = 30
z(P)=10(3) + 25(2) =30 + 50 = 80
z(Q)=10(2) +25(3) =20+ 75=95
z(D)=10(0)+25(3)=0+75=75

". z has maximum value 95, when x =2 and y =3.

Line Equation Points on Points on Sign  Region
fhe Xaxis [te Xas 5. Maximize z = 3x + 5y, subject to
AB x=3 AB30) — < | orginside | x44y<24,3x+y<2L,x+y<9,x=0,y=0.
| of theline AB 5,1, tion : First we draw the lines AB, CD and EF whose
CD y=3 — D(,3) < l originside = equations are x+4y=24, 3x+y=21 and x+y=9
ofthelineCD| | respectively.
- < origin si :
EF x+y=5 E(50) F(0, 5) < ongm. side Nine A Nis o | Potntson [Siga]  Region
of the line EF |
; the X-axis the Y-axis
Scale:lcm=lunit | = AB x+4y=24 A(24,0) B(0,6) & <  origin side
i Sa both ghes A of the line AB
"4CD 3x+y=21 C@0 | DO21) | < | origin side
: ' | of the line CD
i | EF x+y=9 E©0 FO9 | < orginside
e = | of the line EF
'y = 3 i
: e H
e | Y R e s | om = Junits|
i 3T i i %%ggggn ol
E o R
3 : Ah
- ' i ‘;ﬂ Iy
Fig. 6.12 ! H
The feasible region is OAPQDO which is shaded in the
figure. ’ NE i
The vertices of the feasible region are O(0, 0), A(3, 0), 5 NG i
P, Q and D(0, 3). | fiEs Q
P is the point of intersection of the lines x +y =5 and % e
x=3. j S
Substituting x =3 in x + y =5, we get SEEE 6 IC
3+y=>5 Soy=2
= Pis (3,2)

Q is the point of intersection of the lines x +y =5 and
y=3
Substituting y =3 in x +y =5, we get

x+3=5 nox=2 2. Qis (2,3)

6. LINEAR PROGRAMMING

The feasible region is OCPQBO which is shaded in
the figure.
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The vertices of the feasible region are O(0, 0), C(7, 0),
P, Q and B (0, 6).

P is the point of intersection of the lines

3x+y=21 aus (1)
and x+y=9 e 2)

On subtracting, we get

2x=12 S.ox=6

Substituting x = 6 in equation (2), we get
6+y=9 Soy=3

.. P=(63)

Q is the point of intersection of the lines
x+4y=24 kD)
and x+y=9 1))

On subtracting, we get

3y=15 .. y=5

Substituting y =5 in equation (2), we get

x+5=9 Sox=4

5 Q=(9)

.". the corner points of the feasible region are
0(0,0), C(7,0), P(6 3), Q4 5) and B(0, 6).
The values of the objective function z = 3x + 5y at these
corner points are

z(0)=3(0)+5(0)=0+0=0
z(C)=3(7)+5(0)=21+0=21
z(P)=3(6)+5(3) =18 +15=33

2(Q)=3(4) +5(5) =12 +25=37
z(B)=3(0) +5(6) =0+ 30 =30

.". z has maximum value 37, when x =4 and y =5.

6. Minimize z=7x+y,

subjectto5x+y =>5,x+y>3,x>0,y=0.
Solution : First we draw the lines AB and CD whose
equations are 5x +y =5 and x + y =3 respectively.

.................................

Y:.: Illlllll‘lllllllllllll!lllll:
g' Scale : | cm = lunit
on both axes

i

HHHHH
+

Fig. 6.14
The feasible region is XCPBY which is shaded in the
figure.
The vertices of the feasible region are C(3,0), P and
B(0,5).
P is the point of the intersection of the lines
5x+y=5 and x+y=3

On subtracting, we get
X 1
4x=2 % x-—i

Subsﬁtuﬁngx=% in x +y =3, we get

1
§+y—3

s el S
i A (33)

The values of the objective function z="7x +y at these
vertices are
z(C)=7(3)+0=21

TWa® 7, 5
Line| Equation | Pointson | Pointson |Sign Region Z(P)=7(i)+§=§+i=6
lthex-axil the Y-axis z(B)=7(0)+5=5

AB 5x+y=5  A(1,0) B(0,5 > non-origin ". z has minimum value 5, when x =0 and y = 5.

side of the
line AB 7. Minimize z = 8x + 10y, subject to
| 2x4y>7,2x+3y>15y>2,x>0,y>0.

D | x+y=3 | CBO | D@3 | > nonorgin ' oo : First we draw the lines AB, CD and EF
su?eofthe whose equations are 2x+y =7, 2x+3y=15 and y =2
l e tD | respectively.
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The vertices of the feasible region are O(0, 0), C(7, 0),
P, Q and B(0, 6).

P is the point of intersection of the lines
3x+y=21

and x+y=9

seen(l)
.. (2

On subtracting, we get

2x=12 J.x=6

Substituting x = 6 in equation (2), we get
6+y=9

.. P=(63)

Soy=3

Q is the point of intersection of the lines
x+4y=24
and x+y=9

. (3
v (2)

On subtracting, we get

3y=15 .o y=5

Substituting y =5 in equation (2), we get
x+5=9 L x=4

5. Q=(45)

.". the corner points of the feasible region are

0(0,0), C(7,0), P(6 3), Q4 5 and B(0, 6).

The values of the objective function z =3x + 5y at these
corner points are

z(0)=3(0)+5(0)=0+0=0
z(C)=3(7)+5(0)=21+0=21

z(P)=3(6)+5(3) =18 +15=33
2(Q)=3(4) +5(5) =12+ 25=37
z(B)=3(0) +5(6) =0+ 30 =30

.". z has maximum value 37, when x =4 and y =5.

6. Minimize z=7x+y,
subjectto5x+y =5x+y >3, x>0,y =>0.

Solution : First we draw the lines AB and CD whose

equations are 5x +y =5 and x 4+ y =3 respectively.

Line Equation Points on | Points on Sign Region
the X-axis = the Y-axis

AB 5x+y=5 | A(1,0) | B(0,5) | >  non-origin
side of the

line AB
CD| x+y=3 | C(3,0) D(0, 3) > | non-origin
side of the

line CD
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Fig. 6.14
The feasible region is XCPBY which is shaded in the

figure.
The vertices of the feasible region are C(3,0), P and
B(0,5).

P is the point of the intersection of the lines
5x+y=5 and x+y=3

On subtracting, we get

A

2

4x=2 Tx=

Substituting x =% in x +y =3, we get

SR (L 8
. y—i .. P—(zl 2)

The values of the objective function z="7x +y at these
vertices are

z(Q)=7(3)+0=21

PLOAN R RS

z(B)=7(0)+5=5

*. z has minimum value 5, when x=0 and y = 5.

7. Minimize z = 8x + 10y, subject to

2+y>7,2x+3y>15y>2,x>0,y >0.
Solution : First we draw the lines AB, CD and EF
whose equations are 2x+y=7, 2x+3y=15 and y =2
respectively.
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Line Equation Points on Points on Sign Region
the X-axis = the Y-axis
AB  2x+y=7 A(350) | B(0,7) = > non-origin
side of the
line AB
CD [2x+3y=15 C(75,0) | D(0,5 | > | non-orgin
side of the
‘ line CD
EF y=2 — F(0, 2) > | non-origin
side of the
line EF
X Scale : | gm = lunit
9 on both axes
: :!g
7¥B
6
S D
4 Q
i i P E
2ns:
1
A C
X0 | 2 3 4 5 6 7 8 Q 3H X
% 5
X Xy
AN A
Y BE\ Iy
Fig. 6.15
The feasible region is EPQBY which is shaded in the

figure.

The vertices of the feasible region are P, Q and B (0,7).

P is the point of intersection of the lines 2x + 3y =15 and

y=2.

Substituting y =2 in 2x + 3y = 15, we get

2x+3(2)=15

S 2x=9 . x=45 .. P=(45,2)

Q is the point of intersection of the lines
2x+3y=15

and 2x+ y= 7

On subtracting, we get

2y=38

o (1)
)

Soy=4

6. LINEAR PROGRAMMING

o from (2), 2x+4=7

So2x=3 Sox=15

S Q=(15,4)

The values of the objective function z = 8x + 10y at these
vertices are

z(P)=8(4.5) +10(2) =36 + 20 =56

z(Q)=8(1.5) +10(4) =12 + 40 =52

z(B)=8(0) +10(7)=70

". z has minimum value 52, when x =15 and y =4

8. Minimize z = 6x + 21y, subject to x +2y > 3,
x+4y>4,3x+y>3,x=>0,y>0.

[ Note : Question has been modified. |

Solution : First we draw the lines AB, CD and EF whose

equations are x4+ 2y =3, x +4y=4and 3x +y =3

respectively.

Line Equation Points on Points on Sign  Region
the X-axis the Y-axis
' 3
AB | x+2y=3 A(3,0) B(O,E) >  non-origin
!
side of the
line AB
'CD x+4y=4 C(4,0) D(,1) = non-origin
' side of the
line CD
'EF 3x+y=3 E(,0)  F(©3) | > | non-origin
side of the
f | line EF
i on both axes &
: :::ﬂl E::::ﬁﬁ?: :::g:::ﬁ 3 ng
233sasaiaiiee .ﬂ 3t ﬁ'ﬁ::ﬁ:::::: 31 i
4 #
33K i sinisiiii :E:H
8 58
lllll 2 B i :ttgmm
,,,,, o &
1
24D
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i
i
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The feasible region is XCPQFY which is shaded in the
figure.
The vertices of the feasible region are C(4,0), P, Q and
F (0, 3). P is the point of intersection of the lines

x+4y=4
and x +2y=3
On subtracting, we get

1

2y=1 y=5

—

Substituting y =

1

o =2

~pa(2)

Q is the point of intersection of the lines

x+2y=3 e (1)
and 3x+y =3 :42)
Multiplying equation (1) by 3, we get
3x+6y=9
Subtracting equation (2) from this equation, we get
S5y=6

|

- in x + 2y =3, we get

.. from (1),x+2(g)=3

a-(3)

The values of the objective function z = 6x + 21y at these
vertices are
z(C)=6(4) +21(0) =24

z(P)=6(2)+21(%)
~12+105=225

z(Q)=6(g)+21(g)

18 126 144
~“5T5 § F

z(F)=6(0)+21(3) =63

1
..z has minimum value 22.5, when x=2 and y =3

™

EXAMPLES FOR PRACTICE 6.2 )

/

72

1. Maximize z=8x+12y, subject to x>0, y=0,

x+y<9 x>2 y>3, 2x+ 6y < 36.

2. Minimize z=4x+3y, subject to x>0, y=0,
2x+y=>40,x+42y =50, x+y > 35.

3. Maximize z=2x,+x, subject to x, +2x, <10,
Xy +X, <6, X3 —X, 2, %y, x, 20.

4. Minimize z = 2000x, + 1600x,, subject to
6x, +2x,>12, 2x,+2x,>8  4x,+12x, =24,
X, <7, xa <7, x,, x,=>0.

5. Maximize z=4x+y, subject to 20x+ 30y < 1050,
x+y<40,x=>0,y=0.

6. Minimize z=x, +x,, subject to 5x,+ 10x, <50,
X, +x,>1,x,<4,x;, x, 20.

7. Maximize z=4x+ 10y, subject to 2x+5y <10,
5x+3y<15x=20,y=0.

8. Solve the following LPP graphically.
Minimize z=3x+2y, subject to 2x+3y>12,
—-x+y<3, x<4y=3.

9. Maximize z = 4x + 5y, subject to
2xX+y=24x+y<50<x<3,0<y<3.

10. Maximize z=9x+13y, subject to 2x+3y <18,
2x+y<10,x>0,y>0.

11. Maximize z = 100x + 70y, subject to 2x >4, y < 3,
x+y<8x=20,y=0.

12. Maximize z=>5x+3y, subject to x<4, y<8§,
x+y<8x=20,y=>0.

13. Minimize z=5x+7y, subject to 2x+y=3§,
x+2y>10,x>0,y > 0.

14. Minimize z=3x+y, subject to 2x+3y <6,
x+y=>1,x>0,y>0.

15. Minimize z=4x+5y, subject to 2x+y =14,
2x+3y>30,x>20,y>4.

Answers

1. z has maximum value 84, when x =6 and y =3
2. z has minimum value 110, when x =5 and y =30

3. z has maximum value 10, when x, =4 and x, =2
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4. z has minimum value 6800, when x, =1 and x, =3

5. z has maximum value 210, when x =15 and y = 25 or
x=0,y=35

6. z has minimum value 1, when x, =0 and x, =1 or
x=1x,=0

7. z has maximum value 20, when x=‘;—g and y=§—g

8. z has minimum value 19.5, when x =15 and y =3

9. z has maximum value 23, when x=2 and y =3
10. z has maximum value 79, when x =3 and y =4
11. z has maximum value 800, when x =8 and y =0
12. z has maximum value 32, when x =4 and y =4
13. z has minimum value 38, when x=2 and y =4
14. z has minimum value 1, when x=0 and y =1

15. z has minimum value 52, when x=3 and y =8

o . —

L MISCELLANEOUS EXERCISE -6 ,

(Textbook pages 102 to 105)

I. Choose the correct alternative :
1. The value of objective function is maximize under
linear constraints.
(a) at the centre of feasible region
(b) at (0, 0)
(c) at a vertex of feasible region
(d) The vertex which is at maximum distance from
(0, 0).
2. Which of the following is correct?
(a) Every LPP has an optimal solution.
(b) Every LPP has unique optimal solution.
(c) If LPP has two optimal solution then it has
infinitely many solutions.
(d) The set of all feasible solutions of LPP may not be
a convex set.
[ Note : Options (a), (b) and (c) has been modified. |
3. Objective function of LPP is
(a) a constraint
(b) a function to be maximized or minimized
(c) a relation between the decision variables
(d) a feasible region
4. The maximum value of z=5x+ 3y subject to the
constraints 3x +5y =15; 5x +2y <10, x, y > 0 is

10.

11.

235
9

235
19

@B O O @5

. The maximum value of z=10x + 6y, subject to the

constraints 3x +y < 12, 2x+5y <34, x>0,y >0 is
(a) 56 (b) 65 (c) 55 (d) 66

. The point of which the maximum value of z=x+y

subject to the constraints x 4+2y <70, 2x+y <95,
x>0, y > 0 is obtained at
(a) (36, 25) (b) (20,35) (c) (35,20) (d) (40, 15)

[ Note : Question has been modified. |

. Of all the points of the feasible region the optimal

value of z is obtained at a point

(a) inside the feasible region.

(b) at the boundary of the feasible region.
(c) at vertex of feasible region.

(d) on X-axis.

. Feasible region; the set of points which satisfy

(a) the objective function

(b) all the given constraints

(c) some of the given constraints
(d) only non-negavite constraints

[ Note : Option (b) has been modified. |

. Solution of LPP to minimize z = 2x + 3y subject to

x>0,y>0,1<x+2y<10is

1 1
(a)x=0,y=i (b)x=§,y=0

(c) x=1,y=—2 (d)x=y=%

The corner points of the feasible region given by the
inequations x+y <4, 2x+y <7,x>0,y >0 are
(a) (0,0), (4,0), (3, 1), (0, 4)

(b) (0, 0), (Z o), (3, 1), (0, 4)

7
@ 0.0}
(d) (6,0), (4,0), (3, 1), (0, 7)
The corner points of the feasible region are (0, 0),
1 3
7'7
z=6.5x+y=13.

0), 3, 1), 6,7

(2,0), ( ) and (0, 1) then the point of maximum

@ 00 b 20 () (‘7’;) @ © 1)
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13.

14.

15.
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If the corner points of the feasible region are (0, 0),

(3, 0), (2, 1) and (0, ;) the maximum value of

z=4x+5y is

(a) 12 (b) 13 (c) 375 (d) o

If the corner points of the feasible region are (0, 10),
(2,2) and (4, 0) then the point of minimum z = 3x + 2y
is

(a) (2,2) (c) (4,0)
The half plane represented by 3x +2y < 8 contains

(b) (0, 10) (d) (2, 4)

the point
5
(a) (1,5) ® 21 ()00 @61

[ Note : Question has been modified. |

The half plane represented by 4x + 3y > 14 contains
the point
@ 0,0 ()22 (G4 @01

Answers

. (c) at a vertex of feasible region*
. (c) If LPP has two optimal solution then it has

infinitely many solutions.

. (b) a function to be maximized or minimized
i) ‘% 5. (a) 56 6. (d) (40, 15)

. (c) at vertex of feasible region

8. (b) all the given constraints

10.

11.
14.

1
N (a) x=0, y=§

(b) (0, 0), (: o) 3, 1), (0, 4)

(b) (2,0
(c) (0. 0)

12. (b) 13 13. (a) (2,2)
15. (b) (2, 2)~

[Note : * Answer given in the textbook is incorrect. |

1L
1.

Fill in the blanks :
Graphical solution set of the inequations x >0, y > 0

quadrant.

. The region represented by the inequationsx <0,y <0

quadrants.

| Note : Question has been modified. |

3. The optimal value of the objective function is attained
at-the .. points of feasible region.
164

=

. The region represented by the inequality y < 0 lies in
quadrants.

. The constraint that a factory has to employ more
women (y) than men (x) is given by .........

. A garage employs eight men to work in its showroom
and repair shop. The constraints that there must be not
least 3 men in showroom and repair shop. The con-
straints that there must be at least 3 men in showroom
and at least 2 men in repair shop are .........
......... repsectively.

. A train carries at least twice as many first class
passengers (y) as second class passengers (x). The
constraint is given by ......... :

. A dish washing machine holds up to 40 pieces of large

crockery (x). This constraint is given by ......... i

Answers
1.I 2. I 3. vertex 41 and IV 5 y>x
6. x>3,y=22 7.x=2y 8. x<40.

III. State whether each of the following is True or

False :

. The region represented by the inequalities x > 0,y > 0

lies in first quadrant.

2. The region represented by the inequalities x <0,y <0

1. True

o

lies in first quadrant.
. The optimum value of the objective function of LPP

occurs at the center of the feasible region.

. Graphical solution set of x <0, y > 0 in xy system lies

in second quadrant.

. Saina wants to invest at most ¥ 24000 in bonds and

fixed deposits. Mathematically this constraint is
written as x 4y < 24000 where x is investment in
bond and y is in fixed deposits.

. The point (1, 2) is not a vertex of the feasible region

bounded by 2x+3y <6, 5x+3y <15, x>0,y > 0.

. The feasible solution of LPP belongs to only quadrant L.

The feasible region of graph x +y <1and 2x+2y > 6
exists.
Answers

2. False 3. False 4. True
7. True.

5. True

True
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IV. Solve the following problems :

1. Maximize z = 5x, + 6x,, subject to 2x, +3x, <18, 2x, +x, <12, x>0,y > 0.
Solution : Given : 2x; +3x, <18, 2x, +x, <12, x>0,y >0.

To draw the graph, we prepare the following table :

Inequation Equation Points (x,, x;) Region
2¢, +3x,<18 | 2x,+3x,=18 |x, | O A0, 6) | 2(0)+3(0) < 18

x| 6 B(9, 0) .. origin side of the line AB

9
0

2%, +x,€12 | 2,4x,=12 |x, 0 | 6| C(012) 20)+0 <12
0

x, | 12 D(6,0) | .. origin side of the line CD

X, %20

Freroy
X; t : 3
il - e
s feases T i

both HH
13 3 on axes [ii
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Fig. 6.17
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OAED is feasible region. The vertices are O (0, 0), A (0, 6), E (4.5, 3) D (6, 0).
At least any one of the vertices the value of z = 5x, + 6x, will be maximum.
At0O(0,0),z=5(0)+6(0)=0
A,6), z=5(0+6(6)=0+36=36
E (45,3), z=5(45)+6(3)=225+18=405
D(6,0), z=5(6)+6(0)=30
‘. at E (4.5, 3) the value of z is maximum.
Hence, z has maximum value 40.5, when x, =4.5 and x, = 3.
[Note : Here, point E is the point of intersection of lines
2+ x,=12 ... (1) and
2%, +3x, =18 e 2)
Subtract (2) from (1),
2, + x,=12 .. (1)
2%, +3x, =18 . 2)

o=2x,=—6
x,;=3
Put x, =3 in (1),
2¢, +3=12
S22, =12-3

9
=z, =5=45

Hence, E is (4.5, 3)|

2. Minimize z =4x + 2y, subject to 3x +y > 27, x+y >21, x>0,y > 0.
Solution : Given : Minimize z =4x + 2y
x+y=227,x+y=221, x>0,y =>0.

To draw the graph, we prepare the following table :

Inequation Equation Points (x, y) Region
3x+y=27 3x+y=27 x 0 9 A(027) 3(00+0 %27

| y | 27 | 0 B9 0 .. non-origin side of the line AB
x+y=21 x+y=21 x| 0 .21. C(0, 21) ‘0+0)2l

y 21 0 D(21,0) .. non-origin side of the line CD

x=0,y=0 x=0,y=0 First quadrant
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ABC is unbounded feasible region. The vertices are
A(0, 27), B(3, 18) and C (21, 0). At least any one of the
vertices the value of objective function z = 4x + 2y will be
At A (0,27), z=4(0)+2 (27) =54

B (3, 18), z=4 (3)+2 (18) =48
C(0,21),z=4(21)+2(0)=84

*, at B (3, 18) the value of z is minimum.

Hence, z has minimum value 48, when x=3 and y = 18.
[Note : Here, B is the point of intersection of lines

3x+y=27 1)
and x +y =21 ki)
Subtract (2) from (1),
x+y= 27 ... (1)
x+y= 21 .. (2) Fig. 6.18
2 = 6
x=3
Putx=3in(2),3+y=21 Soy=18

Hence, B is (3, 18)]

3. Maximize z = 6x + 10y, subject to 3x +5y <10, 5x +3y <15, x>0,y > 0.
Solution : Given : Maximize z =6x + 10y. 3x + 5y <10, 5x +3y <15, x>0,y = 0.
To draw the graph, we prepare the following table :

Inequation Equation Points (v, y) Region
— :
10
3x 45y < 10 3x4+5y=10 x| 0 3 A02) 30)+50) <10
N ——
~ 0 M Y :
y 2 I0 B(?,O)'.'. origin side of the line AB
! | SN ! o 4
5x+3y <15 5x+3y=15 | x 0 3 C@O5 50)+30) <15
S a— !
y 5 0 D(3,0 .. origin side of the line CD
x20,y=0 x=0,y=0 | _ll-’intquadrant
6. LINEAR PROGRAMMING 167
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o y ; 4 45 5
OAD is feasible region. The vertices are (0, 0), A (0, 2), D 16°16 )

At least any one of the vertices the value of z = 6x + 10y will be maximum.

At0O(0,0),z=6(0)+10 (0)=0
A,2), z=6(0+10(2)=20

45 5 270 50 320
= (iz' E)' =16 t16~ 16 ~ 20
Here, we have infinite number of optimum solutions on the line 3x + 5y = 10 between D (g, 1_56) and A (0, 2).
[Note : Point D is the point of intersection of lines
3x +5y =10 s (1
5x 43y =15 @i (2)
Multiply (1) by 5 and (2) by 3, then subtract (2) from (1)
15x + 25y =50 o (D)x5
15x+ 9y =45 @)X
. 16y =5
-
16
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Puty=%inequation (1), 3x+5=(%)=10

2

5

e 3X=IO—R

4. Minimize z =2x + 3y, subjecttox —y <1, x+y >3,x>0,y = 0.

‘, 3x=

160 —25

16

i o0
16x3° 16

Solution : Given : Minimize z = 2x + 3y

x—y<lx+y=23x>0y=>0

To draw the graph, we prepare the following table :

CA is unbounded feasible region. The vertices are C(0, 3), A(2, 1).
At least any one of the vertices the value of z = 2x + 3y will be minimum.
At C(0, 3), z=2(0)+3(3)=9, A=(2,1), z=2(2) +3(1) =7

6. LINEAR PROGRAMMING
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Inequation Equation Points (v, y) Region
x—y=<1 x—y=1 x| & | 1 i A2, 1) :0-0<1
y 1 0/ B(@0) . originside of the line AB
o
x+y=3 x+y=3 x 0 /3 C(O3) ,0+0%3
»—r———;——« '
y 3 0 ' D(3,0) .. non-origin side of the line CD
x=>0,y>0 x=0,y=0  First quadrant
1313338 TR T
4 3t - i Scale : 2 cm = | unit 3
1 on both axes
2333 g
i
;35 fi:
2 : HH ;!4\1
"-’I
1 A
s i >
H 34 A A
: : Dx :n 3t *
1112 i FHIE H : -
?;(' 0 1 1B 2 3\ 4 X
57
Fig. 6.20
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‘. at A(2, 1) the value of z is minimum. Hence, z has minimum value 7, when x =2 and y = 1.

[Note : Here A is point of intersection of lines and can also be obtain by solving

x—y=1 ssi(1)

x+y=3 v (2)

Add (1) and (2)
x—y=1
X4+y=3

= X =4

Sox=2

Put x=2in (1)

2—-y=1 coy=1]

5. Maximize z = 4x, + 3x,, subject to 3x; +x, <15, 3x; + 4x, <24, x, = 0,x, > 0.
Solution : Given : Maximize z =4x, + 3x,, 3x,+x, < 15, 3x, +4x, < 24, x, >0, x, > 0.

To draw the graph, we prepare the following table :

Inequation Equation Points (x,, x,) Region
3%, +x, <15 3, +x,=15 'x, 0 5 A(015) 3(0)+0<15

x, 15 0 B(50) .. origin side of the line AB

3x,+4x, <24  3x,+4x,=24 x| 0 8 C(0,6) 3(0)+4(0) < 24

x; 6 0 D@0 .. origin side of the line CD
x20,y>0 x=0,y=0 First quadrant
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The shaded portion OBEC in the graph represents the graphical solution of the given LPP. The vertices of OBEC are
0(0, 0), B(5,0), E(4, 3) and C (6, 0) respectively.
At any one of these vertices the maximum value of z is obtained.
Now, z =4x, + 3x,
. at0(0,0), z=4(0)+3(0)=0

B(5 0), z=4(5)+3(0)=20

E@4,3), z=4(4)+3(3)=16+9=25

C(0, 6), z=4(6)+3(0) =24
The value of z is maximum at point E. Therefore the solution of the given LPP is as follows :

z has maximum value 25, when x, =4 and x, =3.
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[Note : Here E is the point of intersection of the lines
3x, +4x, =24 (1)
3x +x,=15 ... (2)
Subtract (2) from (1)

3x, +4x, =24
T 3x,4 x,=15

3x;=9

S 3%, =9 Jox=3
Put x, =3 in (1), we get 3x, +4(3) = 24
coBx =24-12 3, =12 . x,=4
Soxy=4,x,=3.
Hence, E(4, 3)]

6. Maximize z = 60x + 50y, subject to x + 2y < 40,3x +2y <60, x>0,y > 0.
Solution : Given : Maximize z =60x + 50y, x + 2y <40, 3x + 2y <60, x > 0, y = 0.
To draw the graph, we prepare the following table :

Inequation Equation Points (x, y) Region
x+2y <40 x+2y=40  x 0 40 A(,20) 0+20) <40
[
y 20 0 B(40,0) .. originside of the line AB
3x +2y < 60 3x +2y =60 x 0 20 C(0,30) 3(0)+2(0) < 60
N
y 30 OJ D(20,0) .. origin side of the line CD
xz0,y=0 First quadrant
‘['EE Scale : | om =5 units
i on both axes
! j222222280Ss : it
£ E (10, 15)
15 RnRnT
pesess :
10 - 3"-*2'
2, i :
Hi ‘&,, H_%*"o
it 9 HHHITH
i i
D HEHHTHEHHHT <. B
a xxxxx o E
X 0 s HH 10 B 15 BEE § 25 B 30 M 35 [ 40 E X
TE
Fig. 6.22

The shaded portion ODEA in the graph represents the graphical solution of the given LPP.
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The vertices of ODEA are O(0, 0), D(20, 0), E(10, 15) and A (0, 20) respectively.

At any of these vertices the maximum value of z is obtained.

Now, z = 60x + 50y
. at 0(0, 0), z=60(0)+50(0)=0
D (20, 0), z = 60(20) + 50(0) = 1200

E(10, 15), z = 60(10) + 50(15) = 600 + 750 = 1350

A (0, 20), z=60(0) +50(20) = 1000

The value of z is maximum at the point E.

Therefore the solution of the given LPP is as follows :

z has maximum value 1350, when x =10 and y=15.

[Note : Here E is the point of intersection of the lines

x+2y =40
3x + 2y =60

. (1)

. (2)

Subtract (1) from (2), we get

3x+2y =60
x+2y =40

2x =20
L 2x=20
Put x=101in (1)
S 1042y =40
Hence, E(10, 15)]

=10

. 2y=30

. y=15.

7. Minimize z = 4x + 2y, subject to 3x +y > 27, x+y >21, x+2y >30,x >0,y > 0.

Solution : Given : Minimize z=4x+2y, 3x+y >27, x+y >21, x+2y >30, x>0,y > 0.

To draw the graph, we prepare the following table :

Inequation

x+y=27

x+y=21

x+2y =30

x=0,y=0

Equation

3x+y=27

x+y=21

x+ 2y =230

x=0,y=0

Points (x, y)

0 9 A@©27)

27 10 BGO,0
0 21 C(,21)

21 | 0 D(21,0)

0 30 E(@ 15)

15 0  F(30,0)

Region

3(0) +2(0) * 1

*. non-origin side of the line AB
0+0 > 21

*. non-origin side of the line CD

0+2(0) *» 30

*. non-origin side of the line CD

First quadrant
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The shaded unbounded portion AGHF in the graph represents the graphical solution of the given LPP.
The lower vertices of the unbounded region are A (0, 27), G (3, 18), H (12, 9), F (30, 0) respectively.
At any one of these vertices the minimum value of z is obtained.
Now, z =4x +2y
at A(0,27), z=4(0)+2(27) =54
G(3, 18), z=4(3) +2(18) =12 + 36 = 48
H(12, 9), z=4(12) + 2(9) =48 + 18 = 66
F (30, 0), z=4(30) + 2(0) =120
The minimum value of z is obtained at the point G.
Therefore the solution of the given LPP is as follows :
z has minimum value 48, when x =3 and y=18.
[Note : Here G is the pont of intersection of lines

3x+y=27 ... (1)
x+y=21 e @
Subtract (2) from (1)
3x+y=27
x+y=21
2x =6
x=3
Putx=3in(1) 3Q@)+y=27 .. y=27-9 .. y=18 Hence, G(3, 18).
Similarly H is the point of intersection of lines
x4+ y=21 v (1)
x+2y=30 .. (2)
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Subtract (1) from (2)

x+2y =30
x+ y=21
y=9
Soy=9 Puty=9in (1)
x+9=21 Sox=21-9=12

.. x=12. Hence, H(12, 9)]

8. A carpenter makes chairs and tables. Profits are ¥ 140 per chair and ¥ 210 per table. Both products are processed on

three machines : Assembling, Finishing and Polishing. The time required for each product in hours and

availability of each machine is given by following table :

Product/ Chair Table Available time

Machines (x) (y) (hours)
Assembling 3 3 36
Finishing 5 2 50
Polishing 2 6 60

Formulate and solve the following Linear programming problems using graphical method.
Solution :
Let x = Number of chairs, y = Number of tables.
Since the number of chairs and tables cannot be negative, x > 0, y = 0.

For assembling process, 36 machine hours are available. J.3x 43y <36
For finishing process, 50 machine hours are available. c 5x+2y <50
For polishing process, 60 machine hours are available. .. 2x +6y < 60

A carpenter gets profit of ¥ 140 per chair and ¥ 210 per table.
Let z denote the total profit.
". objective function is z = 140x + 210y
Hence, LPP is formulated as follows :
Maximise z = 140x + 210y
Subject to constraints,
3x+3y <36, 5x+2y <50, 2x+6y <60, x>0, y>0
To draw the graph, we prepare the following table :

Inequation Equation Points (x, y) | Region
3x + 3y < 36 3x + 3y =36 x| 0 |12 A(0,12) |3(0)+3(0) < 36
| y | 12 0 B(12,0) .. origin side of the line AB
5x +2y <50 | 5x +2y =50 » x A 0 -10‘ C(0, 25) -5(0)+2(0)<60
A y 25 0 DO | - origin side of the line CD
2x + 6y < 60 . 2x 4+ 6y =60 'z ' 0 A304 E(0, 10) 42(0)+6(0)<60
y 10 0 F(30,0) .. originside of the line EF

xz0,y=0 x=0,y=0 First quadrant
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From the graph the feasible region is OEGHD. The vertices of the feasible region are O(0, 0), E(0, 10), G(3, 9),

33
AtO(0,0), z=140x 0+210(0)=0

E(0, 10), z=140 x 0 +210 x 10 =2100

G(3,9), z=140 x 3 + 210 x 9 =420 + 1890 = 2310

H(2?6,13_0 z=140x?+210x%’=1213.33+700=1913.33

D(10, 0), z=140 x 10 + 210 x 0 = 1400
The value of z is maximum at the point G (3, 9). Hence, z has maximum value 2310, when x=3 and y=9.
Hence, a carpenter should make 3 chairs and 9 tables to get maximum profit of ¥ 2310.
[Note : Here G is the point of intersection of

H(26 10), D (10, 0). At any one of the vertices the value of z = 140x + 210y is maximum.

3x + 3y =36 s (1)
2x + 6y =60 v (2)
Multiply (1) by 2 and then subtract (2) from (1)
6x+6y= 72
2x+6y= 60
4x =-12 Jox=3
Put x =3 in (1), we get
3(3) + 3y =36
S 3y=36—-9 o3y =27 Soy=9
Hence, G(3, 9).
Also, H is the point of intersection of
3x+ 3y =36 .. (1)
5x + 2y =50 a @

Multiply (1) by 2 and (2) by 3 and then subtract (2) from (1)
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—9x = — 78
78 26 26
P B Putx—-g in (1)
2
336-+3y=36 S 2643y =36
Lo 3y=36—-26 S 3y=10 y=13(—)'3

[ Note : Answer given in the textbook is incorrect. |

9. A company manufactures bicycles and tricycles, each of which must be processed through two machines
A and B. Maximum availability of machine A and B is respectively 120 and 180 hours. Manufacturing a bicycle
requires 6 hours on machine A and 3 hours on machine B. Manufacturing a tricycle requires 4 hours on machine A
and 10 hours on machine B. If profits are T 180 for a bicycle and T 220 for a tricycle, determine the number of
bicycles and tricycles that should be manufacture in order to maximize the profit.

Solution :

Let x = Number of bicycles.

y = Number of tricycles.
Since, the number of bicycles and tricyles cannot be negative, x >0, y = 0.

The given information is tabulated as follows :

Processed Machine hours required per unit Available
through R § YA
Bicycles Tricycles machine hours
(x) )]

Machine A 6 4 120

Machine B 3 10 180

Profit I 180 220

From the table the inequations we get
6x +4y < 120
3x+10y < 180

Let z = Total profit

', objective function to be maximized is

z=180x + 220y

Thus, the LPP formulated is as follows :

Maximize z = 180x + 220y,

subject to the constraints
6x +4y < 120
3x+ 10y < 180

=

x=0y=0
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To draw the graph, we prepare the following table :

Inequation Equation Points (v, y) l Region
6x + 4y < 120 6x + 4y =120 x 0 20 A(0 30) 6(0)+4(0) < 120
y 30 0 B(20,0) .. origin side of the line AB

3x 4+ 10y < 180 3x+10y =180 x 0 60 C(0 18) 3(0)+10(0) < 180

y 18 0 D(60,0) .. origin side of the line CD

x20,y=20 x=0,y=0 First quadrant
FRR R
Scale : | cm = 10 units
on both axes
:3:,.1@
fik
B ahiian
X 0 10 5 20N\HE 30 G £ 60 TR 70 E X
Y
Fig. 6.25

From the graph the feasible region is OCEB. The vertices of this feasible region are O(0, 0), C(0, 18), E(10, 15),
B (20, 0). At any one of these vertices, the value of z is maximum.
z=180x + 220y
At0(0,0),z=180x0+220x0=0
C(0, 18), z=180 x 0+ 220 x 18 = 3960
E(10, 15), z=180 x 10 + 220 x 15 = 1800 + 3300 = 5100
B (20, 0), z =180 x 20 + 220 x 0 = 3600
The value of z is maximum at the point E(10, 15).
Hence, z has maximum value 5100, when x =10 and y = 15.
Hence, 10 bicycles and 15 tricycles, a company should manufacture in order to get maximum profit.

[Note : E is the point of intersection of

3x+ 10y = 180 . (1
6x+ 4y =120 . (2)
Multiply (1) by 2 and subtract (2) from (1)

6x + 20y = 360

6x+ 4y =120

16y =240 sy=15

Puty=151n (1) C. 3x+10(15) =180 .. 3x=180—-150 x=3?0=10
Hence, E(10, 15).]
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10. A factory produced two types of chemicals A and B. The following table gives the units of ingredients P and Q

(per kg) of chemicals A and B as well as minimum requirements of P and Q and also cost per kg of chemicals

A and B.
Ingredients Chemicals (in units) Minimum
(per kg) A B requirements
(x) ) (in units)
P 1 2 80
Q 3 1 75
Cost (in 3) 4 6

Find the number of units of chemicals A and B should be produced so as to minimize the cost.

Solution : Let x = Number of units of chemical A.
y = Number of units of chemical B.

Since, the number of units cannot be negative, x >0, y > 0.
From the given data, we get the following inequations :
x+2y = 80
x+y =75
Let z = Total cost
The cost of one unit of chemical A is ¥ 4 and that of chemical B is ¥ 6.
.". the objective function to be minimized is z =4x + 6y
Thus, the LPP is formulated as follows :
Minimize z = 4x + 6y,
subject to x+2y > 80,3x4+y > 75, x>0, y > 0.
To draw the graph, we prepare the following table :

Inequation Equation Points (v, y) Region

x+2y =80 x+2y=80 x 0 80 A(040 |0+2(0) » 80

y 40 0 B(80,0) .. non-origin side of the line AB

3x+y=75 3x+y=75 x 0 25 C(0,75 3(0)+0*75

y 75 0 D(250) .. non-origin side of the line CD

x20,y>0 x=0,y=0 First quadrant
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From the graph the unbounded feasible region is CEB. The lower vertices of this region are C (0, 75), E(14, 33), B(80, 0).
At any one of these vertices, the value of z is minimum.
z=4x + 6y
At C(0, 75), z=4(0) + 6 (75) = 450
E(14, 33), z=4(14) + 6(33) =56 + 198 =254
B (80, 0), z=4(80) + 6 (0) =320
The value of z is minimum at the point E (14, 33).
Hence, z has minimum value 254, when x = 14 and y = 33.
Hence, 14 units of chemical A and 33 units of chemical B should be produced so as the cost is minimum.
[Note : Here E is the point of intersection of
x+2y =380 . (D)

3x+y=75 v 2)
Multiply (2) by 2 and subtract from (1)
x4+2y= 80

6x+2y= 150
—5x =—-70 Sox=14
Putx=14in (1) .. 14+2y=80
. 2y=80-14 . 2y=66 Soy=33
Hence, E(14, 33)|
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11. A company produces mixers and food processors. Profit on selling one mixer and one food processor is T 2000
and ¥ 3000 respectively. Both the products are processed through three machines A, B, C. The time required in

hours by each product and total time available in hours per week on each machine are as follows :

Product Mixer Food processor Available

Machine | 2 per unit per unit time
A 3 3 36
B 5 2 50
C 2 6 60

How many mixers and food processors should be produced to maximize the profit?

Solution : Let x = Number of mixers.
y = Number of food processors.

Since, the number of mixers and food processors cannot be negative, x >0, y > 0.
From the given data, we get the following inequations :
3x+3y < 36
S5x+2y < 50
2x 46y < 60
Let z = Total profit
Profit on selling a mixer and a food processors is ¥ 2000 and X 3000 respectively.
.". the objective function to be maximized is z = 2000x + 3000y
Thus, the LPP formulated is maximize z = 2000x + 3000y,
subject to 3x +3y < 36, 5x+2y < 50, 2x+6y < 60, x>0,y > 0.
To draw the graph, we prepare the following table :

Inequation Equation Points (x, y) Region
3x +3y <36 3x +3y =36 x| 0 12 A(0 12) 3(0)+3(0) < 36

y 12 0 B(12,0) .. origin side of the line AB

5x+2y <50 5x+2y =50 x 0 10, C(0, 25 @ 5(0)+20) <50
y 25 0 D(0,0) .. origin side of the line CD
2x + 6y < 60 2+6y=60 | x| 0 30 E(0,10) |2(0)+6(0) < 60

y 10 0  F(30,0) .. origin side of the line EF

x=20,y=0 x=0,y=0 First quadrant
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From the graph the feasible region is OEGHD. The vertices of this region are O(0, 0), E(0, 10), G(3,9), H (23—6, 139)
D(10, 0). At any one of these vertices, the value of z is maximum.
z=2000x + 3000y
At O(0, 0), z=2000(0) +3000(0)=0
E (0, 10), z=2000(0) + 3000 (10) = 30000
G (3, 9), z=2000(3) + 3000 (9) = 6000 + 27000 = 33000

H(Zé 10),z=20(.)0(23_6)_’_3000(_1_0)m52000+30000=82000=27333.33

378 3 3 3
D (10, 0), z=2000(10) + 3000 (0) = 20000
The value of z is maximum at the point G(3, 9).
Hence, z has maximum value 33000, when x =3 and y =9.
Hence, 3 mixers and 9 food processor should be produced in order to get maximum profit.
[Note : Here G is the point of intersection of
2x + 6y = 60 s (1)
3x + 3y =36 )
Multiply (2) by 2 and subtract from (1)
2x+6y= 60
6x+6y= 72

—4x  =-12 Sox=3
Putx=3in (1) .. 2Q3)+6y=60 .. 6y=60—6 .. 6y=54 .. y=9
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Hence, coordinates of G(3, 9)
Also, it is the point of intersection of

3x + 3y =36
5x + 2y =50

. (1)
. (2)

Multiply (1) by 2 and (2) by 3 and subtract

bx+6y= 72
15x +6y= 150

m

—9x =— 78
s i
L x= simre
Put.r=2—6in(1) 3(2—)+3y:36 .o 3y=36—-26 y=£)
3 3 3
26 10
Hence,H(S, 3)

12. A chemical company produces a chemical containing three basic elements A, B, C, so that it has at least
16 litres of A, 24 litres of B and 18 litres of C. This chemical is made by mixing two compounds I and II. Each unit
of compound I, has 4 litres of A, 12 litres of B, 2 litres of C. Each unit of compound II has 2 litres of A, 2 litres
of B and 6 litres of C. The cost per unit of compound I is ¥ 800 and that of compound II is ¥ 640. Formulate the

problems as LPP and solve it to minimize the cost.

Solution :
Let x = Units of compound L

y = Units of compound II.

Since, the number of units cannot be negative, x >0, y > 0.

The given information is tabulated as follows :

Basic Litres required

elements Compound I ' Compound II

() )
A 4 2
B | 12 | 2
C | 2 | 6
Cost per unit X 800 | 640

From the table, we get the following inequations :
dx+2y = 16
12x+2y > 24
2x+6y = 18
Let z = Total cost
.". the objective function to be minimized is
z = 800x + 640y
Thus, the LPP formulated is

Availability
(At least)
Litres

16
24

18

6. LINEAR PROGRAMMING

www.saiphy.com

183



www.saiphy.com

Minimize z = 800x + 640y, subject to 4x + 2y > 16, 12x +2y > 24, 2x + 6y > 18, x >0, y > 0.
To draw the graph, we prepare the following table :

Inequation Equation Points (x, y) Region

4x+2y =16 4x+2y=16 x 0 4 A8 40)+20) %16

y 8 0 B(40) .. non-origin side of the line AB

l
12x + 2y >24 12x +2y =24 x| 0 2 C(0 12) 12(0)+2(0) » 24
y 12 0 D(20) | .. non-origin side of the line CD

2x + 6y > 18 2+6y=18 x| 0 |9 E(,3) 20)+6(0) » 18

y 3 0 F(9,0) ' . non-origin side of the line EF

x=0,y=0 x=0,y=0 - First quadrant
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184 NAVNEET MATHEMATICS AND STATISTICS DIGEST : STANDARD XII (PART 2) (COMMERCE)

www.saiphy.com



www.saiphy.com

From the graph the unbounded feasible region is CGHF. The vertices of this region are C(0, 12), G(1, 6), H(3, 2),
F(9, 0). At any one of these vertices, the value of z is minimum.
z = 800x + 640y
At C (0, 12), z=800(0) + 640(12) = 7680
G(1,6), z=800(1)+ 640(6) =800 + 3840 = 4640
H(3, 2), z=800(3)+ 640 (2) =2400 + 1280 = 3680
F (9, 0), z=800(9) + 640(0) =7200
The value of z is minimum at the point H (3, 2).
Hence, z has minimum value 3680, when x =3 and y=2.
Hence, 3 units of compound I and 2 units of compound II should be produced so that the cost is minimum.

| Note : Here G is the point of intersection of lines

12x + 2y =24 sz (1)
4x+2y=16 (@)
Subtract (2) from (1)
12x42y= 24
dx+2y= 16
8x = 8 Sox=1
Putx=11in (1) So12() 42y =24 .o 2y=24-12 So2y=12 S y=6

Hence, G(1, 6)

Also, H is the point of intersection of lines

2x+ 6y =18 i(3)
4x+2y =16 ... (@)
Multiply (3) by 2 and then subtract (4) from (3)
4x+12y= 36
dx+ 2y= 16
10y= 20 Soy=2
Puty=21in (3) 2x +6(2)=18 2x=18—-12 S 2x=6 Sl x=3

Hence, H(3, 2)!

13. A person makes two types of gift items A and B requiring the services of a cutter and a finisher. Gift item A
requires 4 hours of cutter’s time and 2 hours of finisher’s time. Gift item B requires 2 hours of cutter’s time and
4 hours of finisher’s time. The cutter and finisher have 208 hours and 152 hours available time respectively every
month. The profit on one gift item of type A is ¥ 75 and on one gift item of type B is ¥ 125. Assuming that the
person can sell all the items produced, determine how many gift items of each type should he make every month
to obtain the best returns?

Solution :

Let x = Number of gift items A.
y = Number of gift items B.

7/Navneet Mathematics and Statistics Digest : Std. XII (Part 2) (Commerce) 185

www.saiphy.com



www.saiphy.com

Since, the number of gift items cannot be negative, x > 0, y > 0.

The given information is tabulated as follows :

- Time required (in hours) Available time
Service Gift items A | Gift items B (in hours)
=) ()]
Cutter 4 2 208
Finisher 2 4 152
Profit (in ) 75 125

From the table, we get the following inequations :
4x+2y < 208
2 +4y < 152
Let z = Total profit
.". the objective function to be maximized is
z="75x+125y
Thus, the LPP formulated is,
Maximize z = 75x + 125y, subject to, 4x + 2y < 208, 2x +4y <152, x>0, y > 0.
To draw the graph, we prepare the following table :

Inequation Equation Points (v, y) Region
4x +2y <208 4x +2y =208 x | 0 52 A(0, 104) 4(0)+2(0) < 208
y 104 0 B(52,0) .. origin side of the line AB

2x +4y <152 2x +4y =152 x 0 76 C(0, 38 2(0)+4(0) < 152

y 38 0 D(76,0) .. origin side of the line CD

x=20,y=20 x=0,y=0 First quadrant
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Fig. 6.29
From the graph the feasible region is OCEB. The vertices of this region are O (0, 0), C(0, 38), E (44, 16), B (50, 0).
At any one of these vertices, the value of z is maximum.
z=75x + 125y
At O(0,0), z=75(0)+125(0) =0
C(0, 38), z=75(0) + 125(38) = 4750
E (44, 16), z=75(44) + 125(16) = 3300 + 2000 = 5300
B (50, 0), z=75(50) + 125 (0) = 3750
The value of z is maximum at the point E (44, 16).
Hence, z has maximum value 5300, when x =44 and y = 16.
Hence, 44 gift items of type A and 16 gift items of type B the person should make every month to obtain the best
returns.
[ Note : Here E is the point of intersection of
4x +2y =208 . (1)
2x +4y =152 o (2)
Multiply (2) by 2 and then subtract from (1)
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4x+2y= 208
4x+8y= 304
—6y=— 96 Soy=16
Put y=16in (1) . 4x +2(16) =208 S 4x =208 —-32 S 4x =176
x=—IZ—6=44 Hence, E(44, 16)|

14. A firm manufactures two products A and B on which profit earned per unit is ¥ 3 and T 4 respectively. The
product A requires one minute of processing time on M, and two minutes on M,. B requires one minute on M,
and one minute on M,. Machine M, is available for use for 450 minutes while M, is available for 600 minutes
during any working day. Find the number of units of product A and B to be manufactured to get the maximum
profit.

Solution : Let the firm manufactures x units of product A and y units of product B.

The profit earned per unit of A is ¥ 3 and B is ¥ 4. Hence, the total profit is z=% (3x +4y).

This is the linear function which is to be maximized. Hence, it is the objective function.

The constraints are as per the following table :

Madine: | ProductA | Proddefn |22t *veiiatpty
(x) () of time (minutes)
M, 1 1 450
M, 2 1 600 1

From the table, the constraints are

x+y <450, x+y <600

Since, the number of gift items cannot be negative,

x=>0,y=>0.

.. the mathematical formulation of LPP is

Maximize z = 3x + 4y, subject to x +y < 450, 2x+y < 600, x =0, y > 0.

Now, we draw the lines AB and CD whose equations XFi Scale : 1 cm = 100 units
iy on both axes

are x +y =450 and 2x + y = 600 respectively.

Line Equation Points Points  Sign Region

on the on the

: X-axis Y-axis
AB  x+y=450 A(450,0) B(0, 450) = origin side
of the line AB
CD 2x+y=600 C(300,0) D(0,600) <  origin side
of the line CD

s AS
&
g
2
#

The feasible region is OCPBO which is shaded in the
graph.

188 NAVNEET MATHEMATICS Alwwcg gi;ﬁh v m)ﬂl (PART 2) (COMMERCE)



www.saiphy.com

The vertices of the feasible region are O (0, 0), C(300, 0),
P and B (0, 450).
P is the point of intersection of the lines

2x +y =600 s (1)
and x+y=450 s (2)
On subtracting, we get
s x=150

Substituting x = 150 in equation (2), we get

150 +y =450

.. y=300

.. P=(150, 300)

The values of the objective function z =3x + 4y at these
vertices are

z(0)=3(0)+4(0)=0+0=0

z(C) =3(300) + 4(0) = 900 + 0 =900

z(P) = 3(150) + 4(300) = 450 + 1200 = 1650

z(B) = 3(0) + 4(450) = 0 + 1800 = 1800

.". z has the maximum value 1800, when x = 0 and y =450.
Hence, the firm gets maximum profit of ¥ 1800 if it
manufactures 450 units of product B and no unit
product A.

15. A firm manufacturing two types of electrical items
A and B, can make a profit of T 20 per unit of A and
T 30 per unit of B. Both A and B make use of two
essential components a motor and a transformer.
Each unit of A requires 3 motors and 2 transformers
and each units of B requires 2 motors and 4 trans-
formers. The total supply of components per month
is restricted to 210 motors and 300 transformers.
How many units of A and B should be manufac-
tured per month to maximize profit? How much is
the maximum profit?

Solution : Let the firm manufactures x units of item A

and y units of item B.

Firm can make profit of T 20 per unit of A and X 30 per

unit of B.

Hence, the total profit is z =¥ (20x + 30y).

This is the objective function which is to be maximized.

The constraints are as per the following table :

Item A Item B
Total 1
®) ) e
Motor 3 2 210
Transformer 2 4 300

From the table, the constraints are

3x + 2y < 210, 2x + 4y < 300

Since, number of items cannot be negative, x = 0, y = 0.
Hence, the mathematical formulation of given LPP is
Maximize z = 20x + 30y, subject to

3x+2y <210, 2x+4y <300, x>0,y > 0.

We draw the lines AB and CD whose equations are

3x + 2y = 210 and 2x + 4y = 300 respectively.

AN h .
.[Line  Equation | Points on Points on Sign Region
the X-axis the Y-axis

" AB  3x+2y=210 | A(70,0) B(0,105) < origin side
| ' of the

| line AB
‘ CD 2x+4y=300 C(150,0) D(0,75) < origin side

of the

| line CD
Y B i Scale < 1 cm = 20 unils [
5= HE onbothaxes =
:::::-;':: |
21204
Y

Fig. 6.31

The feasible region is OAPDO which is shaded in the
graph.

The vertices of the feasible region are O(0, 0), A (70, 0),
P and D (0, 75).
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P is the point of intersection of the lines

2x + 4y = 300 sxs: (1)
and 3x +2y = 210 )
Multiplying equation (2) by 2, we get

6x + 4y =420

Subtracting equation (1) from this equation, we get
o 4x=120
. x=30
Substituting x = 30 in (1), we get
2(30) + 4y = 300
o, 4y =240
S y=60
.. Pis (30, 60)
The values of the objective function z = 20x + 30y at these
vertices are
z(0)=20(0) +30(0)=0+0=0
z(A)=20(70) + 30(0) = 1400 + 0 = 1400
z(P) = 20(30) + 30(60) = 600 + 1800 = 2400
z (D) =20(0) + 30(75) = 0 + 2250 = 2250
.". z has the maximum value 2400, when x =30 and y=60.
Hence, the firm should manufactured 30 units of item A
and 60 units of item B to get the maximum profit of
< 2400.

[ Note : Answer given in the textbook is incorrect. |

ACTIVITIES = Textbook pages 105 to 107

(Answers are given directly.)
1. Find the graphical solution for the following system
of linear inequations.
8x+5y <40,4x+5y<40,x >0,y > 0.
Solution : To draw 8x + 5y < 40
Draw line L, 8x + 5y =40

x|y (x, y) Sign Region
5] o Aa(5]o < On origin
0 B(0,[8)) side of the line

Fig. 6.32

To draw 4x + 5y < 40
Draw line L, : 4x + 5y =40

X \\¥

(x, y) { Sign Region
0 c(10]0 ’ < On origin
Y (> |
0 D (0, side of the line

The common shaded region OABO is graphical solution,

with vertices O (0] [0), A (5] [0), B (0] [8).

2. Find the graphical solution for the following system
of linear inequations 3x-+5y <15, 2x+5y <15,
2x+3y <18, x>0,y = 0.

[ Note : This activity has been modified. |

Solution : To draw 3x + 5y < 15

Draw line 3x + 5y = 15.

x|y (x, y) Sign Region

5] o A(5]0 <
0o [3] B@©[3)

On origin

side of the line
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Now, draw line 2x + 5y < 15
ieL,:2x+5y=15

x|y (x, ) Sign Region
0  C(73,0 < On origin
| ‘ ' side of the line
0 [3] D(o,[3)

Also draw line 2x + 3y < 18
ie.Ly=2x+3y=18

x| ¥ (x, y) Sign Region
9] 0 E(9}0) < On origin

‘ ' ‘ side of the line
o [6] Fo[e)

Fig. 6.33

The common shaded region OABO is graphical solution,
with vertices O (0, 0), A (5, 0), B(0, 3).

3. Shraddha wants to invest atmost ¥ 25,000 in savings
certificates and fixed deposits. She wants to invest
at least 310,000 in savings certificate and at least
15,000 in fixed deposits. The rate of interest on
saving certificate is 5% per annum and that on fixed
deposits is 7% per annum. Formulate the above
problem as LPP to determine maximum yearly
income.

Solution : Let x; amount (in ) invest in saving certificate

x, : amount (in ¥) invest in fixed deposits,

X, 20,x,20

From given conditions x; + x225,000

She wants to invest at least ¥ 10000 in saving certificate

" x,[ = 10,000

Shraddha want to invest at least ¥ 15,000 in fixed

deposits.

x,[ > 115,000

Total interest =z =

Maximize z =

subject to x; =

5, | 7x;
100 100

5x, 7x,
100 100

10,000

x, > 15000, x, +x, < 25000, x, >0, x, > 0|

4. The graphical solution of LPP is shown by following

figure. Find the maximum value of z=3x+2y

subject to the conditions given in grpahical solution.

Solution : From Fig. 6.34. The common shaded region
OABC is feasible region with vertices 0([0} [0]), A (6] [0)),

B(4} 3, (o} [3).

Y4
8

7
™

- [ w S J
T

Y.‘
Fig. 6.34
[Sr. No. (xy) Value of z =3x+ 2y at (x, y)
1. 0(, 0) z=0
2. A (6/ 0) Z=
3. B (@ [3)) z=
4. C(0, 6) z=10

From the above table, maximum value of z = (18| occurs

6. LINEAR PROGRAMMING
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at two point [A] and [B] that is when x =[6] y=[0] and
when x =[4] y=[3].

5. Formulate and solve the following LPP. A company
manufactures bicycles and tricycles, each of which
must be processed through two machines A and B.
Machine A has maximum of 120 hours available and
machine B has a maximum of 180 hours available.
Manufacturing a bicycle requires 6 hours on
machine A and 3 hours on machine B. Manufactur-
ing a tricycle requires 4 hours on machine A and 10
hours on machine B. If profits are < 180 for a bicycle
and T 220 for a tricycle, determine the number of
bicycles and tricycles that should be manufactured
in order to maximize the profit.

| Note : This activity has been modified. |

Solution : Let x number of bicycles and y number of

tricycles be manufactured.
x=20,y=>0 -

Total profit =z =| x(180) + y(220) = 180x + 220y |

Maximize z =|180x + 220y

The remaining conditions are

6x +4y <120

|3x + 10y < 180 |

. LPP is maximize z = [ 180x + 220y |

subject to | 6x +4y <120, 3x + 10y <180, x >0,y > 0.
To draw 6x +4y < 120

Draw line L, : 6x + 4y =120

x oy (x, y) Sign Region

.. 0 | A(20} 0) <
0 B(0, [30)

To draw 3x + 10y < 180
Draw line L, : 3x + 10y =180

origin side
of the line L,

x oy (x, y) Sign Region
0 c(eo} 0) < origin side
0 D(0, of the line L,

40

30

40 50 60

Fig. 6.35

The common shaded region OAPDO is feasible region
with vertices O (0, 0), A (20, 0), P, D(0, 18).
Here P is the point of intersection of lines
6x + 4y =120 o (B
3x 4+ 10y =180 o X2)
Multiply (2) by 2 and subtract (1)
6x+ dy= 120
6x +20y= 360

—16y = —240
. 16y =240
N\

, 6x +4(15)=120
. 6x =60 Lox=10

Put y=15in (1)
. 6x=120—-60
Hence, P(10, 15)

iSr. No., (x,¥) Value of z =3x + 2y
1 0(0, 0) z= 0
2 A (20, 0) z=3(20) +2(0) =60
3. P(10, 15) z=13(10) +2(15) =60
4 D(0, 18) z=3(0) +2(18)=36

Maximum value of z = occurs at points A(20, 0),
P(10, 15) that is when x =20 and y =0 OR when x =10
and y=15

The company gets maximum profit z =| 60 |when x =
bicycles and y=0 (i.e. no tricycle) or when x=10
bicycles and tricycles are manufactured.
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INTRODUCTION 4
The Assignment problem is a special type of linear
programming problem. It deals with assigning n jobs
to n workers on a one-to-one basis in such a way that
the objective is optimised. This means we find the best
possible assignment that gives maximum efficiency
and minimum cost. For example, assigning activities
to students, assigning different jobs to different
machines, assigning jobs to salesmen to different
regions, etc. A problem of such nature is called an
Assignment Problem. In such cases, assignment is
made on a one-to-one basis in such a manner that cost
is minimized or profit is maximized.
Since, there are equal number of asignees (say n)
and assignments (say 1) the problem can be represen-
ted in the form of n x n cost matrix.

(IMPORTANT POINTS TO REHEMBER)

. Assignment Problem : Assignment problem is a
particular case of Transportation problem with two
characteristics :

(i) The cost matrix is a square matrix

(i1) Each supply and requirement are 1.

Objective of Assignment problem is to assign the
origins to the equal number of destinations so as to

minimize cost or maximize profit.

(1) General Form of Assignment Problem :
Let x, =1, if i person is assigned to j* job
=0, if i™ person is not assigned to /" job
¢; = Cost (time) required by i person
to complete j* job,
wherei=1,2, ..., nand j=1,2, ..., n.
Minimize (total cost) Z= Y, Z ¢ x; subject to the
im] jm]
constraints,
(i) each person should be assigned to one and only
one job, i.e.

Y xy=1 [fif1,2,3; ...
j=1

(ii) each job should be assigned to one and only one
person i.e.

Y x=1 j=1,23 ..n
i=1

(iii) x,=0or1foralliandj
(2) Hungarian Method of solving Assignment Problem :
» Basic Principles :
(i) The objective remains unchanged if the origin is
changed for the elements of the given cost matrix.
(ii) A solution having zero total cost is an optimal
solution.
¢ Assumptions :
(i) Each facility is capable of performing each task.
(i) Only one task can be assigned to each facility.

(iii) Cost matrix must be a square matrix.
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(3) Special cases of Assignment Problem : The Assign-
ment problem is generally defined as a problem of
minimization.

(i) Unbalanced Assignment Problem :
Cost matrix is not a square matrix. Adding
‘dummy tasks/facilities with zero costs.”

(ii) Maximization Assignment Problem :

Convert into minimization problem (a) by sub-
tracting all the elements from the largest element
of cost matrix or (b) multiplying all the elements
of cost matrix by — 1.

(iii) Restricted (Prohibited) Assignment Problem :
Certain combinations of tasks/facilities are
restricted. Assign very high cost (say infinity) at
the restricted (prohibited) combinations.

(iv) Alternate/Multiple Optimal Solution :
Assignment matrix contains more than required
number of zero elements.

2. Sequencing Problem :

(1) Notations :

M, = Processing time required by the i job on the j**
machine. (i=1,2, ..., m;j=1,2, ..., m)

T =Total elapsed time (including idle time if any)
for processing all jobs.

X;; =Idle time on machine j from end of (i — 1)t job
to start of i job. (i=1,2,..,mj=1,2 .. m)

(2) Assumptions :

(i) No machine can process more than one job at a
time.

(ii) Each job, once started on a machine has to be
completed.

(iii) Only one machine of each type is available, i.e.
all machines are of different types.

(iv) Processing times are independent of processing
the jobs.

(v) All jobs are completely known and are ready for
processing before the period under consider-
ation begins.

(3) Types of Sequencing Problem :

(i) Processing ‘n” jobs through ‘Two machines” :

Processing time for n jobs and two machines :

Job () 1 2 3 i n
Ml Mll sz MIS Mh Mln
Machines t

M, [ M, M, M| .. |M;|..[M,

Clearly the total elapsed time T is given by

T=) M,+ Zl X2

i=1
where some of the X;;'s may be zero.
The problem is to determine the sequence of jobs
that minimizes T.
M,, = Total time for which machine M, has to

1

work.

"

Since, Y. M,; is fixed, the problem reduces to that of

=l

minimizing Y X, (Total idle time)
i=1

(ii) Processing ‘n” jobs through “Three machines’ :

Let ‘n" jobs, each of which is to be processed through
three machines M,, M,, M, in the order M;M,M,.

If at least one of the conditions, min. M, = max. M,
and min. M, > max. M, is satisfied, then convert the
three machines problem into two machines problem
by two fictitious machines, say G=M,; +M, and
H=M,+M; and then determine the optimal
sequence of 1 jobs for G and H.

( 7.1 : ASSIGNMENT PROBLEM )

7.1.1 : Definition of Assignment Problem

The assignment problem is a special case of problem in
which a number of origins (resources) are assigned to the
equal number of destinations (activities) on one-to-one
basis, so that the total cost is minimized (or profit is
maximized). Thus, the essential characteristic of the
assignment problem is as follows :

“n resources are to be assigned to n activities such that
each resource is allocated to each activity and each
activity is performed by one resource only’.

Conditions :
(i) Number of jobs is equal to number of machines or
workers.
(ii) Each worker or machine is assigned to only one job.
(iii) Each worker or machine is independently capable of
handling any job.
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(iv) Objective of assignment is clearly specified (mini-
mizing cost or maximizing profit).
7.1.2 : Assignment Model
Let 7 jobs be assigned to n facilities and ¢, be the cost
associated with assignee i (i =1, 2, ..., n) performing the
assignment j (j=1, 2, ..., n). The object is to determine
how all the assignments should be made so that the
overall return (cost or profit) is optimized (i.e. minimized
or maximized.)
¢; = cost of assigning the ™ job to i person
x;=1, if i person is assigned to j* job
=0, if i'™ person is not assigned to j™ job
wherei=1,2, ..., nandj=1,2, .., n
Therefore, the total cost Z = Zu: z Ci Xz

i=1 j=1
The mathematical formulation of the assignment
problem is given as follows :
n "
Minimize Z = ;21 !Zl ¢y X;
subject to the constraints
() xy+x5+...+x,=11i=12, ..., n

"
ie Y xy=1fori=1,2, .. n
j=1
(@) xy+xy +...+x,=1j=12...,n

ie ) x;=1forj=1,2 ...n
f=1

(iii) x;=0 or 1 for all i and j
The assignment problem can be represented in the
form of n x n matrix as follows :

. . '
Origins Deshmht?ns (Jobs) ‘ ‘ Supply
Pesson) | 5 | 3, [ | g [ fn]
+ + 4 + + 4
P, lews (lew | flew | .. {lew i
X114 | ¥12 Xy X1 |
P, e |lean | Loy o (len | oy
X213 |*22 X2 Xon

p, |l |loa | e |l |y

X1 X2 X

Requirement | 1 1 1 1

Thus, an assignment problem can be represented by
n x n matrix which covers n! possible ways of making

assignments.

7.1.3 : Hungarian Method of Solving Assignment Problem

A Hungarian Mathematician D. Konia developed
the most effective method for solving an assignment
problem.

Basic principles of this method are as follows:

(i) The objective of the assignment problem remains
unchanged if we shift the origin of elements of any
row or column in the given cost matrix.

(i) A solution having zero total cost is an optimum
solution.

Assumptions :

(i) Each facility is capable of performing each task.

(ii) Only one task can be assigned to each facility.

(iii) The assignment matrix must be of n x n size (i.e. a
square matrix of size n).

Algorithm of Hungarian Method :

Minimization case :

Step 1 : Select the smallest element in each row and

subtract it from every element of that row.

Step 2 : In the reduced matrix obtained from Step 1,
select the smallest element in each column and sub-
tract it from every element of that column.

Step 3 : In the reduced matrix obtained from Step 2,
select a row (or column) with exactly one zero and
make an assignment by enclosing this zero in a box
(["]) and cross ( x ) all other zeros appearing in the
corresponding column (or row). Proceed in this way
until all the rows (or columns) have been examined.

Step 4 : If all the zeros in rows/columns are either
marked ([]) or crossed ( x ) and there is exactly one
assignment in each row and in each column (i.e. the
number of assigned cells ([7]) is equal to the number
of rows/columns), then optimal solution is obtained
for the given problem. If the number of assigned cells
([]) is less the number of rows/columns (i.e. order of
matrix), then proceed to next Step 5.

Step 5 : Draw the minimum number of vertical and
horizontal lines [which should be exactly equal to the
number of assigned cells ([])] to cover all zeros in the
reduced matrix obtained from Step 3.
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Step 6 : If the number of straight lines drawn in Step 5 is Step 8 : Go to Step 3 and repeat the procedure until the

equal to the number of rows or columns, then it is an number of assignments become equal to the number
optimal solution, otherwise go to Step 7. of rows/columns.

Step 7 : Select the smallest element among all the un- Step 9 : The optimal assignment schedule corresponding
covered elements. Subtract this smallest element from to assigned zeros obtained is noted down.
all the uncovered elements and add it to the element Step 10 : Optimal cost can be obtained by adding the
which lies at the intersection of two lines. Thus, we cost at the assigned points in the cost matrix.

obtain another reduced matrix for fresh assignment.

Flow Chart of Hungarian Method :

¥

Construct the cost matrix if not given

*

Row Reduction

*

Column Reduction

Draw minimum number of horizontal

and vertical lines covering all zeros

v

is
Number Order

\\ o _J/ of = of \ e /|
uired matrix?
.. lines -
(1) Choose the least Assignment
uncovered element (1) Examine the rows successively until a row with
- (2) Subtract this from the exactly single zero is found. Mark ([7]) this zero
uncovered elements and and cross out (x) all other zeros of the corres-
add it to the elements at ponding column.
intersection of lines. (2) Repeat the same procedure for all columns.
Solution

Add the elements of the given cost matrix corres-
ponding to mark ([])

o,

7 >
( % STOP p,

i
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7.1.4 : Special cases of Assignment Problem

. Maximization case : To solve the problem of maximi-

zation objective, all the elements in the matrix are
subtracted from the largest element in the matrix.
Then solve the problem with the reduced matrix as per

the method of minimization case.

. Unbalanced Assignment Problem : An assignment

problem in which the number of tasks and facilities
are not equal to each other (i.e. pay off matrix of the
problem is not a square matrix) is called an unbal-
anced assignment problem. It can be balanced by
adding ‘dummy tasks/ facilities with zero costs’. Then
solve the problem with reduced matrix as per the

method of minimization case.

. Restricted (Prohibited) Assignments: An assign-

ment problem which involves restrictions in allocation
is referred as the problem with restricted (prohibited)
assignment. Such problem can be solved by assigning
very high cost (say infinity) at the restricted (pro-
hibited) combinations.

. Alternate (Multiple) Optimal Solution : An assign-

ment problem in which the final assignment matrix
contains more than the required number of zero
element is referred as the assignment problem with

alternate (multiple) optimal solution.

EXERCISE 7.1 | Textbook pages 118 and 1!?;

. A job production unit has four jobs P, Q, R, S which

can be manufactured on each of the four machines I,
II, III and IV. The processing cost of each job for
each machine is given in the following table :

Solution :

Step 1: Subtract the smallest element in each row
from every element of it. New assignment matrix is
obtained as follows :

Processing cost (in )

Jobs
Machines
I 1 m IV
P 6 0 8 4
Q 4 3 2 0
R 0 2 4 5
s 4 2 0 6

Step 2 : Subtract the smallest element in each column
from every element of it. New assignment matrix is
obtained as above, because each column in it contains
one zero.

Step 3 : Cover all zeros by minimum number of horizon-
tal and vertical lines.

Processing cost (in )

Jobs | T
Machines
I 11 111 v
P -6 -——-0 . 8 . 4
Q -4 3 2 0
R 0 -2 - 4 . -5
S 4 2 - 0 . 6

As the minimum number of straight lines required to
cover all zeros in the assignment matrix equals the
number of rows/columns. Optimal solution has
reached.

Step 4 : Examine the rows one by one starting with the
first row with exactly one zero is found. Mark the zero

Processing cost (in <) by enclosing it in ([_]), indicating assignment of the
Jobs [ 0 .. . ; :
Machinas job. Cross all the zeros in the same column.
-— This step is shown in the following table :
I 1 1 v
| Processing cost (in )
P 31 25 33 29 Iobs )
Q 25 24 23 21 st
R 19 21 23 24 I I I v
S 38 36 34 40 - 6 @ 3 4
Find the optimal assignment to minimize the total Q é 3 2 [9]
R 0 2 4 5
processing cost. 3 ” . @ 4
[Note : Question is modified. |
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It is observed that all the zeros are assigned and each Milsige of stations

row and each column contains exactly one assign- Wagons
ment. Hence, the optimal (minimum) assignment I | 1 m | v v
schedule is : 1 0 0 4 11 3
. 2 2 3 0 4 5
2 Processing \
Jobs Machines ; 3 0 0 2 0 0
cost (in ) ‘
1 | 4 4 0 3 6 3
5 |
F i “ 5 0 0 8 1 1
Q v 21
R I 19 The number of lines covering all zeros (4) is not equal
S 111 34 to order of matrix (5). So solution has not reached.

Step 3 : Therefore, subtract the smallest uncovered
Hence, total (minimum) processing cost =

25+21+19+34=%99.

element (1) from all uncovered elements and add it to

all elements which lie at the intersection of two lines.

All other el ts on the li i ch d.
2. Five wagons are available at stations 1, 2, 3, 4 and 5. i, o GG

These are required at 5 stations I, II, III, IV and V. Mileage of stations
The mil betw i tati i i jreness N | '
e mileage between various stations are given in I I m v v
the table below. How should the wagons be trans- ‘ ' [
ported so as to minimize the mileage covered? ! —r¥ t - E
2 2 3 0 3 B
[ T | o0 |/ | v | N 3 431 3 H0—0
1 10 5 9 18 11 4 4 0 3 5 2
2 13 9 6 12 14 2 A N | I .S ¢
3 7* 2 4 4 5 The number of lines covering all zeros is equal to order
4 18 9 12 17 15 of matrix.
& % P X {y - Step 4 : Hence, optimal solution has reached. Therefore,

the optimal assignment is made as follows :

[* Data has been modified.]
Mileage of stations

Solution : Wagons
Step 1: Subtract the smallest element in each row 1 /iy 1 m | v v
from every element of that row. 1 (o] ) | 1 10 2
T 2 2 3 3 4
Mileage of Stations @
Wagons | . £ : | 3 1 1 3 @ X
1 | 0 | m | W \4 p ¢ 0] ¥ " 5
1 5 0 4 13 6 5 )4 ) | 8 2 [0]
2 7 3 0 8
The optimal assignment is shown as follows :
3 5 0 2 3 v _
4 9 0 3 6 Wagon Station Miles
5 5 0 8 13 4 1 I 10
2 I 6
Step 2 : Subtract the smallest element of each column 3 o
from every element of that column. 4 I 9
5 A% 10

The minimum mileage covered =10+ 6 +4 +9 + 10
= 39 miles.
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3. Five different machines can do any of the five

Profit (in %)
required jobs, with different profits resulting from Jobs
each assignment as shown below : Machines
Machines Profit (in ) A B C D E
Job Sgai— - I [
X B C D E 1 10 3 0 8 0
1 1 1 2 0 16 13 15 4
1 30 ¥ 28 | 4@ 3 0 3 - 6 5
2 40 24 27 21 36 4 15 2 0 0 4
5 2 2 3
3 40 32 33 30 35 » 0 4 A 2
4 25 38 40 36 36 Step 4 : Cover zero elements with minimum number of
5 29 62 41 34 39 straight lines. We get
Find the optimal assignment schedule. Profit (in 3)
Solution : .
; G2 ST Jobis Machines
Step 1: Since, it is a maximization problem, subtract
each of the elements in the given matrix from the A B C D E
largest element, which is 62 here. The assignment . P \\ V| [ = g
matrix is obtained as follows : ~
2 0 16 13 15 4
Profit (in ) 3 6 5
]obs Ma;h_ines I 7 4 15 t 2 + 0 0 4
5 B ———2——24—23
A B C D E
1 30 25 » o 2 Since, number of straight lines covering all zeros is not
2 22 38 35 41 26 equal to number of rows/ columns, optimum solution
3 22 30 29 32 27 has not reached.
2 o7 24 2 %6 26 Step 5 : Select the smallest element among the uncovered
5

33 0 21 28 23
. A\ Ve elements, which is 4 here. Subtract it from each

Step 2 : Subtract the smallest element in each row from
the every element of that row. We get

element of the uncovered elements and add it to the

elements at the intersection of two lines. We get

Profit (in ) Profit (in 3)
Jobs . gy
Machines Jobs Machines
A B C D E
| | ! A B C D E
1 10 3 0 12 0 !
2 0 16 13 19 4 i 2 ) 8 P
3 0 8 7 10 5 2 0 12 9 11 0
4 15 2 0 4 4 3 3 2 1
5 33 0 21 28 23 4 19 0 4
5 F——0 1 21 [ 92 23

Step 3 : Subtract the smallest element in each column
from the every element of that column. We get

Since, number of straight lines covering all zeros is
equal to number of rows / columns. Optimum solution
has reached.
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Optimum assigment can be made as follows : Places
' Machines
Profit (i
it A B c D E
Jobs -
Machines M, 4 6 10 5 6
A B C D E M, 7 4 0 5 4
[ M, w 6 9 6 2
1 14 3 0] 8 H M, 9 3 7 2 3
2 12 9 11
A (9] M; 0 0 0 0 0
3 [0] 4 3 2 1
4 19 2 X (0] 4 Step 1 : Minimum element of each row is subtracted
5 37 [0] 21 24 23 from every element of that row.
Optimum solution is shown as follows : o § Places
— —ar Machines . "
Jobs Machines Profit A B e D E
(in )
M, 0 2 6 1 2
! 5 9 M, 3 0 oo 1 0
% B “ M 4 7 4 0
3 A 40 ‘ ®
4 D ” M. 1 5 0 1
5 B 62 M, 0 0 0 0 0
L i it Step 2 : Minimum element of each row is subtracted
=40 +36 +40 + 36 + 62
from every element of that row.
=X 214."
[Note : * Answer given in the textbook is incorrect.| Places
Machines —

4. Four new machines M,, M,, M, and M, are to be A B C D E
installed in a machine shop. There are five vacant M 0 3 6 3
places A, B, C, D and E available. Because of limited M’ 3 0 5 0
space, machine M, cannot be placed at C and M, ;\42 A 7 0

)
cannot be placed at A. The cost matrix is given below : ’
. A S M, 7 1 5 1
Places M, 0 0 0 ? 0
Machines | . ;
A B C D E
| Step 3 : Since, the number of lines covering zeros is 5
M % 8 L, 3 5 and is equal to order of matrix 5, the optimal solution
M, 7 4 3 3 h has reached. Optimal assignment can be made as
M, - 6 | 6 2 follows :
M, 9 3 7 2 3 ~
Places

Find the optimal assignment schedule. Machines 4
e A B C D E
Solution :

As the number of machines is less than the number of M, @ 2 6 1 2
places, the problem is unbalanced. It is balanced by M, 3 [0] & 1 it
introducing a dummy machine M, with zero cost. M o 4 B 4 [0]

3
As M, cannot be placed at C and M, cannot be placed M & 1 5 0] 1
4 y

at A, a very high cost say 0 is assigned to the corre-

R i y gn M, )i} :{ 0] ! .S
sponding element.
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The following optimal solution is obtained :

Machines Places Cost (in ?)
M, A 4
M, B 4
M, E 2
M, D 2
M C 0

Total cost =% 12.

5. A company has a team of four salesmen and there
are four districts where the company wants to start
its business. After taking into account the capabili-
ties of salesmen and the nature of districts, the
company estimates that the profit per day in rupees
for each salesman in each district is as below :

Districts
Salesmen - . F S e ¥
1 2 3 41
A 16 10 12 11
B 12 13 15 15
(& 15 15 11 14
D 13 14 14 15

Find the assignment of salesman to various districts

which will yield maximum profit.
Solution :

Since, it is a maximization problem, subtract each of
the elements in the matrix from the largest element of the
matrix which is 16 here.

Districts
Salesmen
1 2 3 4
A ) 6 4 5
B 4 3 1 1
@ 1 1 5 2
D 3 2 2 1

Step 1 : Subtract the minimum (smallest) element of each

Step 2 : Subtract the smallest element of each column

from the elements of that column.

Districts
Salesmen
1 2 3 4
A 0 6 4 5
B 3 2 0 0
C G G s (i e [
D 2 1 1 0

Step 3: Since, the number of lines covering zeros is
4 equal to the order of matrix 4. The optimal solution
has reached.

Districts
Salesmen . . .
1 2 3 4
A [0] 6 4 5
B 3 2 [0] X
c b | [0] 4 1
D 2 1 1

The following optimal solution is obtained :

Salesmen Districts Profit ®)
A 1 16
B 3 15
C 2 15
D 4 15

Total profit =X 61.

6. In the modification of a plant layout of a factory four
new machines M,, M,, M, and M, are to be installed
in a machine shop. There are five vacant places A, B,
C, D and E available. Because of limited space,
machine M, cannot be placed at C and machine M,
cannot be placed at A. The cost of locating a machine
at a place (in hundred rupees) is as follows :

Locations
row from the elements of that row. Machines . ‘ :
T A B C D E
Districts - ~ : :
Salesmen M, 9 1 15 10 11
1 2 3 4
| M, 12 9 = 10 9
A 0 6 4 5 M, - 11 14 11 7
B 3 2 0 0 M, 14 8 12 7 8
3 0 0 4 1
D 2 1 1 0 Find the optimal assignment schedule.
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Solution :

As the number of machines is less than the number of
vacant places, the problem is unbalanced. It is balanced
by introduction of dummy machine M. with zero cost.

Also machine M, cannot be placed at C and machine
M, cannot be placed at A, a very high cost say oo is
assigned to the corresponding elements. We get

Locations
Machines

A B (& D E
M, 9 11 15 10 11
M, 12 9 0 10 9
M, (s} 11 14 11 7
M, 14 8 12 8
M, 0 0 0 0 0

Subtract the smallest element of each row from every

element in that row. We get

Locations
Machines

A B c D E
M, 0 2 6 1 2
M, 3 0 w0 1 0
M, @ 4 7 4 0
M, 7 1 5 0 1
M, 0 0 0 9 0

Since, the smallest element in each column is zero, the

resultant matrix is as given in the above table.

The following is the optimum solution obtained :

Machines Locations Cost (%)
M, A 9
M, B 9
M, E 7
M, D 7

Total cost =T 32.

\

EXAMPLES FOR PRACTICE 7.1 /

1. Four freelancers P, Q, R, S can do four types of jobs.

The corresponding cost matrix is given below. If each
person is to be assigned exactly one job, solve the

problem for minimizing the cost.

Persons (Freelancers) ’

Jobs - . |
P Q R S ’
I8 0 18 9 3
L 10 25 1 23
I 24 3 4

Ta 9 16 14 0

. A team of 4 horses and 4 riders has entered the

jumping show contest. The number of penalty points
to be expected when each rider rides each horse is
shown below. How should the horses be assigned to
the riders so as to minimize the expected loss ? Also,

find the minimum expected loss.

: A : " Horses
Since, number of straight lines covering all zeros is Riders | ) i ‘
equal to number of rows/columns, the optimal solution H, H, H, H,
has reached. The optimal assignment can be made as R, 12 3 3 2
follows : R, 1 11 4 13
y \ Y B ¥ Fgl Mg Ry 11 10 6 11
. Locations R. 4 8 1 7
Machines - B FESed E 82 RS T A
A B C D E
' 3. The cost (in hundreds of ) of sending material to
My [0] 4 & 1 4 ‘five’ terminals by ‘four’ trucks, incurred by a com-
M, 3 = : A pany is as given below. Find the assignment of trucks
Lo s S % . @ to terminals which will minimize the cost. [‘One’
My z . 8 [9] . truck is assigned to only ‘one’ terminal.] Which
Ms A X 0 X ht terminal will ‘not’ receive material from the truck
company ? What is the minimum cost?
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Trucks
Terminals

A B C D
T; 3 6 2 6
T 7 1 4 4
4= 3 8 5 8
T, 5 2 4 3
i 5 7 6 2

4. A company has 4 machines on which to do 3 jobs.
Each job can be assigned to one and only one
machine. The cost of each machine is given in the
following table :

Cost (in )
Jobs
Machines
A B (4 D
I 18 24 28 32
II 8 13 17 19
11 10 15 19 22

What are the job assignments which will minimize
the cost?

. A company has a group of 4 salesmen. There are
4 districts where the company is interested in starting
its business. Following table gives profit per day
in rupees for different districts due to different

salesmen.
Districts
Salesmen = AN .
1 2 3 4

A 600 100 400 100
B 400 100 500 500
C 500 500 300 200
D

300 200 400 500

Make an assignment which will yield maximum
profit.

. The owner of a small machine shop has ‘four’
machinists available to assign jobs for the day. ‘Five’
jobs are offered to be done on the day. The expected
profits for each job done by each machinist are given
below. Find the assignment of jobs to the machinists
that will result in maximum profit. Also find the
maximum profit.

[One machinist can be assigned only ‘one’ job.]

Jobs
Machinists - - - .
A B (& D E
M, 62 78 50 101 82
M, 71 84 61 73 59
M, 87 92 111 71 81
M, 48 61 87 77 80

7. A pharmaceutical company has four branches, one

each at city A, B, C, D. A branch manager is to be
appointed one at each city, out of four candidates P,
Q, R and S. The monthly business depending upon
the city and effectiveness of the branch manager in
that city is given below :

Monthly business (in lakh )

Candidates City
A B C D
P 10 | 10 8
Q 12 15 10
R 1 16 12
s 15 13 15 11

Which manager should be appointed at which city
so as to get maximum total monthly business ?

. A company has five salesmen and five sales areas.

The average monthly sale (in ‘000 ) by different
salesmen in each of the areas are given below. Solve
this assignment problem so as to maximize total
sales.

Average monthly sale (in "000 %) l

Areas
Salesmen ‘

P Q R S T
A 38 43 45 35 45
B 44 29 35 26 41
C 45 33 39 36 42
D 48 43 46 41 41
E 33 38 45 40 44

. The time required by each worker to complete each

job is given below, where ‘~" means the particular job
cannot be assigned to the particular worker. Find the
assignment of jobs to workers which will minimize

the total time required to complete all the jobs.
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‘ Workers
Jobs T |
| A B c
I 12 10 8
I 8 9 11
m 11 - 12

10. A Chartered Accountants’ firm has accepted ‘five’
new cases. The estimated number of days required
by each of their ‘five’ employees for each case are
given below, where '~ means that the particular
employee cannot be assigned the particular case.
Determine the optimal assignment of cases to the
employees so that the total number of days required
to complete these ‘five’ cases will be minimum. Also,
find the minimum number of days.

Cases
Employees : == . 4

I 1| 1 v v
E, 5 2 4 2 6
E, 3 4 = 5 7
E, 6 3 4 1 2
E, 4 2 2 3 5
Eq 3 6 4 7 3

Answers
1. J,-P, J,~R, ];—Q, J,—S. Minimum cost = 6 units
2. H, >R, H,—-»R; H;—»R, H, >R,
Minimum expected loss =1+10+1+2=14.
3. A-T, B>T, C-»T, D-T, E-T,
Minimum cost =341+ 2+ 2 =8 (in "00 Y) =T 800.
4, I-A II-B, MI-CORI=A, II-C III-B
Minimum cost =18 + 13 4+ 19 =Y 50 or
18 +17 +15=% 50.
5. A-1,B-3,C-2 D-4
Maximum profit = 600 4+ 500 + 500 + 500 =X 2100.
6. B»M, C—»M, DM, E-M,
Maximum profit = 84 + 111 + 101 + 80 =¥ 376.
7. P-D, Q- A, R-B, S—C ¥ 51 lakh
8. A-Q, B—=P, C—>T,D—-R, E=S
Total maximum sales =43 + 44 + 42 + 46 + 40 =215.
[ Alternative solutions exist :
A-Q B-P, C-»T, D-S E-R
A-Q B-T, C-»P, D-R E-S
A-Q, B-T,C-P, D-S, E~R]

9. I-C, I[I-=B, [lI—=A. Minimum time = 28 units.
10. I-E, I-E, MI-E, IV-E;, V-E,
Minimum number of days required
=3+2+2+1+3=11days.

|" 7.2 : SEQUENCING PROBLEM j

Introduction to Sequencing Problem : Sequencing is
a process of selecting a path which each part of the
product will follow before being transformed from raw
materials into the finished product. For example, a
publisher wishes to publish ten different books. He
wants to bring out all the books in the market in a short
period of time. Each book (job) has to be processed
through the following in the order (a) Composing
(b) Printing (c) Binding and (d) Finishing. The approxi-
mate time taken by each of the processes (composing,
printing, etc.) for each of the ten books is known. The
problem of the publisher is to decide which book is to be
processed first, which is to be processed next and so on.
He has to determine a sequence (order) of giving the
manuscripts to the press in such a way that the total
elapsed time (i.e. the time from the start of the first book
till the completion of the last book) and the total idle time
of the machines is minimized. This is an example of ‘ten
jobs and four machines sequencing problem.’

Thus, sequencing problem is to determine the
sequence (order) for a series of jobs to be done on a finite
number of service facilities, in some pre-assigned order,
so as to optimize the total time involved.

7.2.1 : General Sequencing Problem

Let in an industry there be n jobs each of which is to
be performed one at a time at each of the m different
machines. We are given the order in which these machines
are to be used for processing each job and also the actual
or expected processing time taken by each job on the
machines, then the General Sequencing Problem is to
determine the sequence out of (n!)" possible combina-
tions, that minimizes the total elapsed time. (i.e. the time
from the start of the first job up to the completion of the
last job).

1. Conditions :
(i) No machine can process more than one job at a time.
(ii) Each job, once started on a machine has to be

completed.
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(iii) The time involved in moving jobs from one machine
to another is negligible.

(iv) Processing times Mys (=12, ..,mj=12, ..m)
are independent of order of processing the jobs.

(v) All machines are of different types.

(vi) All jobs are completely known and are ready for
processing before the period under consideration
begins.

(vii) A job is processed as soon as possible, but only in
the order specified.

2. Terminology :

(1) Total Elapsed Time : It is the time required to com-
plete all the jobs i.e. the entire task.

Thus, total elapsed time is the time between the
beginning of the first job on first machine till the
completion of the last job on the last machine.

(2) Idle Time : Idle time is the time when a machine is
available but not being used. Thus, it is the time that
the machine is available but is waiting for a job to be

processed.

3. Notations : Following notations are used in the

sequencing problem.

M, = Processing time required by the i job on the /&
machine. (i=1,2, ..., mj=1,2, ..., m)

T =Total elapsed time (including idle time, if any) for
processing all the jobs.

X;; = Idle time on machine j from end of (i — 1)"job to
the start of i job: (i=1,2,:..; ;}§, 2, ..., m)

7.2.2 : Types of sequencing problem

1. Sequencing ‘n’ jobs on Two Machines : The n job-2
machines sequencing problem is described as follows :
(i) Only two machines M, and M, are involved.
(ii) Each job is processed in the order M, M,.
(iii) The actual or expected processing times M,,,
M,, ... My, and M,,, M,,, ..., M, are known.
The problem is to determine the sequence (order) of
jobs that minimizes T. The total elapsed time from the
start of the first job to the completion of the last job.
Total elapsed time T is given by,
T=Z": M,,+i X2

i=1 i=1

where i M,, = Total time for which machine
X M, has to work.
i X;, = Total idle time for which
= machine M, remains idle.
(Some X;,’s may be zero)
Optimal Sequence Algorithm :
Step 1 : Examine M,,’s and M,,’s fori=1, 2, ..., n and
find Min. {M,,, M,,}

Step 2:

(i) If this minimum is M,, for some i =k, process (or do)

the k* job first of all.

(ii) If this minimum is M, , for some i =r, process (or do)

the r* job last of all.

Step 3 :

(i) If there is a tie, i.e. if M,; =M, ,, process Kth job first
of all and ™ job in the last.

(ii) If there is a tie, i.e. M, = M,,, process k' job either
next to the first ones or next to the last ones in the
sequence.

(iii) If the tie for the minimum occurs among the M,,’s,
select any job and process it first of all.

(iv) If the tie for the minimum occurs among the M;,’s,
select any job and process it in the last. Go to the next
step.

Step 4 : Cross off the jobs already assigned and repeat

steps 1 to 3, placing the jobs next to first or next to last,
until all the jobs have been assigned.

)

. Sequencing ‘n’ jobs on Three Machines : Then job-3
machines sequencing problem is described as follows :
(i) Only three machines are involved, say M;, M,
and M,.
(ii) Each job is processed in the prescribed order
M,M,M,.
(i) No passing of jobs is permitted (i.e. the same
order over each machine is maintained).
(iv) The actual or expected processing times on three
machines are known.
The problem is to find the optimum sequence of jobs
which minimize the total elapsed time.
Algorithm to obtain an optimal sequence of jobs :
Step 1 : Find Min. (M,), Min. (M;) and Max. (M,)
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Step 2 : See whether
(i) Min. (M,) = Max. (M,)

(i) Min. (M;) > Max. (M;)

Step 3 : If no equality of step 2 is satisfied, the method
fails. Otherwise move to step 4.

Step 4 : Convert the three machines problem into two
machine problem by introducing two fictitious
machines, say G and H, such that G=M, + M,;
H=M, + M,.

Step 5 : Determine the optimal sequence of 1 jobs for two
machines G and H, using the iterative procedure for

n job and 2 machine problem.

EXERCISE 7.2 | Textbook pages 125 and 126

1. A machine operator has to perform two operations,
turning and threading on 6 different jobs. The time
required to perform these operations (in minutes) for
each job is known. Determine the order in which the
jobs should be processed in order to minimize the
total time required to complete all the jobs. Also find
the total processing time and idle times for turning

and threading operations.

Jobs 1 2 3 4 5 6
Thnefeel] . 12 5 2 9 11
turning
Sl 10 9 6 3 1
threading
Solution :
Time required (in minutes)
Jobs £ |
For turning For threading
1 3 8
2 12 10
3 9
4 6
5 3
6 11 1

Step 1: Here, Min. (M,;, M,,) =1, which corresponds to
threading. Therefore, job 6 is operated at last.

The problem now reduces to five jobs 1, 2, 3, 4, 5.
Here, Min. (M,;, M,,) =2, which corresponds to turning.

Therefore, job 4 is operated first of all for turning.

4 6

The problem now reduces to four jobs 1, 2, 3, 5.

Here, Min. (M,,, M,,) =3, which corresponds to both
turning and threading.

Therefore, job 1 is operted first next to job 4 and job 5 is
operated at last next to job 6.

4 |1 5 6
The problem now reduces to two jobs 2 and 3.
Here, Min. (M,;, M,,) =5, which corresponds to turning.
Therefore, job 3 is operated next to job 1.

- 1 3 5 6

Now, remaining job 2 is operated next to job 3. Thus,
the optimal sequence of jobs is obtained as follows :

4 1 3 2 5 6

The minimum elapsed time can be computed as follows :

Jobs For turning For threading Idle

Se ! 77 T T time for
UENCE | Yime in |Time out| Time in |Time out et

4 0 8 2
1 2 5 8 16 0
3 5 10 16 25 0
2 10 22 25 35 0
5 22 31 35 38 4
6 31 42 42 43 0

Total idle time for threading 06

From the above table,
The minimum (optimum) total elapsed time
T =43 minutes.
Idle time for turning

VRt { Sum of the processing ﬁme}

of all six jobs on turning

=43 —42 =1 minute

Idle time for threading = 6 minutes.

2. A company has three jobs on hand. Each of these
must be processed through two departments, in the

’ l ‘ ‘ ‘ 6 order AB where
1
Department A : Press shop and
Department B : Finishing
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The table below gives the number of days required
by each job in each department :

Jobs I Il I
Department A 8 6 5
Department B 8 3 4

Find the sequence in which the three jobs should
be processed so as to take minimum time to finish
all the three jobs. Also find idle time for both the

departments.
Solution :
| Department ‘ Step I:
Jobs | A ‘T‘ Min. (M;,, M,;) =3,
A : which corresponds to
I S 5 department B.
IIIII Z 3 Therefore, job II is processed in
the last.
I

The problem now reduces to two jobs I and IIL

Here, Min. (M;;, M,,) =4, which corresponds to the
department B.

Therefore, job Il is processed in the last next to job III
and then job I is processed.

Thus, the optimal sequence of jobs is obtained as

follows :

I m  u

Minimum elapsed time can be computed as follows :

Job Department A

Department B Idle time
Sequence 1y in |Time out, Time in |Time out}. °F B
I 0 8 8 16 8
I 8 13 16 20 0

I 13 19 20 23 0

Total idle time for B 8

From the above table,

Minimum total elapsed time to finish all three jobs
T =23 days

Idle time for the department A

—T— {Sum of the processing time}

to finish all jobs in A
=23 —19 =4 days.
Idle time for the department B =8 days.

3. An insurance company receives three types of
policy application bundles daily from its head office
for data entry and tiling. The time (in minutes)
required for each type for these two operations is

given in the following table :

Policy 1 2 3
Data Entry 90 120 180
Filing 140 110 100

Find the sequence that minimizes the total time
required to complete the entrie task. Also find the
total elapsed time and idle times for each operation.

Solution :

Time required (in minutes)

Policy - -
Data Entry Filing
1 90 140
120 110
180 100

Min. (M;,, M,,) = 90, which corresponds to job data entry.
Therefore, Policy 1 is processed first in sequence.

1 |

The problem now reduced to two positions 2 and 3.
Here, Min. (M,,, M,,) =100, which corresponds to job
filing. Therefore, Policy 2 is placed last.

1 3 |

Now, Min. (M,;, M,;) =110, which corresponds to job
filing. Therefore, Policy 2 is placed next to policy 1.

1|2 |8 ]

Hence, the optimal sequence is 1 -2 -3
Total elapsed time is obtained as follows :

Policy

Data Entry Filing Idle time

Hequence Time in Time out Time in Time out for Filiog
1 0 90 90 230 90
2 90 210 230 340 0

210 390 390 490 50

Total idle time for Filing 140

Total elapsed time T =490 minutes
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Idle time for data entry
=T —Total time of data entry
=490 — 390 = 100 minutes
Idle time for filing = 90 + 50
= 140 minutes.
[Note : Answer given in the textbook is incorrect.|

4. There are five jobs, each of which must go through
two machines in the order XY. Processing times (in
hours) are given below. Determine the sequence for
the jobs that will minimize the total elapsed time.
Also find the total elapsed time and idle time for
each machine.

Jobs A B C D E
Machine X 10 2 18 6

Machine Y 4 12 14 16 8

Solution :
Processing time (in hours)
Jobs
Machine X Machine Y
A 10 -
B 2 12
C 18 14
D 6 16
E 20 8

Min. (M,;, M,;;) =2, which corresponds to Machine X.
Therefore, job B is processed first.

i ()

The problem now reduces to jobs A, C, D, E.
Here, Min. (M,,, M,,) =4, which corresponds to Machine
Y. Therefore, job A is processed last.
B ] ] [ a
The problem now reduces to jobs C, D, E.

Here, Min. (M;,, M,,) =6, which corresponds to Machine X.
Therefore, job D is processed next to job B.

B

A

s | o
The problem now reduces to jobs C and E.
Here, Min. (M;,, M,,)=8, which corresponds to Machine Y.
Therefore, job E is processed last next to job A and job C is
processed next to job D.

(o [o]c =]

Total elapsed time is obtained as follows :

Job Machine X Machine Y Idle time
Sequence Time in Time out Time in Time out Macfl:)i;e Y
B 0 2 2 14 2
D 2 3 14 30 0
C 8 26 30 44 0
E 26 46 46 54 2
A 46 56 56 60 _ 2

Total idle time for Machine Y 6

Total elapsed time T = 60 hours
Idle time for machine Y = 6 hours
Idle time for machine X

=T — Total processing time of X

= 60 — 56

=4 hours.

5. Find the sequence that minimizes the total elapsed
time to complete the following jobs in the order AB.
Find the total elapsed time and idle times for both
the machines.

Jobs I I |0 |IV |V |VI]|VI

Machine A 7 |16 (19 |10 |14 |15 | 5

Machine B 12|04 |14 |10 |16 | 5 7

Solution :

Time
Jobs - -
Machine A Machine B

I 7 12

I 16 14

I 19 14

v 10 10

\% 14 16

VI 15 5
VII 5 7

Here, Min. (M,;, M,,) =5, which corresponds to both
machines A and B.

Therefore, job VII is processed first and job VI is pro-
cessed last.

viI VI

The problem now reduces to jobs I, II, III, IV and V.
Here, Min. (M,,, M,,) = 7, which corresponds to machine A.
Therefore, job I is processed next to job VIL
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i [ [ [ [«

The problem now reduces to jobs II, III, IV and V.
Here, Min. (M,;, M,,) =10, which corresponds to both
machines A and B.

Therefore, job IV is processed next to job L

o

vi[1]|w] |
The problem now reduces to jobs II, IIl and V.

Here, Min. (M;;, M,,) =14, which corresponds to both
machines A and B.

Therefore, job V is processed next to job IV.

[ ]

lVII‘l w]v!

The problem now reduces to jobs II and III.

Here, Min. (M;;, M,,)=14, which corresponds to
machine B.

Therefore, job Il is processed in the last next to job VI and
job III is processed last next to job II.

AVH]I‘WIV‘IHII;WVI

Total elapsed time is obtained as follows :

Job Machine A Machine B Idle time
I T | VA - for

Redquence Time in Time out Time in Time out, .. = o

VII 0 5 5 12 5

I 5 12 12 24 0

v 12 22 24 34 0

A 22 36 36 52 2

I 36 55 55 69 3

I 55 71 71 85 2

VI 71 86 86 91 1

Total idle time for Machine B 13

Optimal sequence of jobs is
VII-»I=IV-V-Il-II- VI
Total elapsed time T = 91 units
Idle time for Machine B = 13 units
Idle time for machine A
=T — Processing time of A
=91—-86

=5 units

6. Find the optimal sequence that minimizes total time
required to complete the following jobs in the order
ABC. The processing times are given in hours.

(i)

[ Jobs 1o m|w|v|vi|v
MachineA |6 |7 |5 |11]6 |7 |12
Machine® 0l « |3 | 25153
MachineC | 3 |8 |7 |4 |9 |87

Solution :

Here, Min. (A)=5, Min. (C)=3 and Max. (B)=5.

Since, Min. (A) = Max. (B) is satisfied, the problem can
be converted into 7 jobs and 2 machine problem.

Now, the two fictitious machines are such that

G=A+Band H=B+C

Then the problem can be written as

Machines
Jobs
G=A+B H=B+C
—1 10— 7
Il 10 11
m 7- -—
v 16
- V- 7 10
VI 12 13
viI 15 10

Here, Min. (G, H)) =7, which corresponds to both
machines G and H.

Therefore, job Il is processed first and job V is process
second and job I is processed at the last.

m | Vv I‘

OR

v | m I‘

The problem now reduces to jobs II, IV, VI and VIL
Here, Min. (G, H,) =9, which corresponds to machine H.

Therefore, job IV is processed in the last next to job I.

m v v |1 ‘
OR

vV | m IVI‘

The problem now reduces to jobs II, VI and VII
Here, Min. (G, H,) =10, which corresponds to both
machines G and H.
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Therefore, job II is processed next to job V and job VII
is processed in the last next to job IV.

m| v | I VI | IV | I
OR
V|| o VIOH|IV | I

The problem now reduces to only one job VL It is
processed next to job II.
. the following optimal sequence is obtained :

I v | I VI |V IV] 1

OR

¥V | O] I VI VIL] IV| I

Total elapsed time is obtained as follows :

Jobs Machine A Machine B Machine C  Idle
Sequence - T T i = T time for
Time Time Time Time Time Time Machine

in out in out in out C
I 0 5 5 7 7 14
A 5 11 11 12 14 23
II 11 18 18 21 23 31
VI 18 25 25 30 31 39
VIl 25 37 37 40 40 47
v 37 48 48 53 53 57
I | 48 54 | 54 | 58 58 | 61
Total idle time for Machine C | 15

I T - - -

Total elapsed time T = 61 hours

Idle time for Machine A

=T — Total processing time of Machine A
=61 —54=7 hours

Idle time for Machine B

=T — Total processing time of Machine B
=61 —23 =38 hours

Idle time for Machine C =15 hours.

(ii)

' Jobs 1 2 3 4 | 5
Machine A 5 7 6 9 W‘ 5
Machine B 2 1 4 5 | 3
Machine C 3 7 5 6 | 7

Solution : -

Here, Min. (A)=5, Min. (C)=3, Max. (B)=5.

Since, Min. (A) > Max. (B) is satisfied, the problem can
be converted into 5 jobs and 2 machine problem.

Now, the two fictiious machines are such that

G=A+Band H=B+C

The problem can be written as the following 5 jobs and

2 machine problem.
Machine
Jobs
G=A+B H=B+C
1 5
2 8 8
3 10 9
4 14 11
5 8 10

Min. (G,,, H;,) =5, which corresponds to H.
Therefore, job 1 is processed last.

1

The problem now reduces to four jobs 2, 3, 4, 5. Here,
Min. (G;;, H,,) =8, which corresponds to G and H both.
Therefore, job 2 is processed first of all and then job 5 is
processed.
A\VZRN A 1B

The problem now reduces to two jobs 3 and 4. Here,
Min. (G;;, H;;) =9, which corresponds to H. Therefore,
job 3 is processed in the last next to job 1.

2|5 ¥y|1|o52..31
Now, the remaining job 4 must be processed next to
job 5. Thus, the optimal sequence of jobs is obtained as

follows :
2 5 4 3 1 |or5;2:4:3:1

The minimum elapsed time can be computed as follows :

Jobs Machine A Machine B Machine C = Idle

